SOLUTIONS TO
STATISTICAL METHODS EXAM



Solutions to Question 1 Let X denote a random variable with its probability density
function given by

fx(z) =

A . CAMa = p)?
2mas 2ux

for x > 0, A > 0 and p > 0. X is said to have the inverse Gaussian distribution with
parameters A and pu.

(i) The moment generating function of X is

My(t) = /0 " exp(ta) | =2 exp {—A(I—_W] da
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where 1, = vV \u//\ — 2p%t.

UNSEEN

(ii) The first and second derivatives of Mx(t) are

My (t) = pMx(t) (1 B 2tTM2)—1/2

and

y 22\ 2002\
M) = et (1-25) 4 B (1-225)

M (0) = uMx(0) (1 - 0)"% = pu
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and

3 3
Mig(0) = My (0) (1= 0) '+ E- M (0) (1 = 0) = 2 + &

UNSEEN

(iii) The moment generating function of Y is

My(t) = Elexp(ty)]
= Elexp(t(Xi+-+X,))]
= FElexp (tX1)---exp (tX,)]
= FElexp (tX1)]--- Eexp (tX,)]
= Mx(t)--- Mx(t)
= Mx (1)

UNSEEN

(iv) The mean and variance of Y are

E[Xi+ - +X,)=EX)+--+E(X,) =nE(X) = nu

and
Var [X;4+---+X,] = Var(Xy)+ -+ Var(X,)
= nVar(X)
1" ’ 2

= a0 - (2100 ]
_ e
A

UNSEEN

(v) Inverse Gaussian distribution with parameters ny and n?\.
UNSEEN



Solutions to Question 2 Suppose f is an estimator of 6.

(i § is an unbiased estimator of 6 if E(@) =0.
(ii 0 is an asymptotically unbiased estimator of 6 if lim,, _,,, F/ (5) =40.

(iv) the mean squared error of fis E (é— 0)2.

)
)
(iii) the bias of 8 is E(0) — 0.
)
)

(v § is a consistent estimator of 6 if lim, e E(@\— 0)? = 0.

UP TO THIS BOOK WORK.

(b) (i) Let Z = min (| X1|, |X2|). Then

Fz(z) = Prmin(|Xy],|Xs]) < 2]
= 1—Pr[min(|Xy],|X3]) > 2]
= 1-Pr[|Xq] > z,[X5| > 2
= 1—[Pr(|X|> 2)
— 1-[1-Pr(X]|<2)

N

6
(6 — 2)”
and
200 — =
fz(Z): (02 )
and
92:(0—z) 2 [60:2 231" 6
E<Z>—/O T_E[T_Ek_ﬁ
and

9220_ 2 63 479 6)2
E(22)=/ Mdz:_[i_z_] _”
0

So, Bias (@) =0and MSE <9Al> = 62%/2.

UNSEEN



(b) (ii) Let Z = max (X3, X3). Then

Fz(z) = Primax(X;,Xs) < z]
= Pr[X1 < Z,Xz < Z]

= [Pr(X <2))
B 24013
a 26
and
z+0
and
o ~40 23 227? 0
E(Z) = dz = |— + — = -
(2) /_92 202 [692+40] , 3
and

b Lz+0 PR L
E(Z?) :/922 2;2 z= {@Jr@}_g =3
So, Bias (é;) =0and MSE <é\2> = 20°.
UNSEEN
(b) (iii) Both estimators are equally good with respect to bias.
UNSEEN

(b) (iv) 6y has smaller MSE.
UNSEEN



Solutions to Question 3

(a) The likelihood function is

n 1/a—1
L(a)=a™" (H a:l> :

i=1
UNSEEN
(b) The log likelihood function is
log L (a) = —nloga+ (a™' — 1) Zlog x;.
i=1
The derivative of log L with respect to a is

dlog L (a) no o, Zn
da a “ p 08 %

Setting this to zero and solving for a, we obtain

This is indeed an MLE since

d*log L (a) n L

at a = a.

UNSEEN



(c) The expected value is

E (a)

UNSEEN

na <= db J, b=0
_i zn: i b+1/a_1dl’
na db J, =0




(d) The variance is

1 n
Var (a) = - Z Var (log x;)

1 1a1
- db?/ i),

o N
b+1/a—1 a’
- —\ L Y | R
nQQ; dbz/o v g b0
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CL2
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UNSEEN
(e) Bias (@) = 0 and MSE (a) — 0, so the estimator is unbiased and consistent.
UNSEEN

(f) Note that

0.5 . _,705
Pr(X < 0.5) = / a 'z ldr = [x“ } = 0.5,
0 0

which is a one-to-one function of a for a > 0. By the invariance principle, its maximum
likelihood estimator is 0.5™ (Ziz1les=i),

UNSEEN



Solutions to Question 4

(a) The joint likelihood function is

N e

UNSEEN

(b) The log likelihood function is

n 1
log L = —3 log(27) — 3nlogo — Zl = ; Y.
The partial derivative of log L with respect to o is
0log L 3n
— Y;.
T Z o+ Z
Setting this to zero and solving for o, we obtaln

D DI C A= S
4 3n i:l( 2 +3n;

UNSEEN

(c) The partial derivative of log L with respect to p is

Odlog L
Og _Uzz

Setting this to zero and solving for p, we obtain

UNSEEN

(d) Note that

2
= M (-X)+ =YY
g 3n 2_1( ) + Sn;
2 (o 2 n
_ 0_(n 1)S i v
3n o2 3n —
2 n
0", 2
= - o Ka
3nX”_1 3n



SO

~ (n—1)0* 207
N 3n 3
= 0'2 —_ 0—2
an
and
-~ ol 4
Var [02} = W\/ar o] + W‘/ar
204 (n — 1)
- On2 9n2 Z Var[Y,
204 (n — 1)
- On2 9n2 Z g
_ 20'(n—1) 40"
B In? In
and
~ 20%(n —1) 40t ot
MSE || = 02 o+
7 In? In * In?

Hence, o2 is biased and but consistent.
UNSEEN

(e) Note that

and

Var Z Var [ X

Hence, X is unbiased and consistent.

UNSEEN




Solutions to Question 5 (a) Suppose we wish to test Hy : 0 = 6y versus H; : 0 # 6.

(i) the Type I error occurs if Hy is rejected when in fact 0 = 6,.
(ii) the Type II error occurs if Hy is accepted when in fact 6 # 6.
(iii) the significance level is the probability of type I error.
)

(iv) the power function: II(#) = Pr( Reject Hy | 0).
SEEN

(b) Suppose_ X1, Xo, ..., X, is arandom sample from a Bernoulli distribution with parameter
p. Assume X = (X;+ Xo+---+ X,,)/n has a normal distribution with mean p and variance

p(1 —p)/n.

(i) The rejection region for Hy : p = pg versus Hy : p # py is

—’7— |>
T—0Dp Za /9
32(1—3?) 0 /2

(ii) The rejection region for Hy : p = pg versus Hy : p < pg is
— (T — < —Zq-
i‘(l _ 3_3) ( pO)

(iii) The rejection region for Hy : p = po versus Hy : p > po is

m (T — po) > Za-

UP TO THIS BOOK WORK.
SEEN
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(¢) (i) The power function, I1(p), for Hy : p = pg versus Hy : p # pyg is

M(p) = (,/ Ix Pol > za2 )
_ Pr<|i‘—p0\>\/x ) P p)

= Pr<x>p0+ za/gorx<p0—

Za/Q

)

— Pr 0 r—p o Po—Pp )
- (f\/p(l—p)>\/_ p(l—p)Jr p(l—p) Fo

N p-p  [zl-17)
p(1—p) v pi-p) \pl-p™" p)
— Pr ~_Do—p 37(1—577)2
= P <Z>\/_ p(l—p) p(l—p) a/2
Po—p z(1—1x)
or Z < +/n o) (1 ) /2 p)

where ®(-) denotes the standard normal distribution function.
UNSEEN

(c) (ii) The power function, II(p), for Hy : p = po versus Hy : p < pp is




where ®(-) denotes the standard normal distribution function.
UNSEEN

(c) (iii) The power function, II(p), for Hy : p = po versus Hy : p > py is
')
p)

T — - 1
- pr( Vil < ya ol 10

) = e (

z
= Pr|lz>py+\/——F2
n

where ®(-) denotes the standard normal distribution function.
UNSEEN

They are not most powerful. Since we have used the fact v/n{Z — p}/+/p(1 — p) can be
approximate by the the standard normal distribution. The exact distribution of Z is not
normal.

UNSEEN
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Solutions to Question 6 The Neyman-Pearson test rejects Hy : 8 = 6; in favor of H; :
0 = 0y if

11760

L
(61) = — <k
L (0)
117 (xi6,)
i=1
for some k. UP TO THIS BOOK WORK.
(b) (i) Note that
L(K) B %I{Xl >K}%]{X¢L >K}
L(L) %]{Xl > L} %I {X, > L}
 K™MI{Xy > K} T{X, > K}
Ll {X; > L}---1{X, > L}
K™ {min(X,,...,X,) > K}
Ll {min (X,...,X,) > L}’
This is an increasing function of min (X7y,..., X,,). So, by the N-P lemma, we reject Hy if

K" [{min (X,...,X,) > K}
Lre] {min (Xy,...,X,) > L}

<k

if and only if
min (X1,...,X,) <c
for some c.
UNSEEN
(b) (ii) The power function is

I1(#) = Prmin(Xy,...,X,) <c|b]
= 1—Prmin(Xy,...,X,) >c| 0]
= 1-PriXi>c....X,>c|0
= 1—(Pr[X >c|O)"

* ah® "
([ 2
()

xe c
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UNSEEN
(b) (iii) If n =10, a = 1, K = 1 and a = 0.05 then
1

1— 0= 0.05
which implies
€ =0.95
10
which implies
' =1/0.95

which implies ¢ = (1/0.95)"" = 1.005143.
UNSEEN
(b) (iv) If n=10,a=1, K =1, L =1/2 and a = 0.05 then

Pr(Typellerror) = Pr(Accept Hy |0 =1/2)
1 — Pr(Reject Hy | 0 =1/2)
— 1-T1(1/2)

L [1 ) <1/2>1°}

clO
= 0.95.2710
= 0.0009277344.

UNSEEN
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