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SEMESTER 1

SOLUTIONS TO QUIZ PROBLEM 7

Let X represent loss and suppose x1, x2, . . . , xn is a random sample on X. Suppose that the
probability density function of X is given by

f(x) =
1

2a
exp

(
−| x |

a

)
where a > 0 and −∞ < x <∞.

First, we need to determine the cumulative distribution function of X. Suppose x > 0. Then

F (x) =

∫ x

−∞
f(y)dy

= 1−
∫ ∞
x

f(y)dy

= 1− 1

2a

∫ ∞
x

exp

(
−| y |

a

)
dy

= 1− 1

2a

∫ ∞
x

exp

(
−y

a

)
dy

= 1− 1

2a

[
−a exp

(
−y

a

)]∞
x

= 1− 1

2a

[
0 + a exp

(
−x

a

)]
= 1− 1

2
exp

(
−x

a

)
.

Suppose now x ≤ 0. Then

F (x) =

∫ x

−∞
f(y)dy

=
1

2a

∫ x

−∞
exp

(
−| y |

a

)
dy

=
1

2a

∫ x

−∞
exp

(
y

a

)
dy

=
1

2a

[
a exp

(
y

a

)]x
−∞

=
1

2a

[
a exp

(
x

a

)
− 0

]
=

1

2
exp

(
x

a

)
.
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Hence, the cumulative distribution function of X is

F (x) =


1− 1

2
exp

(
−x

a

)
, if x > 0,

1

2
exp

(
x

a

)
, if x ≤ 0.

Next, we invert F (x) = p to find the value at risk at p. This gives

VaRp(X) =

{
−a log [2(1− p)] , if p > 1/2,
a log [2p] , if p ≤ 1/2.

Finally, to find the maximum likelihood estimator of VaRp(X), we need to find the maximum
likelihood estimator of a. The likelihood function of a is

L(a) =
n∏

i=1

[
1

2a
exp

(
−| xi |

a

)]

=
1

(2a)n

n∏
i=1

[
exp

(
−| xi |

a

)]

=
1

(2a)n
exp

(
−1

a

n∑
i=1

| xi |
)

and its log is

logL(a) = −n log(2a)− 1

a

n∑
i=1

| xi | .

The derivative with respect to a is

d logL(a)

da
= −n

a
+

1

a2

n∑
i=1

| xi | .

Setting this derivative to zero and solving for a, we obtain

â =
1

n

n∑
i=1

| xi | .

This is a maximum likelihood estimator of a since

d2 logL(a)

da2
=

n

a2
− 2

a3

n∑
i=1

| xi |

=
1

a3

[
na− 2

n∑
i=1

| xi |
]

=
1

a3

[
nâ− 2

n∑
i=1

| xi |
]

= − 1

a3

n∑
i=1

| xi |

< 0
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at a = â.

Hence, the maximum likelihood estimator of VaRp(X) is

V̂aRp(X) =


− 1

n
log [2(1− p)]

n∑
i=1

| xi |, if p > 1/2,

1

n
log [2p]

n∑
i=1

| xi |, if p ≤ 1/2.
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