MATH20802: STATISTICAL METHODS
SOME RANDOM QUESTIONS WITH SOLUTIONS



2010/2011 in-class test, question 1(iii). if X is a continuous random variable with the pdf
f(x) = exp(—x) /{1 + exp(—x)}? for —co < = < oo then

o exp(tr — x)
Mx(t) = E [exp(tX :/ —— . dx. 1
x() = Blow(ex) = [~ ERE T, o
Set y =1/ {1 + exp(—z)}, so
1+ exp(—x) !
exp(—x) = —
Y
1 1-—
= exp(—m):f—lziy
Yy
1—
= z = —log (y)
Yy
= z=logy —log(l —y)
and
dfx_dlogy_dlog(l—y)_}_{_ - 1
dy  dy dy y l1-y y(l-y)
Substituting these into (1) gives
1 1 dx
Mx(t) = / exp(—az)' T ———— - —"d
X0 = [ et s

! 1—yr—t s 1
= — | y———dy
/0 [ y y(1—y)
! t t
= /(1—y)*ydy
0
= B(1—t1+1).

2010/2011 in-class test, question 2(ii). The joint likelihood function of #; and 65 is

L(0r,0:) = TJ[0af7' 077 1{0 <2 < 01}
=1

n f2—1 n
= (93 (H $z> 9;”62 <HI{0 <z < 91})
i=1

=1
-

The distributions of max and min of IID random variables. Suppose X1, Xo,..., X,
are independent and identically distributed random variable with common CDF F. Let Y =

-

6—1
xz> angzl{max(:cl,aa,...,xn) < 01}

I
_

for 81 > 0 and 65 > 0.



min (X7, Xo,...,X,,). Then cdf CDF of YV is

Fy(y) = Pr(Y <y)
= Pr(min (X1, Xo,...,X,) <)
= 1—Pr(min (X1, Xo,...,X,) >v)
= 1-Pr(X;>y,Xo>vy,...., X, >9)

= 1-Pr(Xi>y)Pr(Xe>y)---Pr(X, >y
[because of independce of X1, Xo, ..., X,]

= 1 -Pr(X; <y)[1 - Pr(Xa<y)]--[1 - Pr(X, <y)

= 1-0-F@ILl-F(y]-1-F@y)
= 1-[1-F(@y)]".

Now let Z = max (X1, X2,...,X,). Then cdf CDF of Z is

Fz(z) = Pr(Z<2)

= Pr(max (X, X2,...,Xp) < 2)

= PY(X1§y7X2§y77Xn<y)

= Pr(Xi <y)Pr(Xy<y)---Pr(X,<y)
[because of independce of X1, Xs, ..., X,]

The first two moments of a chisquare random variable. Suppose X is a chisquare random
variable with degree of freedom v. Then its expectation can be derived as

oo z-1 _z
EX) = / 22 FP\T3) Vexp( Q)dx
o T2 (y)

1/+2_1
2 ex

= v
0 22T (

It [T

%),
)



_o25T (5) /OO v exp (—5 dx since I'(x 4+ 1) = 2I'(x)
C TG b 2 (v)
v 1 P l/+2_1 =z .
B o0 xr 2 exp (_5) dx since m2y+2—exp(22) is a Chlsquare pdf
- /0 25T (442) 2 r(452)

r_1 T
> px? exp(—3)
2\ _ 20 2 2y
B() = [ "
/oo -1 exp (—%) I
B0

22T (%4) /00 5 Lexp (_%)dx
C2D(g) b o5 (4
4T (% +2) /OO:c 2+4lexp(—%)dx
T S 9f 1“(”‘52)

L (¥ L) 2% lexp(-3) r
_ 43 (2+1)F(2)/ v 22dx  since ['(z +2) = z(x 4+ 1)[(2)
- L) Joo or (v

-1 T vid g _E) .
eaz T exp(—3) ince *->_o®(-3) is a chisquare pdf

= 1/(1/4—2)/0 QVTMI‘<”T+4> dr  since 2V§4F(VT+4)



Solution to example 31 in the booklet. The likelihood function is

L(§) = ﬁ [65—9%1 {2; > 5}} = ™2 T ] {min (21, ..., 2,) > ).
=1

Graph this as a function of §. Note that €™ is an increasing function of §. But J must be
less than or equal to min (z1,...,x,). So, the largest point of the graph will be attained when
d = min (z1,...,2,). Hence, min (z1,...,x,) is the MLE of .

Solution to example 32 in the booklet. The likelihood function and its log are

n 0
L) =T [0+1)a!| = @+1)" (H)

i=1 i=1
and
n
log L(0) = nlog(6 + 1) + 6> log ;.
i=1
The derivative of log L with respect to 6 is

dlog L(0) n -
= 1 i
d6 6+1 +; o8t

Setting this to zero, we obtain the solution

5: _nL
i—1 log z;
This is an MLE since
d?log L(6
L)
df? (0+1)2

Solution to example 33 in the booklet. The likelihood function and its log are

L(p) = ﬁ [p (1 _p)ri—l} _ pn(l _p)(Z::l xi)—n

=1

and
log L(p) = nlogp + Kzn: a:z> — n] log(1 — p).
i=1

The derivative of log L with respect to p is

dlogL(p) n < 1
g 4

Setting this to zero, we obtain the solution

n 1

h=ep— ==
Yicri X

5



This is an MLE since

d*logL(p) ~ n nxA . 1
P KZI ) 1<1—P)2<0‘

Note that (>3- ; ;) —n > 0 since z; > 1 for all 7.

Solutions to example 14 in the booklet. First we derive the biases of the two estimators.

Bias (p1) =

&

ON - N~ N =

and

Bias (pz) = E(p2) —p

So, both estimators are unbiased for p.

Now we derive the MSE of the two estimators.

MSE (p1) = Var(p1)

- (X))

X Y
Var ( + )
m n




and

MSE (p2) = Var(p2)
<X + Y)
= Var

m-+n

_ W\/ar (X +Y)

- W [Var(X) + Var(Y)]

_ M[mpa_pwnp(l—p)]
p(1—p)

m+n

P2 has smaller MSE than py since

p(1—p) < p(1—p) (1+1>

m+n 4 m n

1 1(1 1)
<-(=+=
m+n_4\m n

1 <1m+n

m+n -~ 4 mn

4mn < (m 4+ n)?
4mn§m2—|—n2—|—2mn
0§m2+n272mn

0 < (m—n)

[

The first two moments of a negative binomial random variable. Suppose X is a negative
binomial random variable with pmf given by equation (9) in the lecture notes. Then its expectation
can be derived as

E(X)

i(m —r+7) (f B i)p’"(l —p)"T

Z(w —) (f - i)p’"(l -p)"+r Z (i B i)pr(l -p)*"
[ i (x—r) (f: i)p“(l —p)"" |+
r=r+1

rz—1
since < ) p"(1 —p)* " is a negative binomial pmf with parameters r and p
r

+r

[ Y (w—r) _%!_(;)i ST



= I:Z_:H (r_l)!(x_r_l)!pr(l_p)x—r T
) IE;LI r(r _?;():'U(;i); - 1)!pr+1_1(1 —p)rTr M 4y
— r(1—p) i (x —1) L= L

_ T(l - p) io: <$ ; 1>pr+1(1 _ p)x—r—l

p r=r+1

- [

z—1
since < ) p" 11 — p)®* " is a negative binomial pmf with parameters r + 1 and p
r

b

E (X?) can be derived similarly by writing

E (X2> _ i$2 (f:i)pr(l _p)az—r

T=r

— Z [(a; — )2+ 2z —7)+ 7’2} (f : 1)]97’(1 —p)*"
- ff@—r)?(fj)ﬂ(l—p)xr+2§f(w—r>(fj}>pr<1—p>m’“
2y (f - i)ﬂ(l T

Solutions to question 1, 2013/2014 in-class test. The following solution is correct if X has
the pdf

%2 exp(—z/2)
20/2T (a/2)

Ix(z) =
for x > 0 and a > 0.

(i) The moment generating function of X is

Mx(t) = Elexp(tX)]



R 2%/? exp(—1x/2)
= /0 exp(tx) 59721 (a)2) dz

/OO 22 exp [~ (1/2 —7§)ac]d:C
0

20/2T(a/2)
— /O * 2a/2F(Za//22)e(Xf; é__yi)a/zﬂ dr  substituting y = (1/2 —t)z
— T (al) (1/2 e /OOO y*/? exp (—y) du
= T (a/2) (1/2 - t)a/2+1 I'(a/2+1) by definition of gamma function
1

= Sun(aj2) (12 g WDT@/2) by vsing the fact T(s +1) = sI(s)

= a(l-20)Y*L

(i) We have E(Y) = Mx(1) since E(Y) = E(exp(X)). We have E(Y?) = Mx(2) since E(Y?) =
E(exp(2X)).

(iii) From (ii), we have
E(Y) = Mx(1) = a(=1)"**""
and
E(Y?) = Mx(2) = a(=3)"%/?71,
So,

Var(Y) = a(—3)"%>71 — g?(—1)7%2.

(iv) We have

My, 1x,(8) = Elexp (X1 +1X0)
= FElexp(tX;)] E [exp(tX2)]

= a1a (1 — 2t)—a1/2—a2/2—2 .

(v) It follows from (iv) that X; + X, is a gamma random variable with A = 1/2 and a =
((11 —|—CL2)/2—|—2 if ajao = 1.
The following solution is correct if X has the pdf

242~ exp(—x/2)
20/21(a/2)

fx(z) =

for z > 0 and a > 0.



(i) The moment generating function of X is
Mx(t) = Elep(tX)]

) z4/2-1 exp(—z/2)
_ /0 exp(tz) 2¢/20(a/2) o
 ereiania,
; 20/2T(a/2)
/OO Y2 exp (-y) T
0 20/2(a/2) (1/2 ~ 1)"/?
1

= - o/2=L exp (—y) dx:
20/2T(a,/2) 1/2—t)“/2/0 Y (=)

I'(a/2)

=~

20/2T(a/2)
1
20/2 (1/2 — t)¥/?
= (1—2t)"%2,

1/2 — t)%/?

(ii) We have E(Y) = Mx(1) since E(Y) = E(exp(X)). We have E(Y?) = Mx(2) since E(Y?) =
E(exp(2X)).

(iii) From (ii), we have
B(Y) = Mx(1) = (~1)*"
and
B(Y?) = Mx(2) = (-3)"2.
So,
Var(Y) = (=3)9% — (1)~
(iv) We have

M, 4+x,(t) [exp (tX1 + tX5)]
= Elexp(tX1)] E [exp(tX3)]
= (1—2t)"4/2(1—2t)®/?
= (1—2t) (mfa)/2,

E
E

(v) It follows from (iv) that X + X3 is a chisquare random variable with degree of freedom equal
to a1 + ag.

n

Solutions to question 2(i), 2013/2014 in-class test. The joint likelihood function of yx and
1 (X; —p)?

L 2 — - _ e P

(N7 g ) H { \/27'(\/60' oXp [ 200’2

2
=1 }
1

o° is
RN SIS
(2m)n/2en/2gm 2co2 — ! '

10



The joint log likelihood function of x and o? is

log L (u, 02) = —% log(27) — glogc -

The first order partial derivatives of this with respect to p and o are

dlog L 1 & 1 -
o co? ;( i) co? K; ‘ s
and
dlog L n 1 & 9
=4 X, —
do o cod g( i
respectively.

Solutions to question 2(i), 2014/2015 in-class test. (i) The joint likelihood function of p

and o2 is
1 (X; — cp)?
L 2) = | | S T
(M7 7 ) i=1 { \/ﬂ\/EU P [ 2co?

1 1 &

n

The joint log likelihood function of y and o? is
logL(/,L 02):——log(Qﬂ)——logc—nloga—LZ —cu) .
’ 2co?

The first order partial derivatives of this with respect to p and o are

61 L_ 1 Z 1 (s
i=1

and

Olog L n
oo 003 Z B c,u

respectively.

Solutions to question 1, part (i), 2007/2008 in-class test. if X ~ Bin(n,p) then

Mx(t) = Y explta) @W —p)"
=0

n

= > @ (pexp(t))"(1—p)" "

z=0

_ (peng +1— nz( ) pexp ) (1_ ) —x

(pexp

11



)n—x

= (pexp(t)+1—p "Z(Z) p;}éip( )+1-p)"

=0

_ ex _ n . peXp( ))x(l_p)n_x
= (pexp(t) +1 9;)( ) (pexp(t) + 1 — p)® (pexp(t) + 1 — p)" *

(pexp(t) +1 ( > pexpexil_ )x <pexp(1t)_f1_p>nx

= (pexp(t)+1—p)" since Z ( ) (1—¢q)*=1.

n

Note that Z (n) q¢*(1 —q)* = 1 because the PMF of a binomial distribution (in fact, the PMF of

z
=0

any discrete distribution) must add to 1.

2011/2012 in-class test, question 1, part (iii). Note that

Var <X1 ;—X> — %Var <X1 —{—Y) # i {Var (X1)+Var (yﬂ

since X; and X are not independent. But we can write

Var (Xl +X> = %Var (X1 —i—Y)

2

1
= ZV@T’ <X1+ ZX)

=1

1 X1 X X
= 4Var<X1+1+2+ +nn>

1
= Var<(1+1)X1+X2+--'+Xn)
4 n n n
1 1 X X,
= [Var((l—i—) Xl)—i—Var (2+...+ >:|
n n n

4
since X1 and Xo,..., X, are independent

= 1_(1+1>2Va7“(X)+ Var (Xo +---+ Xp)
— 4 _ n 1 n 2 n

1] 12 "
= — |1+ Var(X1) + 5Var ZX’L

4 I n =

1] 12 n
= 7 1+ — Var(Xl)—i——ZZVar(XZ)

L n =2

_ 1'(1+1>2 2, L3
4 i n) 7 T n2 izza




1

4

(1+1>2 2y Lin—1)0?
n o nzn g .

The limit of this as n — oo is 02 /4, so the estimator is not consistent.

Solution to question 2(iv), 2013/14 in-class test. The mle, fi, is an unbiased and consistent

estimator for p since

E (1)

and

Var (1)

(50
LS B

2011/2012 in-class test, question 1, part (i). Note that
E(M(X)) = 1-62+21—¢)-0*1—0)4+2c-0(1 —0)+ (1 —2¢)-0(1 — 6)>

= P 4201-0) (02=0%) +2c (0—-67) + (1-20) (020> +0%)

= 03 +20—-0¢)-0—20—¢)- 03 +2¢-0—2¢c-0>+ (1 —

= (2c+1-20)-0+(2-2c—2c—2+4c)-0*+(1—2+2c+1—2¢)-6°

= 1-64+0-62+0-6°

= 0
Hence, T'(X) is unbiased for all c.

2012/2013 in-class test, question 1, part (ii). Note that

2

Var <X1 +X> — %Var (Xl —{—Y) # % {Var (X1)+Var (YH

13

2¢) -0 —2(1 —2¢) - 6%+ (1 —2¢) - 63



since X; and X are not independent. But we can write

Var (Xl ;_X> = iVar (X1 —i—Y)

1 1<
= Ve <X1 + - ZXZ)

=1

1 X X X,
= Var<X1+1+2+...+n>
4 n n n

1 1 X X,
= Var<<1+)X1+2+--'+n>
4 n n n

17 1 X X,
= Var(<1+>X1)+Var(2+...+>:|
4 n n n
1] 12 1
= 1 1—1—; Var(Xl)—i-ﬁVar(Xg—i--"%-Xn)
1] 1\2 1 "
= Z 1+ﬁ VaT‘(Xl)-i-EVCLT ZZ::QXZ
since X7 and Xs, ..., X, are independent.
problem 6, sheet 7. I defined F,, ,, o as
Pr(F,, vy < Fuima) =1—a, (2)

this definition may be different from those you saw in other courses. It follows from (1) that

1 1
Pr < > ) =1—«
FV17V2 FV17V2704

1 1
- 1—Pr< < )zl—a

FV17V2 FV17V2704

1 1
= Pr < =«
(Flfl,lfz FV17V27CY>

1
_ : _ 1
— Pr <Fu2,u1 < o o since Fy, ,, = Foova
1 ..
= FLul-a= 7 by definition of F,, ., 1—a
vi1,V2,x

Solution to example 29 in the booklet. The likelihood function and its log are

L)) = ﬁ [Aexp (—Az;)] = \"exp (—)\zn:xz)
i=1 =1
and

log L(A) =nlog A — A a;.
i=1

14



The derivative of log L with respect to A is
dlog L(\

n n
dA _X g

Setting this to zero, we obtain the solution
n 1

/X:; Ei——
i X

This is an MLE since
d?log L
dlogL(}) __n _
d\? A?
Note that
Pr(X <1)=F(1)=1-exp(—2) by equation (30) in lecture notes
and

1
mean = E(X) = 3 by equation (32) in lecture notes.
Hence their MLEs are

Pr()?\< 1)=1—exp (—X) =1-—exp <—1>

>

and
1
A

mean = = = X.

Solutions to example 44 in the booklet. The likelihood function is

€ 1 R 1
P <_202>] - (27T)n/20-n ( 7221 > 27-[- n/QO-n expl 2 9.2 Z 51$Z

n 1 &
log L (B1) = 5 log(27) — nlogo — 257 Z (yi — ﬂlxi)Q.
i=1
The derivative with respect to 5y is
dlogL (1) 1 &
= g o i i),
Setting this to zero, we obtain
1 n

;in (yi — Brxi) =0

=1

— sz Yi lez -

~ () (if?) :

~ e () (£)

=1

15



This solution corresponds to an MLE since

d*log L (1) _ dlog L(B1) .
dﬁ% dB; 2 sz Yi 51551 = —0_2 ZSL‘Z < 0.

Solution to example 48 in the booklet. First find the mean and variance of the distribution
as follows:

1 6 3
L (X)=0--+ + +34 13 5
and
1 1 1 1 3\2 14 9 5
2 2 2 2 2 2 2
= Var(X)=E(X?)—-[EX) =0 =4+1%2-2+22.2432. 2 (Z2) == -2 =S =1.25.
o’ = Var (X) = B (X*) - [E(X)] ATt gt 4(2) 1471

Then
Pr(14 < X < 1.8)

Ld—p _X—p _ 1.8—u>
o/vn U/wff o/vn

14—-1.5 X po_ 18-15 )
V1.25 /\F a/\/n \/1.25/\/%

Xu 1.8)

|
|
- (m/ﬁ f/fu \/%/6>
(
-7z
(e

U/f \/ﬁ
P <N01) 18) by the Central Limit Th
~ Pr — e Central Limit Theorem
v1.25 Y
0.6
— Pr(N@ Pr(N(0,1 <—)
125) < .1 v 1.25

1.8 0.6
= d( =)
( 1.25) ( \/1.25>
1.8 0.6
= ¢ 11— ——
(\/1 25) [ (\/1.25)]
1.8 0.6
Y G R ()
(\/1.25> v1.25
= 0.946 — 1+ 0.704 read from the normal tables

= 0.651.

Proof of t, — N(0,1) as v — oco. Using the Stirling’s formula
2r (z\?
T(z)~y/ 2 (2
&~ 2 (2)

16



as z — 00, we can write

as v — 00. So, t, = N(0,1) as v — oc.
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