MATH20802: STATISTICAL METHODS
SECOND SEMESTER
ANSWERS TO THE IN CLASS TEST

. For a continuous random random variable X let Mx(¢t) = Elexp(tX)], ¢ > 0 denote its
moment generating function (mgf).

(i) X ~ Geom(f) with the pmf p(z) = 0(1 — )1 for z = 1,2, ... then
Mx(t) = Z exp(tz)f(1 — 0)*!
=1

= fexp(t) i exp(t(z —1))(1 — )t
=1

[e.o]

= fexp(t) Y exp(ty)(1—6)

y=0
0 exp(t
1—exp(t)(1—6)

(i) if X ~ Exp(\) with the pdf f(x) = Aexp(—Azx) for z > 0 then
Mx(t) = Flexp(tX)
= )\/ exp(tz — \x)dz
0

e

A
A—t

provided that A — ¢ > 0.

(iii) if X is a continuous random variable with the pdf f(z) = exp(—x)/{1 + exp(—x)}? for
—00 < x < oo then

Mx(t) = E [exp(tX)] = /O:O mgix. (1)

Set y =1/{1 +exp(—x)}, so

1
1+exp(—x) =—
Y

1 1-—
= exp(—x):f—lziy
)

)
1—
== x:—log(y)
Yy

= z =logy —log(1l—y)



and

dﬁ_dlogy_dlog(l—y)_1+ - 1

dy dy dy y 1—y y(l—vy)

Substituting these into (1) gives

M) = [ el Ty

1+ exp(—a)]” dy
- 1 1_7:‘/ 1-t 9 1
B /0 [ y } yy(l—y)dy
= /1(1—y)tytdy
0
— B(1—t,1+1).

(iv) if X is a continuous random variable with the pdf

| 4a, if0<az<1/2,
f(x)_{ A1-z), if1/2<z<1

then

Mx(t) = Elexp(tX)]

1/2 1
= 4 {/0 x exp(tz)dr + 1/2(1 — ) exp(tx)d:z}
B exp(tz)1V/? 1 12 exp(tz)]* 1
= 4 { {x ; }0 - ¥/0 exp(tz)dx + {(1 - x)] o + ;/1
B exp(t/2) exp(t/2) —1 exp(t/2) exp(t) —exp(t/2)
- 4{ 2t t2 T T 2
B 4exp(t) — 2exp(t/2) + 1
- = _

exp(tx)dx}

(v) if X is a continuous random variable X with the pdf f(z) = (1/2%)exp(—1/x) for x > 0

then

Mx(t) = E[exp(tX)] = /OOO (1/302) exp (—1/x + tz) dz = oo,

so the mgf is undefined.

. Suppose X1, Xo,..., X, are independent and identically distributed random variables with

the common probability density function (pdf):
F(z) = 0207 %

for 0 <z <6y, 01 >0 and 65 > 0. Both 6; and A are unknown.



(i) The cumulative distribution function corresponding to the given pdf is
T
F(x) = 9291_92/ vty = 01_925692.
0

The mean corresponding to the given pdf is

9, [7
B(X) = 0,0, /0 Yo dy =

The variance corresponding to the given pdf is

0203 0%, 0303
(92—|—1)2 - Oy + 2 (92%—1)2.

01
Var(X) = 0,0, % / yo2tlay —
0

(ii) The joint likelihood function of #; and 65 is

L(0r,0:) = TJ[0aaf7'0771{0 <2 < 01}
=1

n 02_1 n
= 0y <H xz> 01_”92 (H I{0<z < 91}>
i=1

=1
n fo—1
= 0y (Hml> Hl_”ezf{max(m,xg,...,mn) <0}
i=1

for 6; > 0 and 65 > 0.

(iii) The likelihood function monotonically decreases with respect to ;. The lowest possible
value for #; is max(Xj, Xo,...,X,). So, the mle of #; is max(X;, Xo,..., Xy).

(iv) The log of the joint likelihood function is

log L (61,02) = nlog s — nflog 6y + (2 — 1) > log z;.
=1

The first derivative of the log likelihood with respect to 03 is

dlog L (61,602) n -

—=— 7 2 = — —nlogh 1 ;.

Setting this to zero and solving, we obtain GAQ =n/{n logOAl — >, logx;}, where 0Al =
max(Xy, Xo,...,Xp). The second derivative of the log likelihood with respect to 62

d2 logL(Hl,Gg) N n

62 ——H—%<O.

Hence, 65 = n/{nlogf; — X7 log;} is indeed the mle of f;.
(v) Let Z = max(Xy, Xs,...,X,,). Then the cdf of Z is

Pr(Z <z) = Pr(max(Xi,Xo,...,X,) < 2)
= Pr(Xi1 <z Xo<z,...,X, <2)
= Pr"(X <z
= 0;"9295”92.



It follows  that Z has the same distribution as the given pdf with 65 replaced by nés. So,
the bias 607 is

~ 719192 91
E(6) -6, = 0 =— .
(1> 1 T a1 <

The variance 6y is

~ 1620, n26262
g) = v 103
Var ( 1> nfy + 2 (nfy + 1)2

and the MSE 9A1 is

02 nd?0s n26203

MSE (6,) = - '
S ( 1) (nf2+1)2  nby+2 (nby+1)2

The MSE approaches zero as n — co. Hence, 9A1 is a biased and consistent estimator for

0.



