SOLUTIONS TO
STATISTICAL METHODS EXAM



Solutions to Question 1 Suppose X is a random variable with its probability density function
given by

f(x) = adexp(=Az) + (1 — a)pexp(—px)

forx >0,0<a<1,A>0and p>0.

(a) The moment generating function of X is

Mx(t) = 04)\/ exp(tz — A\x)dz + (1 — a),u,/ exp(tx — px)dx
0 0
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provided t < A and ¢ < p. (8 marks)
UNSEEN
(b) The first four derivatives of Mx (t) are
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So, the first four moments are
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" 2 2(]. - Oé)
E (XZ) My (0) = 35 o
" 6 6(1 — Oé)
E (X3> = MX (0) = A3 ,U3 )
" 24« 24(1 - a)
4
E(X):MX()_)\4 i
(8 marks)

UNSEEN
(c) The moment generating function of Y = X; +--- + X, is

My(t) = Elexp(tY)]



= FElexp(tX1+ - +tX,)]
= FElexp (tX1)]--- E [exp (tX,,)]
= Mx,(t) - Mx,(t)

n

1 1
= laAd—+ 1 -a)p—

A—t w—t
(3 marks)
UNSEEN
(d) The mean of Y is
EY) = EXi+-+ Xy
= EXq]+ -+ EF[X,)]
= nE[X]
_ na  n(l-a
= St
The variance of Y is
Var(Y) = Var[X1+---+ X,]
= Var[Xi]+ -+ Var[X,]
= nVar[X]
= nE [XQ} —nE?[X]
B 2na+2n(1—a) _n[a+ 1—04]2
N2 w2 A 1 ’
(3 marks)

UNSEEN

(e) If A = u then The moment generating function of Y = X; +--- + X, is

My(®) = [ar—— + (1 —ap—aa] =

= l[aA\—— —AN—| =——
Y Xt Xt A —t)n’
the moment generating of a gamma random variable. So, Y has the gamma distribution with
parameters n and A. (3 marks)
UNSEEN



Solutions to Question 2 (a) Suppose 0 is an estimator of @ based on a random sample of size n.

Define what is meant by the following;:

(i) @ is an unbiased estimator of 6 if E (é) =0, (2 marks)
(i) 6 is an asymptotically unbiased estimator of 6 if lim,_o0 F (5) =0, (2 marks)
(iii) the bias of § is E (é\) —0; (2 marks)

. ~ 2
(iv) the mean squared error of 0 is E [(9 - 9) } ; (2 marks)
. ~ 2
(v) 6 is a consistent estimator of 6 if lim,_,oo £ {(9 - 0) } = 0. (2 marks)
UP TO THIS BOOK WORK.
(b) Suppose X1, ..., X, are independent Uniform[0, ] random variables. Let 0, = W and
9/\2 = max (X1,...,X,) denote possible estimators of 6.
(i) The bias and mean squared error of 0, are
bias (91) = F (51) —0
2
= EE(X1+-~+X,L)—0
2
= 2B+ B (X)) -0
270 0
— 224 422 —0
n {2 + + 2]
= 0-10
= 0
and
MSE (9}) = Var (0})
4
= EVar(Xl +--+ X))
4
= 3 [Var (X1) + - -+ 4 Var (X,,)]
L
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(4 marks)
UNSEEN



(ii) Let Z = fy. The cdf and the pdf of Z are

Fz(2)

= Pr(max(Xy,..
Pr(X; <z,...

= Pr(X;<2)-

L Xn) < 2)

,XnSZ)
- Pr(X, <2)

and

So, the bias and mean squared error of 65 are

bias (0/\2) =

0
= 971/0 2"dz — 0

0

E(Z)-0

n n+1

on

z
n+1

and

MSE (61) = Var(2)+ (-ni 1)2

n26? 02
TrE ey
nH? B n26? n 62

(n+1)2

(7 marks)
UNSEEN



(iii) 0, is better with respect to bias since bias 6, = 0 and bias fy # 0.

UNSEEN

(iv) 05 is better with respect to mean squared error since

20* c 7
(n+1)(n+2) ~ 3n
6n < (n+1)(n+2)
on < n?+3n+ 2
0<n®—3n+2
0<(n—1)(n—2).

t T

3

Both 9A1 and é\Q have equal mean squared errors when n = 1, 2.

UNSEEN

(1 mark)

(3 marks)



Solutions to Question 3 Suppose X1, Xo, ..., X, is a random sample from a distribution specified
by the probability density function f(x) = % exp (— Iz

o ), —00 < x < 00, where a > 0 is an unknown
parameter.

(a) The likelihood function of a is

(5 marks)
UNSEEN

(b) The log likelihood function of a is

1 n
log L (a) = —nlog(2a) — o E | Xi | .
i=1

The derivative of log I with respect to a is

dlog L (a) n 1
BRI L SN x
da a+a2izzl| |

Setting this to zero and solving for a, we obtain

This is a maximum likelihood estimator of a since
n
n 2
P, <
CEEIMEY

_ny 2§:\X|
a2 na - !
=1
n
= @zl
< 0.

d*log L (a)
da?

(6 marks)
UNSEEN

(c) The expected value of a is

1 n
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=1

1
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= T|exp | ——)dx
2nai:1 o P a
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= —Z/ xexp(—m)daz
na = Jo a



UNSEEN

(d) The variance of a is

Var (a)

UNSEEN
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(6 marks)

(6 marks)

(e) The bias (a) = 0 and MSE (a) = %, so a is an unbiased and a consistent estimator for

a.

UNSEEN

(2 marks)



Solutions to Question 4 Suppose X1, Xo,..., X, is a random sample from N (M,O’2). Suppose
Y1,Ya,..., Yy is a random sample from LN (u,0?) independent of X1, Xa, ..., X,. Assume both
p and o? are unknown.

(a) The joint likelihood function of y and o is

) Xz'_ 2 m lo Y{— 2
L) = T oy o |- S 2 T oty o |- 220
Y;

The log likelihood function of y and o? is

2y _ _m+ 1| 2,
logL(u,a)f— log (2m) ZlogY m—i—n)loga—szl( ) —i—;(logY 1)
(5 marks)
UNSEEN
(b) The partial derivative of log L (11, 0%) with respect to u is
dlog L (u,0?) “ Ui
TeELIT) e (i)~ 2 g - )
=1 =1
1 m
= = [ZXZ —np+ Y logy; —mul
R i=1
= lZX —|—ZlogY (m+n)u
Setting this to zero and solving for u, we obtain the estimator
= X; logY;
m-+n ; + Z ©8 ]
(5 marks)
UNSEEN
(c) The partial derivative of log L (1, 0%) with respect to o is
dlog L (u,0?) m+n 1 |& DL 9
= - (X - log Y; —
0o o +0‘3 ;(Z ,u)+;(ogl )
Setting this to zero and solving for o2, we obtain the estimator
1 n 9 m
0? = > (Xi—n) +Z(logn—ﬁ)21-
m+n (i i=1
(5 marks)

UNSEEN



(d) p is unbiased and consistent for y since

bias (1) = E(f) —p
= E Xi+ ) logV;| —
mt+n|ig Z; > ] 8
- EX)+Y E(ogYi)| —
e 2B+ B e
— + -
e ;M ;u] p
= p—p
=0
and
MSE () = Var (i)
1 n m
= Var |3 X+ Y log;
(m+n)2 arl; +; og ]
1 n m
_ Var (X; log Y;
CEEE LZ; ar ( )—I—;(Og )]
_ 1 ~ 5 N~ 2
- o 2
 om4n
(5 marks)
UNSEEN
(e) Note that
Pr(2X <logY) = Pr <2N (M,O‘2) <N (;L,O’Q))
= Pr (N (2u,402> - N (,u, (72) < 0)
— Pr (N (u,502> < 0)
_ pp (N0 —p _0—p
V5o V50
0— ,u)
— Pr(N(0,1) <
(v <22t
R (_u)
S50
So, the maximum likelihood estimator of Pr(2X < logY) is
m
o(——x— .
( \/Sa>
(5 marks)

UNSEEN



Solutions to Question 5 (a) Suppose we wish to test Hy : u = po versus Ho : i # pp.

(i) the Type I error occurs if Hy is rejected when in fact g = po; (1 mark)
(ii) the Type II error occurs if Hy is accepted when in fact p # puo; (1 mark)
(iii) the significance level is the probability of type I error; (1 mark)
(iv) the power function: II(x) = Pr (RejectHy | p). (1 mark)

SEEN

(b) Suppose X1, Xo, ..., X, is a random sample from N (u, 02), where o2

is assumed known.

(i) The rejection region for Hy : u = po versus Hy : pu # po is

n |—
£ ’X - /“LO‘ > Za )25
o
(2 marks)
(ii) The rejection region for Hy : = pg versus Hy : p < g is
n —
£ (X — Mo) < —Zq-
o
(2 marks)
SEEN
UP TO THIS BOOK WORK
(¢) Suppose X1, Xo,..., X, is a random sample from N (u, 02), where o2 is assumed known.

(i) The power function, II(u), for Hy : g = po versus Hy : pu # g is

H(p) = Pr (‘(/f (Y— Mo‘ > 2a/2 | /~L>

_ o
= Pr (’X - MO‘ > %za/Z | M)
_ o — o
= Pr (X — uo > ﬁza/Q ‘ M) + Pr (X — o < —%Zoﬂ | M)

— g — g
= PF<X>,UO+\/EZ&/2‘M)+PT<X<:U0_\/ﬁza/Q‘N)

X — Ho — 1+ “=Za /2 X — Ho — 1 — “=Za/2
:Pr< £ ﬁa/lu>+Pr< P ﬁa/lu

VR VR VR R
= Pr(N(O,1)>W+za/2>+Pr<N(O,l)<\/ﬁ(l?_ﬂ)—za/g)
= 1—Pr<N(O,1)<W+za/2>+Pr<N(0,l)<W—zaﬂ)
_ 1—<1><\/ﬁ(“;_“)+za/2>+<I><‘/ﬁ(“;’_“)—za/2>.

10



(6 marks)
UNSEEN

(ii) The power function, II(u), for Hy : p = po versus Hy : p < po is

g

I(p) = Pr <\/ﬁ (Y—uo) < —Za | M)

2

(Y—uo) > = e | u)

(
= Pr(X<uo—;ﬁzam>

g

X — MO_M_%Z(X
= Pr( U'u< > v ],u)
Vn NG
- Pr(N(O,1)<\/ﬁ(MO_'u)—za>
o

_ b n0,1) < Yo =) —za>

(3 marks)
UNSEEN

(d) They are most powerful in the sense of NP lemma. The rejection rule

o1 (Xi — po)?
[ o exp )~
L(po) =1 V2710 g
—n 2 < ku
L () 1 (Xi —m)
PN T T o2
=1 V2mo o
where py1 # po, along with the exact result % follows the standard normal distribution will lead
N
to the rule in b(i). Show the full derivation.
(4 marks)
Similarly, the rejection rule
ﬁ 1 exp d — (X — pro)”
L(po) =1 V2mo 207
—n 2 < k,
L(pm) 1 (Xi — )
AP TT o2
i V2mo o
where p1 < po, along with the exact result YL_“ follows the standard normal distribution will lead
N
to the rule in b(ii). Show the full derivation.
(4 marks)

UNSEEN
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Solutions to Question 6

(a) The Neyman-Pearson test rejects Hp : 0 = 6, versus H; : § = 05 if

f(Xi;61)
AR s s
L) 11 7 (Xi:62)
i=1
for some k. (4 marks)

SEEN
UP TO THIS BOOK WORK.

(b) Suppose X7, Xo,..., X, is a random sample from a distribution specified by the probability
density function f(x) = exp(d — x), x > 6 > 0, where 6 is unknown.

(i) The Neyman-Pearson test rejects Hy : 0 = 01 versus Hy : 0 = 0y, 61 < 09 if

H exp (01 — Xz) 1 {Xz > 91}
=1

H exp (92 — Xz) I {Xl > 02}
=1

exp (7191) ﬁ I {Xz > 01}

i=1
exp (7192) H I{Xi > 92}

i=1
exp (nbr) I {min (X1,...,X,) > 61}
exp (nf2) I {min (X1,...,X,) > 62}

undefined, if min (Xy,...,X,) <6,
= 00, if 7 < min (X1,...,X,) < 6,
exp (nf; — nby), if min(Xy,...,X,) > 02

< k.

Draw the graph. If exp (nf; — n#3) < k then the rejection region is min (Xy,..., X,,) > 03. If
exp (nf; — nfy) > k then the rejection region is the empty set. (6 marks)

UNSEEN

(ii) The power function for the rejection rule in part (i) is
II(#) = Pr(min(Xy,...,X,)>c|6)

(
Pr(X;>c¢,...,X, >c|0)
= Pr(X;>cl|0) --Pr(X,,>c|0)

= {/Coo exp(f —x)dx] {/Coo exp(f — z)dz

= exp(f —c)---exp(f —¢)

= exp(nf — nc).

12



Note that II(8) = 1 if ¢ < 6. (6 marks)
UNSEEN

(iii) If n =10, #; =1 and a = 0.05 then
exp(10-1—10-¢) = 0.05
which implies
10 — 10c = 1log 0.05
which implies
c = 1.299573.

(4 marks)
UNSEEN

(iv) If n =10, 0; =1, f2 = 2 and a = 0.05 then

Pr (Typellerror) = Pr(AcceptHy | Hiistrue)
= 1—Pr(RejectHy | Hyistrue)
= 1-11(2)
= 1-1
= 0.

(5 marks)
UNSEEN
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