SOLUTIONS TO
STATISTICAL METHODS EXAM



Solutions to Question 1 A random X is said to have the hyperbolic secant distribution if its
probability density function is given by
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where we have set z = exp (—%¢). (6 marks)
UNSEEN

(b) The moment generating function of X is
Mx(t) = Elexp(tX)]

+oo exp(tx)

A () e (2]

P2 PAT2

2 (0 2%

= _7/ : 5dz
T Jtoo 1+ 2

9 (oo F
= —/ 2dz
T Jo 142

I
3| -
-
N
IR
+ o+

G
)1

N A/~
3|~

+

N | —

"

s I
/|\

3|~

+

N | —

"

—



—Z) and y = . (6 marks)

where we have set z = exp ( 1322

UNSEEN

The first two derivatives of the mgf are
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UNSEEN

The cumulative distribution function of | Y| is
Pr(Y|<y) = Pr(exp(nX/2)<y)
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= Pr (X < logy)
™

2
= Fx ( logy>
™

2
= 1— —arctanexp (—logy)
T

2 1
= 1— —arctan —.

Q Yy
Differentiating with respect to y, the probability density function of | Y | is
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Since this is symmetric around zero, the probability density and cumulative distribution
functions of Y are

pn=Lt
and
Fy(y) = %arctany - é,
respectively. (5 marks)
UNSEEN



(e) Cauchy distribution. (2 marks)
UNSEEN

UNSEEN



Solutions to Question 2 (a) Suppose 0 is an estimator of @ based on a random sample of size n.
Define what is meant by the following;:

(i) 0 is an unbiased estimator of 6 if E (5) =0, (2 marks)
(i) 6 is an asymptotically unbiased estimator of 8 if lim,_,o E (5) =0, (2 marks)
(iii) the bias of @ is £ (8) — 0; (2 marks)

. ~ 2
(iv) the mean squared error of 0 is E [(9 - 9) } ; (2 marks)
~ ~ 2
(v) 0 is a consistent estimator of 6 if lim,, o, E {(9 - 0) } =0. (2 marks)

UP TO THIS BOOK WORK.

(b) Suppose X7 and X, are independent Exp(1/6) and Uniform [0,6] random variables. Let =
aX1 + bXs denote a class of estimators of 8, where a and b are constants.

(i) The bias of 6 is

UNSEEN
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(ii) The variance of 8 is
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(3 marks)
UNSEEN

(iii) The mean squared error of 0 is
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MSE(@) — <a2+f2>92+(a+;)—1) e
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2
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(2 marks)

(iv) 6 is unbiased if a + b = 1. In other words, b =2(1 — a). (2 marks)
UNSEEN

(v) If 6 is unbiased then its variance is

We need to minimize this as a function of a. Let g(a) = a®+ % The first order derivative
2(1—a)

is ¢'(a) = 2a — . Setting the derivative to zero, we obtain a = %. The second order
derivative is ¢ (a) = 2+ % > 0. So, g(a) = a® + % attains its minimum at a = 1. Hence,
the estimator with minimum variance is X1 + 5 Xo. (5 marks)
UNSEEN



Solutions to Question 3 Suppose X1, Xo, ..., X, is a random sample from a distribution specified
by the probability density function 5 exp (—%) for x > 0.

(a) The likelihood function of o2 is

1) = T[T (-35)

(4 marks)
UNSEEN

(b) The log likelihood function of o2 is

n n
log L (02) = —2nlogo + HlogXZ- — % ZXE
i=1 i=1

The derivative with respect to o is
Setting this to zero gives

This is a maximum likelihood estimator since
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at 0 = 0. (4 marks)

UNSEEN

(¢) By the invariance principle, the maximum likelihood estimator of o is

(1 mark)
UNSEEN



(d) The bias of o2 is
Bins () = B(7) o

Hence, 02 is unbiased for 2. (8 marks)

UNSEEN
(e) The mean squared error of o2 is

MSE (02) = Var(o?)

—

Hence, o2
UNSEEN

is consistent o2. (8 marks)



Solutions to Question 4 Suppose X1, Xo, ..., X, is a random sample from a distribution specified
by the probability density function

A N _)\(x—,u,)2
xp 22

for x >0, u >0 and A > 0. Assume both u and A\ are unknown.

(a) The joint likelihood function of A and pu is
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(5 marks)
UNSEEN
(b) The joint log-likelihood function is
n n 3 — - nA
log L(A = —log A — —log(2mw) — = log X; — — Xi+——-= .
og L(A, p) = 5 log A — 3 log(2m) 2;% QMQZ; T 2;
The partial derivative with respect to u is
dlog L(\,p) iix_@
oy et 2
Setting this to zero and solving for u, we obtain
L1 -
==Y X;=X
s
(5 marks)

UNSEEN

(c) The partial derivative of the log-likelihood function with respect to A is

dlogL(A\,u) n 1 & n 11
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Setting this to zero and replying i by X, we see

or equivalently

So, the solution for A is

(5 marks)
UNSEEN
(d) The bias and mean squared error of fi are
Bias(n) = E(@)—p
1 n
= —> E(X)—u
n
i=1
1 n
= > n—p
i=1
= p—p
=0
and
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1 n
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Hence, i is unbiased and consistent. (5 marks)
UNSEEN

(e) By the hint,



So,

Bis(<) = E(5)-5
A A A
1/, 1
= EE (Xn—l) Y
_on—-1 1
nA A
_
B n
and
1 1 1\1?
MSE (5) = Var () + [Bias (5]
A A A
1, 112
= (e )
= 2,2 Var (anl) + 2
2n—1) 1
T a2 n2\2
Hence, A is unbiased and consistent. (5 marks)
UNSEEN
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Solutions to Question 5 (a) Suppose we wish to test Hy : u = po versus Ho : i # pp.

(i) the Type I error occurs if Hy is rejected when in fact g = po; (2 marks)
SEEN

(ii) the Type II error occurs if Hy is accepted when in fact p # puo; (2 marks)
SEEN

(iii) the significance level is the probability of type I error; (2 marks)
SEEN

(iv) the power function: II(x) = Pr (RejectHy | p). (2 marks)
SEEN

(b) Suppose X1, Xa,..., X, is a random sample from N (u,0?), where o is not known.

(i) The rejection region for Hy : 0 = o¢ versus Hj : 0 # o0g is

(n —1)52 9 (n—1)52 9
0,7(2) < Xn-1,1-a/2 OF T > Xn—1,a/2:
(2 marks)
SEEN
(ii) The rejection region for Hy : 0 = o versus H; : 0 < 0 is
(n—1)8?
T < X?z—l,l—a'
(2 marks)
SEEN
(iii) The rejection region for Hy : 0 = og versus Hj : 0 > 0y is
(n—1)92
T > X%Lfl,a'
(2 marks)

SEEN

In each case, we have assumed a significance level of a.

(c) Under the same assumptions as in part (b), the power function, II(c), for each of the tests is
as follows.

11



(i) The power function, II(c), for Hy : 0 = o¢ versus Hj : 0 # o9 is

(n —1)82 (n—1)8?
(o) = Pr (Uz < Xifl,lfaﬂ or 2 > Xifl,a/2 o
0 0
(n —1)52% 02 9 (n—1)52% o2 9
= pr| 227 < -2
I ( o2 o2 Xn—1,1—a/2 O o2 o2 Xn—1,0/2| 9
(n—1)8* o¢ , (n—1)8% a3 ,
= Pr (Ug < ;Xn—1,1—a/2 or oz > ;Xn—l,a/z 4
2 2
99 99
= Pr (X?zl < §X2—1,1—a/2 or X1 > ?X?’L—l,a/Q U)

2 U% 2 2 08 2
= Pr Xn-1< —5Xn-1,1-a/2 +1-Pr Xn-1 < 5 Xn-1,0/2

95 o 95 o
= Fe | 2Xnti-a2 | T B | 2Xn-1a/2 -

(5 marks)
UNSEEN
(ii) The power function, II(o), for Hy : 0 = g versus H; : 0 < 0g is
n—1)8?
l(g) = Pr <(2) < X%—l,l—a U)
90
(n—1)S% o2
= Pr (0’20'3 < X%—l,l—a g
(n—1)8* o¢ ,
= Pr{——< =
r ( o2 o2 anl,lfa o
o2
= Pr (X?Q“Ll < ;gxifl,lfa a
2
o
= in,l (UgXi—l,l—a> :
(3 marks)

UNSEEN

(iii) The power function, II(o), for Hy : 0 = g versus H; : 0 > 0p is

n—1)S?
(o) = Pr <(0,2) > X?L—l,a U)
0
(n—1)8% o2
prm— P —_—
r ( o2 0_8 n—1,« g
(n—1)8? o3
= PI‘( 2 > %X?L*l,a o
0.2
= P> Bl




(3 marks)
UNSEEN

Note that we have used the fact (n —1)S%/0? ~ x2_;. Furthermore, F\2 denotes the cumulative

distribution function of x2_;.
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Solutions to Question 6

(a) The Neyman-Pearson test rejects Hp : 0 = 6, versus H; : § = 05 if

f(Xi;61)
L(6) _ z:l_[l 1 <k
FO) T 7 (o)
i=1
for some k. (4 marks)

SEEN
UP TO THIS BOOK WORK.
(b) Suppose X1, Xs,..., X, is a random sample from Exp (6).

(i) The Neyman-Pearson test rejects Hy : 0 = 01 versus Hy : 0 = 0y, 02 > 01 if

ﬁ [91 exp (—91XZ)]

which is equivalent to

n en
& (02—01)> Xi<log {%k}
i=1 1

L 1 0y
X; log | 2k| =
@; <92910g[n] ‘

say. (8 marks)
UNSEEN

n
(ii) Let Z = Z Xi. Suppose n = 1. Then the power function is
i=1

() = Pr (X1 <c|0) =Pr(Exp(f) <c|0) =1—exp(—be),
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so the statement holds when n = 1. Suppose now n = 2. Then the power function is

H(Q) = PI‘(Xl +Xo<ec | 9)
= Pr(Exp(d) + Exp(f) < c|0)

= /OC {1 —exp[—0(c— x)]} O exp(—0x)dx

= / 0 exp(—0z)dx — / 0 exp (—0c) dx
0 0

= 1—exp(—0fc) — Ocexp (—bc)

= 1— (14 6c)exp(—bc),

so the statement holds when n = 2. Next, assume that the statement is true for n = k — 1,
that is

gk—2 k-2

The statement also holds for n = k since

MeH) = Pr(Xi+---+X,<cl|h)
_ /0{1_
0

= /Gexp(—Oaz)d:c—Gexp(—Oc)/
0 0

9k—2(c o x)k:—Q

1+60(c—x)+---+ = 2)!

] exp [—0(c — :U)]} 0 exp(—0x)dx

k—2(. k-2
1+a<c_x>+..-+9<””>]d

(k—2)!
B c (c _ x)2 0’“*2(@ N x)k—l ¢
= /0 0 exp(—60zx)dx — @ exp(—0c) |z — 0 5 BT
_ (—66)—8 , 902 gh—2 k-1
= 1—exp(—0c) —Oexp(—Hbc) [c+ g ot =
9202 ek—lck—l

- 1— —fe) — — T A

exp(—0c) — exp(—0c) [fc + 5 +--+ =1 ]

9262 ek—lck—l
Hence, the result follows. (8 marks)

UNSEEN
(iii) If n =2, 6; = 1 and o = 0.05 then
1—(1+c)exp(—c) = 0.05.

Compute the right hand side when ¢ = 0.3553595. It will become equal to 0.05. (2 marks)
UNSEEN

(iv) f n=2,0, =1, f = 2 and o = 0.05 then

Pr (Typellerror) = Pr(AcceptHy | Hiistrue)
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= 1— Pr(RejectHy | Hyistrue)
= 1—[1— (14 2c)exp(—2¢)]
= (14 2c)exp(—2c)

= 0.8404606.

(3 marks)
UNSEEN
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