MATH4/68181: Extreme values and financial risk
Semester 1
Solutions to problem sheet for Week 9

1. for the independence copula defined by C (u1,u2) = ujuz, we have

C(u,0)=u-0=0,
C0,u)=0-u=0,
C(liu)=1-u=u,

C(u,l)=u-1=u,

a?ﬂC(?ﬂ,Ug) = U9 > 0
and

0

_— _= >

8UQC (ul,ug) uy = 0,

so C'is a valid copula.
2. for the copula defined by C' (u1, u2) = min (u1, ug), we have

C (u,0) = min(u,0) =0,
C (0,u) = min(0,u) = 0,
C (1,u) =min(1,u) = u,

C(u,1) = min(u,1) = u,

9 _ )L ifur Swg,
%C(ul,uﬁ N { 0, if up > ug,
and
0 _ O? if up < uz,
iy C (M u2) = { 1, if ug > us,

so C' is a valid copula.



3. for the copula defined by C (u1,u2) = ujug exp [—0logu log us], we have

C (u,0) =u-0-exp[—0Olog0logu] =0,

C(0,u) =0-uexp[—0logulog0] =0,

C(1l,u) =1-uexp|[—0logllogu] = u,

C(u,1) =wu-lexp[—6flogulogl] = u,

%C’ (u1,u2) = ua (1 — @logus) exp [—0logui logug] >0
1
and

0

B—UZC (uy,uz) = uy (1 — Ologuy)exp [—0logu logus] > 0,

so C'is a valid copula.

4. for the Farlie-Gumbel-Morgenstern copula defined by
C (ur,u2) = wuz [1+ ¢ (1 —u1) (1 —ug)],
we have

C(4,0) =u-0[1+¢(1—u)(1—-0)]=0,
CO,u)=0-ull+¢(1—0)(1—u)]=0,
Cul)=u-1[14¢(1—u)(1-1)] =u,
Clu)=1-ull+¢1—1)(1—u)]=u,

2 (ui,u2) = wg[l+¢ (1 —u1) (1 —u)] +urug [~¢ (1 — ug)]

ouq
uz [14 ¢ (1 —2uy) (1 — u)]
0

v

(since 1 > (1 —2uq) (1 —ug) > —1 for all u;, uz) and

2 Clurm) = w46 (1 —w) (1 )]+ w1 [—6 (1 — w)]

Ous
w1 [1 + ¢ (1 — ul) (1 — QUQ)]
0

v

(since 1 > (1 —wuy) (1 — 2ug) > —1 for all uj, ug), so C is a valid copula.



5. for the Burr copula defined by C (u1,u2) = ug +ug —1+ {(1 — ul)_l/o‘ + (1 - U2>_1/a — 1}

we have
0
—C
8U1
and
0
Bz C

Cu,0) =u+0—1+[1—u) ™"+ (1 -0 ~1]

COu)=0+u—1+|1=0)"""+ (1 —u*—1f

C(u,1)

C(1,u)

(ur,u2) =

(ur,ug) =

so C'is a valid copula.

ubl=14 [ —w) Va1

w0+ [(1—w) 4 () V-]

u+ {(l—u)_l/a+oo—1}_a
U+ oo @
u+0

u

—Q

—Q

:07

1} -

Lbu—1+ 1=+ (1 —u)™/ - 1}_“

u+ {(O)_l/a +(1- u)_l/o‘ — 1} -

u+ {oo—i—(l—u)_l/a—l}ia

u+ oo @

u+0

—a—1
1—(1— )~ /o! [(1 —ug) TV (1 )M 1}

(1 —uz)fl/a ot
) 1/a 1

b [(l—ul)l/a—l—(l—uQ -

6. for Marshall and Olkin’s copula defined by

-« o Q B
u; “ug, if uf > uj,

C(ur,uz) =

1— .
U Us ’8, if u <u’§7

>0

— )

—Q

)



we have

C(u,0) =u!">.0=0,
C0,u)=0-u'"? =0,

C(u,l)=u-1=u,

P (1 — a)uy “ua,
70 (u1 UQ) =
ouy ’ e
2 )
> 0,
and
o u
%C (Ul,UQ) =
’ (1— Buruy”,
> 0

so C'is a valid copula.

if uf Zug,

3 e
if uf < uy,

if u¢ >u§7

lfU? <U2,



