
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet 13

1) Consider the ARCH (q) model given by

et = σtZt

and

σ2t = α0 + α1e
2
t−1 + · · ·+ αqe

2
t−q.

Then,

E (et) = E (σtZt)

= E [E (σtZt | σt)]
= E [σtE (Zt | σt)]
= E [σt · 0]
= 0

and

E
(
e2t

)
= E

(
σ2tZ

2
t

)
= E

[
E
(
σ2tZ

2
t | σt

)]
= E

[
σ2tE

(
Z2
t | σt

)]
= E

[
σ2t

]
.

So, the mean is zero and the variance is E
[
σ2t
]
. If stationarity holds

E
(
σ2t

)
= α0 + α1E

(
e2t−1

)
+ · · ·+ αqE

(
e2t−q

)
⇔ E

(
σ2t

)
= α0 + α1E

[
E
(
e2t−1 | σt−1

)]
+ · · ·+ αqE

[
E
(
e2t−q | σt−q

)]
⇔ E

(
σ2t

)
= α0 + α1E

[
σ2t−1E

(
Z2
t−1 | σt−1

)]
+ · · ·+ αqE

[
σ2t−qE

(
Z2
t−q | σt−q

)]
⇔ E

(
σ2t

)
= α0 + α1E

[
σ2t−1 · 1

]
+ · · ·+ αqE

[
σ2t−q · 1

]
⇔ E

(
σ2t

)
= α0 + α1E

[
σ2t−1

]
+ · · ·+ αqE

[
σ2t−q

]
⇔ σ2 = α0 + α1σ

2 + · · ·+ αqσ
2

⇔ σ2 =
α0

1− α1 − · · · − αq
.

2) Consider the GARCH (p, q) model given by

et = σtZt

and

σ2t = α0 + α1e
2
t−1 + · · ·+ e2t−q + β1σ

2
t−1 + · · ·+ βpσ

2
t−p.
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Then, as in problem 1,

E (et) = 0

and

E
(
e2t

)
= E

[
σ2t

]
.

So, the mean is zero and the variance is E
[
σ2t
]
. If stationarity holds

E
(
σ2t

)
= α0 + α1E

(
e2t−1

)
+ · · ·+ αqE

(
e2t−q

)
+β1E

(
σ2t−1

)
+ · · ·+ βpE

(
σ2t−p

)
⇔ E

(
σ2t

)
= α0 + α1E

[
E
(
e2t−1 | σt−1

)]
+ · · ·+ αqE

[
E
(
e2t−q | σt−q

)]
+β1E

(
σ2t−1

)
+ · · ·+ βpE

(
σ2t−p

)
⇔ E

(
σ2t

)
= α0 + α1E

[
σ2t−1E

(
Z2
t−1 | σt−1

)]
+ · · ·+ αqE

[
σ2t−qE

(
Z2
t−q | σt−q

)]
+β1E

(
σ2t−1

)
+ · · ·+ βpE

(
σ2t−p

)
⇔ E

(
σ2t

)
= α0 + α1E

[
σ2t−1 · 1

]
+ · · ·+ αqE

[
σ2t−q · 1

]
+ β1E

(
σ2t−1

)
+ · · ·+ βpE

(
σ2t−p

)
⇔ E

(
σ2t

)
= α0 + α1E

[
σ2t−1

]
+ · · ·+ αqE

[
σ2t−q

]
+ β1E

(
σ2t−1

)
+ · · ·+ βpE

(
σ2t−p

)
⇔ σ2 = α0 + α1σ

2 + · · ·+ αqσ
2 + β1σ

2 + · · ·+ βpσ
2

⇔ σ2 =
α0

1− α1 − · · · − αq − β1 − · · · − βq
.

3) Consider the NGARCH model given by

et = σtZt

and

σ2t = ω + α (et−1 − θσt−1)
2 + βσ2t−1.

Then, as in problem 1,

E (et) = 0

and

E
(
e2t

)
= E

[
σ2t

]
.

So, the mean is zero and the variance is E
[
σ2t
]
. If stationarity holds

E
(
σ2t

)
= ω + αE

[
(et−1 − θσt−1)

2
]
+ βE

(
σ2t−1

)
⇔ E

(
σ2t

)
= ω + αE

(
e2t−1

)
− 2αθE (et−1σt−1) + αθ2E

(
σ2t−1

)
+ βE

(
σ2t−1

)
⇔ σ2 = ω + αE

[
E
(
e2t−1 | σt−1

)]
− 2αθE [E (et−1σt−1 | σt−1)] + αθ2σ2 + βσ2

2



⇔ σ2 = ω + αE
[
σ2t−1E

(
Z2
t−1 | σt−1

)]
− 2αθE

[
σ2t−1E (Zt−1 | σt−1)

]
+ αθ2σ2 + βσ2

⇔ σ2 = ω + αE
[
σ2t−1 · 1

]
− 2αθE

[
σ2t−1 · 0

]
+ αθ2σ2 + βσ2

⇔ σ2 = ω + αE
[
σ2t−1

]
+ αθ2σ2 + βσ2

⇔ σ2 = ω + ασ2 + αθ2σ2 + βσ2

⇔ σ2 =
ω

1− α− αθ2 − β
.

4) Consider the QGARCH model given by

et = σtZt

and

σ2t = K + αe2t−1 + βσ2t−1 + φet−1.

Then, as in problem 1,

E (et) = 0

and

E
(
e2t

)
= E

[
σ2t

]
.

If stationarity holds

E
(
σ2t

)
= K + αE

(
e2t−1

)
+ βE

(
σ2t−1

)
+ φE (et−1)

⇔ σ2 = K + αE
[
E
(
e2t−1 | σt−1

)]
+ βσ2 + φE [E (et−1 | σt−1)]

⇔ σ2 = K + αE
[
σ2t−1E

(
Z2
t−1 | σt−1

)]
+ βσ2 + φE [σt−1E (Zt−1 | σt−1)]

⇔ σ2 = K + αE
[
σ2t−1 · 1

]
+ βσ2 + φE [σt−1 · 0]

⇔ σ2 = K + ασ2 + βσ2

⇔ σ2 =
K

1− α− β
.

5) Consider the GJR-QGARCH model given by

et = σtZt,

σ2t = K + δσ2t−1 + αe2t−1 + φe2t−1It−1,

and

It−1 =

{
0, if et−1 ≥ 0,
1, if et−1 < 0.

Then, as in problem 1,

E (et) = 0
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and

E
(
e2t

)
= E

[
σ2t

]
.

If stationarity holds

E
(
σ2t

)
= K + δE

(
σ2t−1

)
+ αE

(
e2t−1

)
+ φE

(
e2t−1It−1

)
⇔ σ2 = K + δσ2 + αE

[
σ2t−1E

(
Z2
t−1 | σt−1

)]
+ φE

[
E
(
e2t−1It−1 | It−1

)]
⇔ σ2 = K + δσ2 + αE

[
σ2t−1 · 1

]
+ φE

(
e2t−1 Pr (et−1 < 0)

)
⇔ σ2 = K + δσ2 + αE

[
σ2t−1

]
+ φE

[
E
(
e2t−1 Pr (et−1 < 0) | σt−1

)]
⇔ σ2 = K + δσ2 + ασ2 + φE

[
σ2t−1E

(
Z2
t−1 Pr (σt−1Zt−1 < 0) | σt−1

)]
⇔ σ2 = K + δσ2 + ασ2 + φE

[
σ2t−1E

(
Z2
t−1 ·

1

2
| σt−1

)]
⇔ σ2 = K + δσ2 + ασ2 + φE

[
σ2t−1 ·

1

2

]
⇔ σ2 = K + δσ2 + ασ2 +

φ

2
σ2

⇔ σ2 =
K

1− δ − α− φ
2

.
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