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SEMESTER 1

SOLUTIONS TO QUIZ PROBLEM 5

Let X be a normal random variable with mean µ and standard deviation σ. The cdf of X is

FX(x) = Φ

(
x− µ
σ

)
.

Inverting FX(x) = p, we obtain

Φ

(
x− µ
σ

)
= p

⇔ x− µ
σ

= Φ−1(p)

⇔ x− µ = σΦ−1(p)

⇔ x = µ+ σΦ−1(p).

So,

VaRp(X) = µ+ σΦ−1(p)

and

ESp(X) =
1

p

∫ p

0

[
µ+ σΦ−1(t)

]
dt

=
1

p

[
µp+ σ

∫ p

0
Φ−1(t)dt

]
= µ+

σ

p

∫ p

0
Φ−1(t)dt. (1)

Now set u = Φ−1(t), so t = Φ(u) and dt/du = φ(u). Then, (1) can be reduced to

ESp(X) = µ+
σ

p

∫ Φ−1(p)

−∞
uφ(u)du

= µ+
σ

p

1√
2π

∫ Φ−1(p)

−∞
u exp

(
−u

2

2

)
du

= µ+
σ

p

1√
2π

∫ Φ−1(p)

−∞
exp

(
−u

2

2

)
d
(
u2/2

)

= µ+
σ

p

1√
2π

[
− exp

(
−u

2

2

)]Φ−1(p)

−∞

= µ+
σ

p

1√
2π

[
− exp

(
−
[
Φ−1(p)

]2
2

)
+ 0

]

1



= µ− σ

p

1√
2π

exp

(
−
[
Φ−1(p)

]2
2

)
µ− σ

p
φ
(
Φ−1(p)

)
.
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