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SOLUTIONS TO QUIZ PROBLEM 9

Suppose C1, C2, . . . , Cp are known copulas. Let

C (u1, u2) =
{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β

where β > 0 and α1, α2, . . . , αp are non-negative real numbers summing to 1.

Condition (i) is satisfied since

C (0, u) =
{
w1 [C1 (0, u)]β + · · · + αp [Cp (0, u)]β

}1/β
= [0 + · · · + 0]1/β = 0.

Condition (ii) is satisfied since

C (u, 0) =
{
w1 [C1 (u, 0)]β + · · · + αp [Cp (u, 0)]β

}1/β
= [0 + · · · + 0]1/β = 0.

Condition (iii) is satisfied since

C (1, u) =
{
w1 [C1 (1, u)]β + · · · + αp [Cp (1, u)]β

}1/β
=

[
w1u

β + · · · + wpu
β
]1/β

=
[
uβ

]1/β
= u.

Condition (iv) is satisfied since

C (u, 1) =
{
w1 [C1 (u, 1)]β + · · · + αp [Cp (u, 1)]β

}1/β
=

[
w1u

β + · · · + wpu
β
]1/β

=
[
uβ

]1/β
= u.

Condition (v) is satisfied since

∂

∂u1
C (u1, u2)

=
∂

∂u1

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β

=
1

β

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β−1 ∂

∂u1

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}

=
1

β

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β−1

p∑
i=1

wi
∂

∂u1
[Ci (u1, u2)]

β

=
{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β−1

p∑
i=1

wi [Ci (u1, u2)]
β−1 ∂

∂u1
Ci (u1, u2)

≥ 0.
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Condition (vi) is satisfied since

∂

∂u2
C (u1, u2)

=
∂

∂u2

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β

=
1

β

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β−1 ∂

∂u2

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}

=
1

β

{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β−1

p∑
i=1

wi
∂

∂u2
[Ci (u1, u2)]

β

=
{
w1 [C1 (u1, u2)]

β + · · · + αp [Cp (u1, u2)]
β
}1/β−1

p∑
i=1

wi [Ci (u1, u2)]
β−1 ∂

∂u2
Ci (u1, u2)

≥ 0.
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