
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet for Week 9

1. for the independence copula defined by C (u1, u2) = u1u2, we have

C (u, 0) = u · 0 = 0,

C (0, u) = 0 · u = 0,

C (1, u) = 1 · u = u,

C (u, 1) = u · 1 = u,

∂

∂u1
C (u1, u2) = u2 ≥ 0

and

∂

∂u2
C (u1, u2) = u1 ≥ 0,

so C is a valid copula.

2. for the copula defined by C (u1, u2) = min (u1, u2), we have

C (u, 0) = min(u, 0) = 0,

C (0, u) = min(0, u) = 0,

C (1, u) = min(1, u) = u,

C (u, 1) = min(u, 1) = u,

∂

∂u1
C (u1, u2) =

{
1, if u1 ≤ u2,
0, if u1 > u2,

and

∂

∂u2
C (u1, u2) =

{
0, if u1 ≤ u2,
1, if u1 > u2,

so C is a valid copula.
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3. for the copula defined by C (u1, u2) = u1u2 exp [−θ log u1 log u2], we have

C (u, 0) = u · 0 · exp [−θ log 0 log u] = 0,

C (0, u) = 0 · u exp [−θ log u log 0] = 0,

C (1, u) = 1 · u exp [−θ log 1 log u] = u,

C (u, 1) = u · 1 exp [−θ log u log 1] = u,

∂

∂u1
C (u1, u2) = u2 (1− θ log u2) exp [−θ log u1 log u2] ≥ 0

and

∂

∂u2
C (u1, u2) = u1 (1− θ log u1) exp [−θ log u1 log u2] ≥ 0,

so C is a valid copula.

4. for the Farlie-Gumbel-Morgenstern copula defined by

C (u1, u2) = u1u2 [1 + φ (1− u1) (1− u2)] ,

we have

C (u, 0) = u · 0 [1 + φ (1− u) (1− 0)] = 0,

C (0, u) = 0 · u [1 + φ (1− 0) (1− u)] = 0,

C (u, 1) = u · 1 [1 + φ (1− u) (1− 1)] = u,

C (1, u) = 1 · u [1 + φ (1− 1) (1− u)] = u,

∂

∂u1
C (u1, u2) = u2 [1 + φ (1− u1) (1− u2)] + u1u2 [−φ (1− u2)]

= u2 [1 + φ (1− 2u1) (1− u2)]
≥ 0

(since 1 ≥ (1− 2u1) (1− u2) ≥ −1 for all u1, u2) and

∂

∂u2
C (u1, u2) = u1 [1 + φ (1− u1) (1− u2)] + u1u2 [−φ (1− u1)]

= u1 [1 + φ (1− u1) (1− 2u2)]

≥ 0

(since 1 ≥ (1− u1) (1− 2u2) ≥ −1 for all u1, u2), so C is a valid copula.
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5. for the Burr copula defined by C (u1, u2) = u1+u2−1+
[
(1− u1)−1/α + (1− u2)−1/α − 1

]−α
,

we have

C (u, 0) = u+ 0− 1 +
[
(1− u)−1/α + (1− 0)−1/α − 1

]−α
= 0,

C (0, u) = 0 + u− 1 +
[
(1− 0)−1/α + (1− u)−1/α − 1

]−α
= 0,

C (u, 1) = u+ 1− 1 +
[
(1− u)−1/α + (1− 1)−1/α − 1

]−α
= u+ 0 +

[
(1− u)−1/α + (0)−1/α − 1

]−α
= u+

[
(1− u)−1/α +∞− 1

]−α
= u+∞−α

= u+ 0

= u

C (1, u) = 1 + u− 1 +
[
(1− 1)−1/α + (1− u)−1/α − 1

]−α
= u+

[
(0)−1/α + (1− u)−1/α − 1

]−α
= u+

[
∞+ (1− u)−1/α − 1

]−α
= u+∞−α

= u+ 0

= u,

∂

∂u1
C (u1, u2) = 1− (1− u1)−1/α−1

[
(1− u1)−1/α + (1− u2)−1/α − 1

]−α−1

= 1−
[

(1− u1)−1/α

(1− u1)−1/α + (1− u2)−1/α − 1

]α+1

≥ 0

and

∂

∂u2
C (u1, u2) = 1− (1− u2)−1/α−1

[
(1− u1)−1/α + (1− u2)−1/α − 1

]−α−1

= 1−
[

(1− u2)−1/α

(1− u1)−1/α + (1− u2)−1/α − 1

]α+1

≥ 0,

so C is a valid copula.

6. for Marshall and Olkin’s copula defined by

C (u1, u2) =


u1−α1 u2, if uα1 ≥ u

β
2 ,

u1u
1−β
2 , if uα1 < uβ2 ,
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we have

C (u, 0) = u1−α · 0 = 0,

C (0, u) = 0 · u1−β = 0,

C (u, 1) = u · 1 = u,

C (1, u) = 1 · u = u,

∂

∂u1
C (u1, u2) =


(1− α)u−α1 u2, if uα1 ≥ u

β
2 ,

u1−β2 , if uα1 < uβ2 ,

≥ 0,

and

∂

∂u2
C (u1, u2) =


u1−α1 , if uα1 ≥ u

β
2 ,

(1− β)u1u
−β
2 , if uα1 < uβ2 ,

≥ 0,

so C is a valid copula.
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