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Solutions to Question Al

ILO: bivariate extreme value distributions

a) The joint cumulative distribution function of X and Y is

FX,Y(ajay)

z oy
/ / fx.y(u,v)dvdu
o Jo
x oy
/ / (u + v)dvdu
o Jo
x L27Y

uv + —| du
[ s,

T 2
/[uy—l—y——O]du
0 2

T 2 x
y/ udu + = ldu
0 0
22y
1
533?1(95‘1‘9)

(3 marks)
UNSEEN
b) The marginal cumulative distribution functions of X and Y are
Fx(r) = Fxy(e,1) = go(e +1)
and
Fe(w) = Fry(Ly) = 3u(y+ 1)
(2 marks)
UNSEEN



c) First note that w (Fx) = 1. Fx belongs to the Weibull max domain of attraction since

. 1—Fx(1-—tr) _ 1-1(1—tx)(2—tx)
lim = lim T
t—0 1 — Fx(1—1) =0 1—5(1—1t)(2—-1)
1— (1= 3tz + 14242

_ hm ( 23 212 )

01— (1—35t+3t?)

(2 marks)

UNSEEN

d) First note that w (Fy) = 1. Fy belongs to the Weibull max domain of attraction since

po Lo B (—ty) . 1—5(L—ty) (2 —ty)
1m — — = 11m — 1 _ _
t—=0 1 —Fy(1—1) t—=0 5 (1—1)(2—1)
_ 1— (1= 3ty + 5t%?)
= 2% (1 =3t 142
=0 1—(1-3t+ 1)

3 1422
3ty — 3ty

= lim
34 _ 142
t—0 Qt Qt
3, 14,2
= lim 29 — 5%
- 3 1
t—0 2—215
3
= lim 27
t=0 2

(2 marks)
UNSEEN

e) Use the formulas a, = w (Fx) — Fx' (1 — 1) and b, = w (Fx). Inverting

Fx(r) = ga(a +1) =p



gives
2+ —2p=0.

The valid root of this equation is

. —1+VI+8p
D —
So,
. 1 -1+ 9—%
Foill——
d() -
Hence,
—1+,4/9-2
n=1— , b, =1
¢ 2
(2 marks)
UNSEEN

f) Use the formulas ¢, = w (Fy) — Fy'' (1 — 1) and d,, = w (Fy). Inverting

Frly) = gy + 1) =p

gives
¥ +y—2p=0.
The valid root of this equation is
—1+1+8p
y=—">%5
So,
X 1 —1+,/9-2
For(1——
Y ( n) 2
Hence,
—1+,/9-2
n — 1— s dn =1
¢ 2



(2 marks)
UNSEEN

g) The limiting cumulative distribution function is

lim F%y (apx + by, ey + dy)
n—oo ’

1
= lim — (@, x4+ b,)" (coy + dp)" (anx + by + cry + dy)"

n—oo 21
1 —1+4+4/9-2 —1+4+4/9-2
= Jim |1 ——F—— |z +1 l-———|u+!
—1+4/9-2
- (z+y)+2
—1+44/9-2 —1+4+,/9-2
= Jim | {1-———— z+]1 l-———|u+!
1 -1+ 9—%
—1+3/1-2 —1+3/1—5
= lim 1— 5 r+1 1— 5 y+1
n—oo
1 —1+3y/1-5
5~ 1 (z+y)+1
—1+3(1-24 + —1+3(1—Z 4. !

(5 marks)
UNSEEN



h) Yes, the extremes are completely independent since

lim F¥y (ant + by, ey +dn) = exp(z+y)

n—oo
exp () exp ()
lim F¢ (apz + b,) Um FY (cy + dy) .
n—oo n—oo
(2 marks)
UNSEEN



Solutions to Question A2
ILO: checking a function is a copula

C' (u1,us9) is a valid copula if

C (u,0) =0,
C(0,u) =0,
C(1,u) =u,
C(u,1) =u,
0
8_u10 (U1, U,Q) >0
and
0
O—UQO (ul, Ug) >0
SEEN

a) for the copula defined by C' (uy,uy) = min (uy, ug), we have

C (u,0) = min(u,0) = 0,
C'(0,u) = min(0,u) = 0,
C(1,u) = min(1,u) = u,

C (u,1) = min(u, 1) = u,

0u1

and
B 0, if uy < u,
a—UQC(Ul,UQ):{l I U1 = U2

0 1, if Uy < U2,
i, C (1 w) = { 0, if uy > us,

, if uy > ug,

(4 marks)



so C'is a valid copula.

(4 marks)
UNSEEN
b) for the copula defined by C' (uy, us) = uyug exp [—0loguy log us], we have
C(u,0) =u-0-exp[—0log0logu] =0,
C(0,u) =0-uexp[—0logulog0] =0,
C(l,u) =1-uexp[—0logllogu] = u,
C(u,1) =wu-lexp[—0logulogl] = u,
0
8_0 (ur,ug) = ug (1 — @loguy) exp [—0loguy log us] >0
Uy
and
0
8_0 (u1,uz) = uy (1 — 0loguy) exp [—0loguy log us] > 0,
U2
so C'is a valid copula.
(4 marks)

UNSEEN

¢) for the Farlie-Gumbel-Morgenstern copula defined by
C (Ul, UQ) = U1U9 [1 + ¢ (1 — Ul) (1 — Ug)] y

we have

C(u,0)=u-0[14+¢(1—u)(1-0)]=0,
C0,u)=0-u[l+¢(1—-0)(1—-u)]=0,
Clu,l)=u-1[1+¢(1—u)(1—-1)]=u,

CLuy=1-u[l+¢(1-1)(1—u)]=u,
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%C(Ul,’l@) =us [1+¢(1—up) (1 —uz)] —ugusp (1 —ug) >0

and

aiC ('Lbl,UQ) = Uz [1 + (b(l - ul) (1 — UQ)] — U1U2¢ (1 — Ul) Z 0
U2

so C'is a valid copula.

(4 marks)

UNSEEN

—Q

d) for the Burr copula defined by C' (uy, ug) = uj+us—1+ [(1 —u)) M (=) =1
we have

r 71—

C(u,0)=u+0—1+ _(1—u)‘1/‘“+(1—0)—1/“—1_ =0,
C0,u)=0+u—1+ :(1—0)‘1/"‘+(1—u)‘1/“—1:_a:o,
Clul)=u+1—1+ :(1—u)‘l/a+(1—1)‘1/“—1:7a:1,
Clu)=1+u—1+ :(1—1)*1/°‘+(1—u)*1/a—1:7a:1,

—a—1
——C(ug,us) = 1= (=) (L= ug) ™ (1 =)™ - 1]

a+1
(I—u) ™+ (1 —u) V=1 -

and
d C — 1_(1 ~1/a-1[(q ~1/a (1 ~1/a _ 4 —a-l
o, (ur,ug) = 1—(1—up) (T—u) "+ (1 —ug) " =
“1/a a+1
- 1 (1= u) > 0
I—u) ™V (1—u) V=1 7
so C'is a valid copula.
(4 marks)

UNSEEN



Solutions to Question A3
ILO: bivariate extreme value distributions

a) We can write

2

= Oy Y y
F(x,y) =exp —$+y+0y—:ﬁ—y =expq —(x+y) 9(x+y)2_9x+y+1 )

This is in the form of

F(z,y) = exp [—(ery)A( Y )}

r+y

with A(t) = 0t* — 0t + 1.
We now check the conditions for A(-). Clearly, A(0) =1 and A(1) = 1.
Also A(t) > 0 since

0> — 0t +1>0
S 0 —t)+1>0
& 0t—1/2*+1-60/4>0,

which always holds.
Also A(t) < 1 since

02 —0t+1<1
s 02 —0t<0
& 0tt—1) <0,

which always holds.
Also A(t) >t since

Ot — Ot +1>t
& 0 —-0+1)t+1>0
& (1-600(1—1t) >0,

which always holds.
Also A(t) > 1 —t since

O —0t+1>1—t
&S P+ (1-0)t>0
& (0t—0+1)t >0,

which always holds.



A'(t) =20t — 0 and A" (t) =20 > 0, so A(-) is convex.

(6 marks)

b) the joint cumulative distribution function is

2

+0y—z—vy|.
T +vy Y y}

F(x,y) =1 —exp(—z) — exp(—y) + exp [—

(2 marks)

c¢) the derivative of joint cumulative distribution function with respect to z is

OF (z,y) Oy
Ox (xr+y)?

so the conditional cumulative distribution function if Y given X = z is

T
=exp(—z) + — 1| exp —x+y—|—«9y—x—y ,

Oy Oy
F =1 —1 — —yl.
(y|x) +[($—|—y)2 }exp{ x+y+6y Y

(4 marks)

d) the derivative of joint cumulative distribution function with respect to y is

OF (z,y) 0y* 20y
dy r+y)? x4y

2

+¢9—11 exp [— Oy
r+y

=eXp(—y)+[< +9y—w—y},

so the conditional cumulative distribution function if X given Y =y is

0y 20y
(z+y)»? z+y

2

Flely) =1+ [ e 1} . {‘fy

oyl
+y ygj}

(4 marks)

e) the derivative of joint cumulative distribution function with respect to x and y is

OF (x
fl@y) = —gia’yy)
B 0y* 0y> 20y B 20y 20y
N H(%Ly)z 1] [(Hy)Q ery ! 1}+{(3«°+y)2 (:v+y)3”
xexp{—x+y+9y—x—y}.

(4 marks)

10



Solutions to Question Bl
ILO: extreme value distribution of a given univariate distribution

If there are norming constants a,, > 0, b,, and a nondegenerate G such that the cumulative
distribution function of a normalized version of M, converges to G, i.e.

Pr (M < ZE) = F" (apx + b,) — G(x)
an

as n — oo then G must be of the same type as (cumulative distribution functions G and G*
are of the same type if G*(x) = G(ax +b) for some a > 0, b and all z) as one of the following
three classes:

I : Alx)=exp{—exp(—2)}, reN;
0 if v <0,
() = { exp{—z7°} ifz>0
for some a > 0;
' | exp{—(—2)*} ifz<0,
I \I/a(x)—{l e oo

for some o > 0.

I7

(4 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1 — F (t+ zy(t))

I @ Fy(t)>0st. i = — 0
1—F(t

IT : w(F)= o0 and liﬁgl_—;(g)zx_a, x>0,
1—F(w(F)—t

I1T : w(F) < oo and lim (w(F) x):xo‘, x> 0.

to 1 —F(w(F)—1)

(4 marks)
SEEN

First, suppose that GG belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that
1 -G (t+ zh(t))

I -
—w@)  1— G(b) ‘

—X

11



for every x > 0. But

1 — F (t + zh(t))

1
—u(r) 1 — F(f)
1 _ __aG(+ah()[1+b=bG(t+wh(t))]
~ im 1—(1—a)G(t+ah(t)) [1+b—bG(t+ah(t))]
tw(F) 1 - aG()[1+b—bG(1)]
—(1—a)G()[1+b—bG(1)]
1 — __ aG(+ah(t)[1+b=bG(t+wh(t))]
. lim 1—(1—a)G(t+zh(t))[1+b—bG (t+zh(t))]
C Sw(@) 1— - aGH)[1+b—bG(1)]
—(1—a)G(t) [1+b—bG(?)]
1 — _ aG(t+ah(t))[1+b-1]
oy 1—(1—a)G(t+zh(t))[1+b—0]
T owe) 1 aG(1)
1—(1—a)G(t)[14+b—0]
1 — _aG(t+eh()
~ im T—(1—a)[1+b—0]
- w aG(t)
t2w(@ 1 — 1—(1—a)[1+b—0]
1 _ aG(tteh()
- lim — 9
tow(@) ] — 9GO

1—(1—a)
—  lim 1—G(t+zh(t))
t—w(G) 1—-G(t)
= exp(—z)

for every x > 0, assuming w(F') = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Gumbel extreme value distribution with

lim P (M"—_b" < x) — exp [ exp(—2)

n—o0 an

for some suitable norming constants a,, > 0 and b,.

(4 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a § > 0 such that

lim -G G (tz) =z

t—oo 1 — G(t)

12



for every x > 0. But

Y 1—F (tx)

m ———

t—oo 1 — F(t)

1 — aG(tz)[14+b—bG (tx)]

— 1—(1—a)G(tz)[1+b—bG (tz))

=R EI0) [E =)
1-(1—a) GO L+ b—bG(D)]

1 — aG(tx)[14+b—b)
— 1 1—(1—a)G(tz)[1+b-1]
= aG(D
T 1—(1—a)G(t)[14+b—0]
1 — aG(tx)

_ I—(1—a)[1+b-0]

T e @)
T—(—a)[145-0]
aG(tx)

- 1 1- 1-(1—-a)

B t—oo 1 — aG(t)

1—(1—a)
1 -G (tx)
= lim ——~
e 1 G(t)
= [L'_B

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P (M < x) = exp (—33_6)

n—00 a

for some suitable norming constants a,, > 0 and b,.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a § > 0 such that
lim 1 -G (w(G) —tx) _ 8
t—=0 1 -G (w(G) — t)

13



for every x > 0. But

1—F(w(F)—tx)

i
01— F(w(F) — 1)
1— aG(w(F)—tz)[14+b—bG (w(F)—tz))
— lim 1—(1—a)G(w(F)—tz)[1+b—bG(w(F)—tx)]
=0 1 _ aG(w(F)—t)[14+b—bG(w(F)—t)]

1—(1—a)G(w(F) ) [11b—bG (w(F)—1)]
1— aG(w(G)—tz)[14b=bG (w(G) —tx)]
1-(1—a)G(w(G)—tz) [1+b—bG(w(G)—tx)]

=0 1 _ aG(w(G)—t)[14+b=bG(w(G)—1)]
1-(1—a)G(w(G)—t)[14+b—bG (w(G)—1t)]
1— aG(w(G)—tz)[14+b—b]
— lim 1-(1—a)G(w(G)—tx)[1+b-1]
150 1— aG(w(G)—t)

1—(1—a)G(w(G)—t)[1+b—b]
1— aG(w(G)—tx)
1—(1—a)[14b—b]
t50 1 — _aGW(G)—1)
1—(1—a)[14b—b]
1— aG(w(G)—tx)
= lim 1—(1~a)
R F TG
1—(1—a

_ 1 -G (w(G) —tx)
T 50 1= Gw(G) 1)
— B

for every x > 0, assuming w(F') = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Weibull extreme value distribution with

i P (2220 <) — exp (~(-2)

n—o0 Qanp,

for some suitable norming constants a,, > 0 and b,.

(4 marks)

UNSEEN
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Solutions to Question B2
ILO: extreme value distribution of a given univariate distribution

a) Note that w(F) = oo and

Pr(X=F a(l —a)k!
1-F(k—1)  1-[1—(1-a)*]
a(l —a)*!
_ (1 —a)k?

Hence, there can be no non-degenerate limit.

(4 marks)
SEEN

b) Note that w(F') =1 and

So, F'(x) belongs to the Weibull domain of attraction.



c¢) Note that

1— F(tx)

tloo 1 — F(t)

(tx)"

lim - al+(ta)?
b
oo 1= ot

ab
lim a’+(ta)?

tloo

ab+tb
lim T
tloo a? + (tx)?
i L1+
tloo abt—b 4 2b
0+1
0+ b

x7 0,

So, F(x) belongs to the Fréchet domain of attraction.

UNSEEN

d) Note that

1—F
lim (tz)

(4 marks)

lim & f(tz)
too f(t)

xC (tx — a)_% exp [ Q(t;a)]
e

z (tr — a)_% exp [—m}

So, F(x) belongs to the Fréchet domain of attraction.

16



UNSEEN

e) Note that

1—F (tx)

lim

tloo 1 — F(t)

(4 marks)

9 a;l
, 4
lim x T
tloo =242

a
I'I_a_l
7 °.

So, F'(x) belongs to the Fréchet domain of attraction.

UNSEEN

(4 marks)

17



Solutions to Question B3
ILO: estimates of financial risk measures

a) If X is an absolutely continuous random variable with cumulative distribution function

F(-) then

VaR,(X) = F~'(p)

and
1 p
ES,(X) = = / F(v)dv
P Jo
(2 marks)
SEEN
(b) (i) The corresponding cumulative distribution function is
Py [ Wy B[P 3 [Pae] e
V)2 T2 (3], T 23| 3 |7 243
for —a < x < a;
(2 marks)
UNSEEN
(b) (ii) Inverting
2 +ad
F — —
(@)= —=5—=p
we obtain VaR,(X) = (2p — 1)"%a.
(1 marks)
UNSEEN
(b) (iii) The expected shortfall is
1 (7 1320 —1)*31"  3a
ES,(X :—/ v —1 1/3dvz—{— =—[@2p—1)"*-1].
A e R e I C R
(2 marks)

18



UNSEEN

¢) (i) The likelihood function of a is

3" TT (v
L(a) = STET 11 [X7I{—a < X; < a}]
3" i
= o HX) HI{ a< X; <a}
=1
- - X | I (X X in (X X
= g H ; {max (Xy,...,X,) <a,min(Xy,..., X,) > —a}
1=1
S - Xi| I X X in (X X
= Sowm H i {a>max 1y, Xp),a>—min (Xq,..., X,)}
=1
_ ¥ - X | I X X in (X X
= 5o H ; {a>maxmax( Lyeooy Xp),—min (Xy, ..., X,)]}.
=1
(3 marks)
UNSEEN
c) (ii) Note that L () is a decreasing function over @ and @ > max [max (Xy,...,X,), —min (Xy,...
Hence, the mle of a is max [max (Xi,...,X,), —min (Xy,..., X,)].
(1 marks)
UNSEEN
c) (iii) The mles of VaR and ES are VaR »(X) = (2p — 1)¥/3a and
et 3a 4/3
ES,(X)=—[(2p—1) 1]
8p
where @ = max [max (X1,...,X,),—min (Xq,..., X,)].
(2 marks)
UNSEEN

¢ (iv) Let Z = max[max (Xi,...,X,),—min(Xy,...,X,)]. The cumulative distribution

19



function of 7 is

Fz(z) = Pr(max[max(Xy,...,X,),—min(X,..., X,)] < 2)
= Pr(max(Xi,..., X,) <z, —min(Xy,...,X,) < 2)
= Pr(max(Xi,...,X,) < z,min(X;,...,X,) > —2)
= Pr(Xi<z...,X,<z2X;>—2,...,X, > —2)
= Pr(—2<X;<z,...,—2<X, <2
= Pr"(—2< X <2

21"
- |
for z > 0. The corresponding probability density function is

fz(2) = 3na=?"* !

for z > 0.
(3 marks)
UNSEEN
¢ (v) The expected value of Z is
a 3n+l1 7@ 3n+1 3
E(Z) = 3na_3"/ dy = 3na~ | 2 dz = 3na~ 2 S
0 3n+1], 3n+1 3n+1
Hence, @ is biased for a.
(2 marks)
UNSEEN
¢ (vi) Since
Bias [\EE(X)] = (2p — 1)/*Bias [a],
we see that @p(X ) is biased for VaR,(X).
(1 marks)

UNSEEN
¢ (vii) Since

Bias [I:]SP(X)} = 83]) [(2p — 143 — 1] Bias [a] ,

20



we see that E/JSP(X) is biased for ES,(X).

(1 marks)

UNSEEN
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Solutions to Question B4
ILO:probabilities of total portfolio loss and estimates of financial risk measures

(a) 1) Tisa N (pu1,02)+-++N (ug,02) = N (g + -+ + g, 03 + - - - + o2) random variable;

(2 marks)
UNSEEN
(a) (ii) Inverting
t— g — e —
¢ s e
oi+---+o;
we obtain
VaR,(T) = pi1 + -+ px + /02 + -+ + 5207 (p).
(2 marks)
UNSEEN
(a) (iii) The expected shortfall is
1 P
B,0) = 1 [ ot oo )
0
1 p
= /Ll—i—“-—l—uk—i—\/af—l—---—i—a,f]—?/ O (v)dv.
0
(2 marks)

UNSEEN

b) (i) The joint likelihood function of py, pa, . .., and 0%, 03, ..., 0% is

2 2 2
L(H17H2a--->ﬂk701,027---><7k)

k n 2
= H H { L exp [_ (XZJQ;ZM) ] }

palegiey 2mo;
k n
1 1 2
= —— Xij — M
H{(Qﬁ)"afeXp[ 202 4 (i ,u)]}
i=1 7j=1
1 11 &
2
B (2m)"kgt - - o P [_5 Z o? Z (X = ) ]
=1 ' j=1



(2 marks)
UNSEEN
b) (ii) The log likelihood function is
k LA
log L = —nklog(2m) — n ; logo; — 5 ; = ; (X — i)

The partial derivatives are

and

and

(4 marks)
UNSEEN

b) (iii) /; is unbiased and consistent since

ZE ij) Zﬂz i

and

23



(3 marks)
UNSEEN

. ~2 . . . .
b) (iv) 7;~ is unbiased and consistent since

N R _ ; (n—1)0?
(@) = e | 53 - m] O (e
and
~ Ui21 n R 0_21 1> R O';L 2021”_1
Var (%’2) =Var Ea—g ’- (X” — Mi)2] _ —2Va7" 0—22 ; (Xi,j _ ,Ui)2] _ EVCLT [Xi—l} _ <n2 )

(3 marks)
UNSEEN
b (v) The maximum likelihood estimators of VaR,(T") and ES,(T) are
VaR, (T) = SN X+ - SN (X — ) (p)
i=1 j=1 i=1 j=1
and
o 1 k n 1 k n 1 P
BS(1) = - 33 Xy 2 Y (K - [ e w
— < n— < D Jo
=1 j=1 =1 j=1
(2 marks)
UNSEEN
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Solutions to Question B5
ILO:probabilities of minimum portfolio loss and estimates of financial risk measures

a) Note that

Fy(v) = Pr(V <w)
= 1-Pr(V>0)
= 1—Pr(min (X, Xs,..., X;) > 0)
= 1-Pr(Xg>v,Xo>v,..., X} >v)
= 1-F(v,v,...,v)
k
= 1—exp —Zv—)\max(v,v,...,v)

i=1
= 1—exp[—kv— \v]

for v > 0.
(6 marks)
UNSEEN
b) The corresponding probability density function is
fv(v) = (k+ X)) exp [—kv — \v]
for v > 0.
(2 marks)
UNSEEN
c) Inverting
1 —exp[—kv— v =p
gives
log(1 — p)
VaR,(V) = ——————.
2BV k+ A
(2 marks)
UNSEEN
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d) The expected shortfall is

ES, (V) = —m/oplog(l —u)du

_ _m {[ulog(l —u)lf + /0” 1 ﬁ udu}
_ —m {plog(l —p) +/Op ul%l:ldu}

= L plog(1 - p) + [—u— log(1 — w)]2}

p(k+ )
1
= ——{plog(1 —p) —p —log(1 — :
Y {plog(1 —p) —p—log(1 —p)}
(2 marks)
UNSEEN
e) The likelihood function is
L(A) =JJ{(k+ X exp[—kv; — Avi]} = (k + A)"exp | —(k + \) Zw] .
i=1 =1
Its log is
log L (A\) =nlog(k+ ) — (k+ ) ZU’
The derivative with respect to A is
dlog L ()\)
P A Z v

Setting to zero and solving for A\, we obtain

~ n

A= =7 — k.

D i Vi
This is an MLE since
d?1
og L (N _ . n <o
d\? (k+\)?
(8 marks)

UNSEEN
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