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SOLUTIONS TO PROBLEM SHEET 0

1. If X ∼ N(µ, σ2) then

MX(t) = E [exp(tX)]

=

∫ ∞
−∞

exp(tx)
1√
2πσ

exp

{
−(x− µ)2

2σ2

}
dx

=
1√
2πσ

∫ ∞
−∞

exp

{
−(x− µ)2

2σ2
+ tx

}
dx

=
1√
2πσ

∫ ∞
−∞

exp

{
−x

2 − 2µx− 2σ2tx+ µ2

2σ2

}
dx

=
1√
2πσ

∫ ∞
−∞

exp

{
−(x− µ− σ2t)2 + µ2 − (µ+ σ2t)2

2σ2

}
dx

=
1√
2πσ

∫ ∞
−∞

exp

{
−(x− µ− σ2t)2 − 2µσ2t− σ4t2

2σ2

}
dx

= exp

(
µt+

σ2t2

2

)
1√
2πσ

∫ ∞
−∞

exp

{
−(x− µ− σt)2

2σ2

}
dx

= exp

(
µt+

σ2t2

2

)
.

2. Let Y = aX1 + bX2 + c. The mgf of Y is

MY (t) = E [exp(tY )]

= E [exp(taX1 + tbX2 + tc)]

= exp(tc)E [exp(taX1)]E [exp(tbX2)]

= exp(tc) exp

(
aµ1t+

a2σ21t
2

2

)
exp

(
bµ2t+

b2σ22t
2

2

)

= exp

(
(aµ1 + bµ2 + c)t+

(a2σ21 + b2σ22)t2

2

)
,

which is the mgf of N(aµ1 + bµ2 + c, a2σ21 + b2σ22).

3. Let Y = X̄. The mgf of Y is

MY (t) = E [exp(tY )]

=
n∏

i=1

E [exp(tXi/n)]

=
n∏

i=1

exp

(
µt

n
+
σ2t2

2n2

)

= exp

(
µt+

σ2t2

2n

)
,

1



which is the mgf of N(µ, σ2/n).

4. If X ∼ Uni(a, b) then

MX(t) = E [exp(tX)]

=

∫ b

a

exp(tx)

b− a
dx

=
1

b− a

∫ b

a
exp(tx)dx

=
1

t(b− a)
[exp(tx)]ba

=
exp(bt)− exp(at)

t(b− a)

as required.

5. If X ∼ Exp(λ) then

MX(t) = E [exp(tX)]

= λ

∫ ∞
0

exp(tx− λx)dx

=
λ

λ− t
[exp(−(λ− t)x)]∞0

=
λ

λ− t

provided that λ− t > 0.

6. If X ∼ Ga(a, λ) then

MX(t) = E [exp(tX)]

=
λa

Γ(a)

∫ ∞
0

xa−1 exp(tx− λx)dx

=
λa

(λ− t)aΓ(a)

∫ ∞
0

ya−1 exp(−y)dy

=
λa

(λ− t)a

provided that λ− t > 0 (we have set y = (λ− t)x).
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