SOLUTIONS TO
MATH68181
EXTREME VALUES
AND FINANCIAL RISK EXAM



Solutions to Question Al
ILO: bivariate extreme value distributions

a) The joint cumulative distribution function of X and Y is

Fxy(z,y) = 1—Fxy(z,0) = Fxy(0,y) + Fxy(z,y)
= 1l—exp[—(a+c)z]| —exp|[—(b+ c)y| + exp [—ax — by — cmax(z,y)].

(3 marks)
UNSEEN
b) The marginal cumulative distribution functions of X and Y are
Fx(z) = Fxy(z,00) =1—exp[—(a+c)z]
and
Fy(y) = Fxy(00,y) =1 —exp[=(b+c)y].
(2 marks)
UNSEEN

c) First note that w (Fx) = oo. Fx belongs to the Gumbel max domain of attraction since

lim 1 — Fx (t+ zh(t)) _ lim 1 —[1—exp(—(a+c)(t+xh(t)))]
t—00 1— Fx(¢) t—00 1 —[1 —exp(—(a+c)t)]
_ iy P (=(at o) [+ 2h(1)))
o e (—{a + o))

= tliglo exp (—(a + c)zh(t))

= exp(—z)

if h(t) = 1/(a + o).

(2 marks)

UNSEEN



d) First note that w (Fy) = co. Fy belongs to the Gumbel max domain of attraction since

g Loy @ +yh() 1= [L—exp(=(b+c) (t+yh(h))]
t—00 1 — Fy(t) t—00 1 —[1—exp(—(b+c)t)]

i EP (= (b +¢) (¢ + yh(2)))

t—00 exp (—(b+ o))

— tlggo exp (—(b+ c)yh(t))

— exp(—y)

if h(t) =1/(b+ c).

(2 marks)
UNSEEN
e) Use the formulas a, = h (Fy' (1 — 1)) and b, = Fy' (1 — ). Inverting
Fx(z)=1—exp[—(a+c)x] =p
gives
_ —log(1—p)
a—+c
So,
(1) -
Hence,
1 logn
I bn:a—irc'
(2 marks)
UNSEEN

f) Use the formulas ¢, = h (Fy' (1— 1)) and d, = Fy' (1 — 2). Inverting
Fy(y) =1—exp[=(b+c)yl =p
gives

_ —log(1—p)
b+c



So,

Hence,

(2 marks)

UNSEEN



g) The limiting cumulative distribution function is

lim F)Té Y (anx + bm CnyY + dn)
n—o00 )
n—o00

= lim {1 —exp[—(a+c)(ayz+b,)] —exp[—(b+¢) (cpy + dy)]

+exp [—CL (a’n‘r + bn) —b (Cny + dn) — cmax (an'r + bm CnyY + dn)} }

- {1 _exp(=1)  exp(-y)

n—o00 n n

+exp [—a(a,x +b,) — b(cpy + dp) — cmax (a,x + by, cpy + dy)] }

n—o00 n n

. ax by S S cx s
exp [ — - n~ at+e b+emin | exp [ — n ate,exp | —
P a+c b+ec P a-+c P

_ fim {1 _exp(—z)  exp(—y)

- {1 _exp(-z) _ exp(~y)

n— 00 n n

+mi W) et ot ) U
min | ex —T — n ¢, ex - - n aTe
P b+c P\ T e Y

. {1 _exp(-z) _ exp(-y)

n—o00 n n

+2mi b\ ke ax ANt
“min (exp | —z — —— | n bre. exp | — —qy | n”ate
n P b+c » OXP b+c y

= lim exp { — exp(—z) — exp(—y)

n—oo
+mi W\ e o ~%
min { ex —r— 1N c,ex — — n ate
P b+c P\ T e Y

= exp{—exp(—x) —exp(~y)}.

UNSEEN

cy __c_
n b+c
b+ c)

(5 marks)



h) Yes, the extremes are completely independent since

lim Fgy (an® 4 bn, cpy + dn) = exp{—exp(—z) —exp(—y)}

n—oo
oxp { — exp(—x)} exp { —exp(—y)}
lim F¢ (apz + b,) Um FY (cy + dy) .
n—oo n—oo
(2 marks)
UNSEEN



Solutions to Question A2
ILO: checking a function is a copula

C' (u1,us9) is a valid copula if

C (u,0) =0,
C(0,u) =0,
C(1,u) = u,
C(u,1) =u,
0
a—UIC (Ul, 'LLQ) >0
and
0
a—UZC (Ul, UQ> >0
SEEN

(4 marks)

; §11/0
a) for the copula defined by C (uy,us) = exp § — [(— loguy)” + (—logus) } , we have

C (u,0) = exp {— [(— log u)? + (oo)e} 1/0} 0,
C(0,u) = exp {— [(oo)a + (—log u)e} 1/0} =0,

C(1u) = exp{— 0+ (—1ogu)ﬂw} _u,

u,

C(u,1) =exp {_ [(—logu)9 N O} 1/9}

0 _
0_0 (ug,ug) = U1_1 (—log u1)9 ! [(— log ul)e + (—logus)
Uy

- exp {— [(— log )’ + (—1ogu2)9] 1/6} >0

6
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and

0 3 1/6—1
(9_u10 (u1, ug) = uy ' (—logug)’™" [(— loguy)” + (= log uy)
) §11/0
-exp{— [(—logul) + (—log uz) ] } > 0.
(4 marks)
UNSEEN
f max(u; +up—1,¢), ift<wu <1,t<wuy <1,
b) for the copula defined by C' (u, ug) = { min (s, ) otherwise,
we have
C (u,0) = min (u,0) = 0,
C (0,u) = min (0,u) =0,
_ fmax(14+u—1,t), ift<u<l,
C(lu) = { min (1,u), otherwise -
[ max(u+1-1,t), ift<u<l,
Clw1) = { min (u, 1), otherwise -
%) S max (ug +up — 1,t), ift <up <1,¢<up <1,

- — uq = = >~ > >

8u10 (w1, o) { 8%1 min (ug, us) , otherwise 20
and

0 %max(u1+u2—1,t), ift<u <1,t<uy <1,
_ — uo = > > >
Ous C (w1, u) { 8%2 min (uq, ug) , otherwise 0
(4 marks)
UNSEEN

c) for the copula defined by { [(ufg — 1)5 + (u;g - 1)6} + 1} , we have

C (u,0) = { (@ =1)"+ (0" = 1)"] Y 1}_1/9 — 0,



and

(4 marks)

UNSEEN

d) for the copula defined by C (uy, us) = w1Ch (ug, ug) + waCs (ur, ug) + - - - + w,pCp (ur, usz),
we have

C (u,0) = wCy (u,0) + waCs (u,0) + - - - + w,Cp (u,0) ,
C(0,u) =wCy (0,u) + waCs (0,u) + - - - + w,Cp, (0,u) ,
C(Lu) =wCy (Lu) +wCs (L,u) + - - +w,Cp (1,u) = (w1 +way + -+ - +wp) u = u,

C(u,1) =uwCy (u, 1) + waCs (u, 1) + - - - + w,Cp (u, 1) = (w1 +wa + -+ - +wp) u = u,

) & )
8_u10 (w1, u9) = ;wka—ulck (ur,ug) >0
and
0 u 0
a_UQC (Ul, UQ) ; wk(()—UQCk (Ul, u2) >0
(4 marks)
UNSEEN



Solutions to Question A3
ILO: bivariate extreme value distributions

a) We can write

Flz,y) = exp {—(a: +y) {1 —(0+ ¢)x_yw + (xefyy + (xqu;)?’} }

forx>0,9>0,0>0,0>0,0+30>0,0+¢ <1and 0+ 2¢ <1. This is in the form of

F(z,y) = exp [—(wﬂ/)A( 4 )]

r+y

with A(w) =1 — (0 + ¢)w + w? + pw?.
We now check the conditions for A(-). Clearly, A(0) =1 and A(1) = 1.
Also A(t) > 0 since 0 + ¢ < 1 implies 1 — (6 + ¢)w < 1 for all w.
Also A(w) < 1 since

Alw) <1

1— (0 + d)w+ 0w® + gw® < 1
0 (v —w) +¢ (v —w) <0
fw (w—1) + ¢w (w” — 1) <0
O+ ¢+ ow)w(w—1) <0.

S I

Note that max(w,1 —w) = w if w € [1/2,1]. So, for w € [1/2,1],

A(w) > max(w, 1 — w)
& Alw) > w
& 1—(0+ ¢+ Dw+ 0w’ + gw® > 0.

Let g(w) =1 — (6 + ¢ + 1w + w? + ¢w?. Note that ¢ (w) = 20w + 3¢w? —0 —¢p —1 <0
for all w € [1/2,1]. But g(1) =0 >0, so A(w) > max(w,1 —w) for all w € [1/2,1].

Note that max(w,1 —w) =1—w if w € [0,1/2]. So, for w € [0,1/2],

A(w) > max(w, 1 — w)
& Aw)>1—-w
& (1-0-¢)w+ 0w+ ouw® >0,

which holds since 6 + ¢ < 1.

A(+) is convex since

A'(w) = 20w + 3w — 0 — ¢

9



and
A'(t) =20 + 6w > 0

for all w since 6 4+ 3¢ > 0.

(6 marks)
UNSEEN

b) the joint cdf is

2 3
y+9y+¢y]}‘

F(z,y) = 1—exp(—$)—exp(—y)+exp{—($+y) [1—(9+¢)x+y CETERNCETIE

(2 marks)
UNSEEN
¢) the derivative of joint cdf with respect to x is
OF (z,y) = Oy? 2¢y°
— 7 = — i —1
so the conditional cdf if Y given X = x is
= Oy* 2¢y°
F =1 F —1f.
(y’x) —I—eXp(-T) (x,y) |:(SL’ + y>2 + (13 + y>3
(4 marks)
UNSEEN
d) the derivative of joint cdf with respect to y is
OF (z,y) = { 20y° (0 —3¢)y* 20y }
2 = exp(—y) + F(z, - - +0+¢—1],
9 exp(—y) + F(z,y) Gt T ry? zty ¢
so the conditional cdf if X given Y =y is
= 20y°  (0-3¢)y* 20y }
F(zly) =1+ F(z, + — +0+¢—1].
(o) = 1+ expFlay) | 220+ (20 - 2 g

(4 marks)

UNSEEN

10



e) the derivative of joint cdf with respect to x and y is

_ OF(z,y)

= 0y 20y (0 —3¢0)y> 20y 3
= Fl@y) [(Hy) x+y lefery (z + y)? l’+y+9+¢ !

— 20y 2(3¢p — 0)y 6073 }

F _

e |Gt e e
(4 marks)
UNSEEN

11



Solutions to Question Bl
ILO: extreme value distribution of a given univariate distribution

If there are norming constants a,, > 0, b, and a nondegenerate GG such that the cdf of a
normalized version of M,, converges to G, i.e.

Pr (M < ZE) = F" (apx + b,) — G(x)

an

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all x) as one of the following three classes:

I : Alx) =exp{—exp(—2)}, reN;
{ 0 if x <0,
exp{—z~%} ifz>0
for some a > 0;
exp{—(—z)*} ifx <0,
1T \Ifa(x):{ | p{=(=2)"} 2> 0
for some o > 0.

II : ®y(x) =

(4 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1 —F(t+2y(t))

I : Jvy()>0st. i = — 0
V() >0s B Ty exp(—z), x>0,
1-F(
IT : w(F) =00 and 1%?21_—145(?::”&’ x>0,
1—F(w(F)—t
IIT : w(F) < oo and lim (w(F) x):xa, x> 0.

00 1—F (w(F) —t)

(4 marks)
SEEN

First, suppose that G belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that

lim 1—G(t+zh(t)) .
t—w(G) 1—-G(t)

—x

12



for every x > 0. But

1 — F (t + zh(t))

t—%?F) 1— F(t)
5 {1 — [+ NG (t + zh(t) — A(G (t + zh(t))) }a}
t—=w(F) {1_ [(1—|—)\)G() MG (1)) } }b

b

— lim {1_[(1+A)G(f+xh(t)) MG (t+ zh(1))]]"
t—w(F) 1-— [(1 + NG (t) — MG (t))Q}a

—  lim {1—<G<t+xh< DT+ ) = AG (£ + 2h(D)]° }
e (G ) [T+ =G (@)

~ lim {1 (G<t+f€h( W I+ A) — AG (t + zh(1))]° }"
(@ — (GO [(1+A) = AG @)

— 1—[(1+>\) AG ( t+xh)

_ tiﬁlc){ T—[(1+N) = }

= i 1-[1+A(1-G t—i—xh b

- tlﬁb{ I-[1+A(1-G }

' 1-[1+ar(1-G t+xh

= tlﬁlc){ 1_[1_|_a/\(1_ }

— i 1 —G(t+zh(t))

- tiﬁlfr‘){ -G }

= {exp(—z)}

== eXp(—bx)

So, it follows that F' also belongs to the max

for every x > 0, assuming w(F) = w(G).
domain of attraction of the Gumbel extreme value distribution with

M. —
limP( n = bn

n—oo an,

< x) — exp [ exp(—ba)]

for some suitable norming constants a,, > 0 and b,.

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme

value distribution. Then, there must exist a 5 > 0 such that

lim 1=Gltr) G (tz) =z

-8

13



for every x > 0. But

y 1— F (tx)
b 1— F(t)

. (1= [0+ NG () - A (@ ()]}
t—00 aQ b

{1-[a+NG® -2 G0}
1—[(1+ NG (tz) — A ( )1

- [ MG@) A
1— (G ()" [(1 +
L= (G ()" [(1+

X

{ ayb
. {1—KL+»—AG@ﬂ }

{

{

{

1—[(14+X) = AG ()]
I-[14+X(1-G (tx)
I-[1+AX(1-G (1))

oy )
= M\ TS iraa-an)
L [1=G )’

= 1—G@)}

= {a7}’

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P (M" —bn < a:) = exp (—z ")

n—00 an,

for some suitable norming constants a,, > 0 and b,.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a § > 0 such that
1 -G (w(G) —tx)

lim =2

01— G (w(G) —t)

14



for every x > 0.

1—F(w(F)—tx)
Fw(F) =)
{1= [0+ NG (w(F) — t2) = A (G (w(F) - tz)"]"}

w(F

(1= [+ NG @F) — t2) = A (G (w(F) = ta)’ }”
=0 | 1= [(1+ NG (w(F) —t) = MG (w(F) —1))*]"
i [ L (G l(F) — )14+ ) - AG<w<F>—m>]”}”
=0 [ 1= (G(w(F)—1)"[(1+A) = AG (w(F) —t)]"

_ iy J L (G (G) — 1)) [+ ) — AG(w(G)—tfff)]“}b
>0 | 1-(G(w () )" [(1+A) = AG (w(G) — )]

G (w(G) - t)]")"

x)]a}
I—[(14+X) - AG (w(G) —1)]*
I1-[14+A1-Gw(G)—tx

))]a}”

S0l 1—[1+A(1—Gw(G) —1t)°

_ g d L ad (1 - G (w(G) — tx))] }b
t—0 1 )]

—[1+ar(1-Gw(G)—1t)
1-G b
-G

{
{
{
_ {1 [(14+A) -
{
{
{
}

. (w(G)  ta)
SO\ TG (w(@) 1)

_ {xﬁ b

— B

for every # > 0, assuming w(F) = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Weibull extreme value distribution with

i (M= <) < enp ()

n—00 an,

for some suitable norming constants a,, > 0 and b,.

(4 marks)

UNSEEN

15



Solutions to Question B2
ILO: extreme value distribution of a given univariate distribution

a) Note that w(F) = oo and

Pr(X=F a(l —a)k!
1-F(k—1)  1-[1—(1-a)*]
a(l —a)*!
_ (1 —a)k?

Hence, there can be no non-degenerate limit.

(4 marks)
SEEN
b) Note that w(F') = oo and
1-F
lim (t + zh(t))
t—o0 1—F(t)
1— lfexpgftfzzgt;g
. . 1+exp(—t—axh(t
= et
T Ttexp(—t)
1— 1—exp(—t—zh(t))
o 110
o tliglo 1— 1—exp(—t)
140
_ g P (—t —xh(t))
t—o0 exp (—t)
= lim exp (—wh(1))
= exp(—x)
if h(t) = 1. So, F(z) belongs to the Gumbel domain of attraction.
(4 marks)

UNSEEN

16



¢) Note that w(F) = oo and

1 — F(t+ah(t))

y
b 1-F(b)

t—o00

= lim

(L4 xh'(t)) f (t+ zh(t))

t—o00

f(t)

(1428 (1)) (t + zh(t))** " exp [~ (t + zh(1))]

= lim
t—o00

lim
t—o0

(1 + :z:h’(t)) (1 +

lim 1 +xh

pr (1o 0) (145
lim 1 + xh (1 +
eXp(

if A(t) =

d) Note that w(F') = co. Note that

1 — F (t+ zh(t))

lim
tloo

1- F(1)

t

201 exp [—t?]
zh(t)

) " exp [t* — (t + :L‘h(t))z]
) exp [t7 — (£* + 2®R*(t) + 2tzh(t))]

) exp [—2*h?(t) — 2tzh(t)]

5. So, F(z) belongs to the Gumbel domain of attraction.

1—[1 = exp (— (t + zh(t)")]"
1—[1—exp(—to)]
1—[1—bexp(—(t+ zh(t))")]
1 —[1—bexp(—t)]
exp (— (t + zh(t))")
exp (—t7)
exp [t* — (t + zh(t))"]

oo (o))
oo 1ot

exp { —at"'zh(t)}
exp(—x)

if h(t) = 1t'7%. So, F(z) belongs to the Gumbel domain of attraction.

UNSEEN

(4 marks)

17



e) Note that w(F') = co. Then Note that

1= F(t+ah(t)
e 1-F(1) a

log[1—(1—p) exp(—t—zh(t))]
log p
log[1—(1—p) exp(—t)]
logp

log [1 — (1 — p) exp (—t — zh(t))]
log [1 — (1 — p) exp ()]

(1 —p)exp (=t —zh(?t))
(1 —p)exp(—t)

exp (—zh(t))

exp(—x)

if h(t) = 1. So, F(z) belongs to the Gumbel domain of attraction.

UNSEEN

(4 marks)

18



Solutions to Question B3
ILO:probabilities of maximum portfolio loss and estimates of financial risk measures

(a) If X is an absolutely continuous random variable with cdf F(-) then

VaR,(X) = F'(p)

and
1 /[P
ES,(X) = = / F(v)do.
P Jo
(2 marks)
SEEN
(b) (i) The cumulative distribution function of V' is
Fy(v) = Pr(V <w)
= 1-Pr(V >0)
= 1—Pr(min(X,Y) > v)
= 1-Pr(X >vY >v)
= 1—F(v,v)
= l—exp(—v—v—~6v)
= 1—exp (—QU — 01}2) )
(5 marks)
UNSEEN
(b) (ii) The probability density function of V' is
d 2
frv(v) = d—FV(v) =2(1 + fv) exp (—2v — 6v?) .
v
(3 marks)

UNSEEN
(b) (iii) Setting

1 —exp (—21} — 91}2) =p

19



implies

exp (—2v — 61}2) =1-—p
which implies

2v + 6v? +log(1 —p) =0
which can be solved for v as

—2+4/4—40log(l —p) —1+/1—0log(l—p)
20 B 0 '

v =

Since v must be positive,

—1++/1—0log(1—p)

VaR,(V) =
0
(5 marks)
UNSEEN
(b) (iv) The likelihood function of 6 is
L) = H (14 6v;) exp (—2v; — 6v})]
=1
= 2" [H (14 6v;) | exp ( 221}1 —92@3)
i=1
Its log is
log L(0) = nlog2 + Zlog(l + Ov;) — ZZUZ- - Qva.
i=1 i=1 i=1
The derivative with respect to 6 is
log L(0 .
d Og Z _ Z 7}7:2
i=1 i=1
Setting this to zero gives
Z 1+ 91}1 z::

The solution of this equation must be an MLE since

d*log L(0) = v?

—_—— = — ——— < 0.

do? 2 (14 6v,)*
(5 marks)

UNSEEN

20



Solutions to Question B4
ILO:probabilities of minimum portfolio loss and estimates of financial risk measures
a) Note that

Fy(u) = Pr(U <u)

= Pr(Xi<u,Xo<w,...,X; <u)

- [1 +ke)1<p(—u)}c

for —oc0 < u < 0.

(8 marks)
UNSEEN
b) The corresponding pdf is
fur(u) = ckexp(—u) [1 + kexp (—u)]
for —oo < u < oco.
(2 marks)
UNSEEN
c¢) Inverting
1 c
[1 + k‘exp(—u)} =b
gives
VaR,(U) = —log (p7/* = 1) + log k.
(2 marks)

21



UNSEEN

d) The likelihood function of ¢ is

L(c) = H {ck: exp (—u;) [1 + kexp (—Uz')]_c_l}

= exp( im) {ﬁ + kexp (— )]} :

Its log is

log L(c) = nlogec+ nlogk — Zuz —(c+ 1)Zlog 1+ kexp (—u;)].
i=1

The derivative with respect to c is

dlog L(c)
dc

=1

Setting this to zero and solving for ¢ gives

c=n {Zlog 1+ kexp(—ui)]} .

i=1

This is an MLE since

UNSEEN

22

- % — ) log[1+ kexp (—u;)] .

(8 marks)



Solutions to Question B5

ILO:probabilities of total portfolio loss and estimates of financial risk measures

a) The probability density function of S is

fs(s)

/Sf(:c,s—x)dx
0

I'(a+b+c) sxa—ls_l,b—l R
TR J, ¢
I(a+b+c) o1 aro1 [T fT\*! 2\ b1
NORORCL /0 (5) (1=3) dary
I'(a+b+c) _ g)elgatb-l ! W1 — ) du
NORONGA f e
I'la+b+c) _ e lgath-1p e,

Haror( Bla.b)

F(CL + b + C) (1 . )c—lsa-i-b—l F(G)F(b)

NONOING T(a+ b)

Lla+b+c) . (] = g)e!

T(a+ b)T(c)

for 0 < s < 1.
(8 marks)
UNSEEN
b) The corresponding cumulative distribution function is
Cla+b+c) [ 0 _
F. = Y= (1 — et
6) = Far e /0 1=
1
= — B, b,
Blatb oot
- ]s(a + b7 C)
for 0 < s < 1.
(2 marks)
UNSEEN
c) Inverting
I(a+b,c)=p

23



gives

VaR,(S) = I, '(a+b,c).

(2 marks)
UNSEEN

e) The likelihood function is

L(abc) = ﬁ{ a+b+c> (1 = ) 1}

Ia+b+c) (1 S I -
= T(a+ b (c) (HS) [H (=) ] ‘

Its log is
log L (a,b,¢) =nlogI'(a+b+c) —nlogl'(a+b) —nlogl'(c) + (a +b— 1)Zlogsi + (c— 1)Zlog(1 —
i=1 =

The derivatives with respect to a, b and c¢ are

dlog L (A d d En
—Ogda ( ) = n—da lOg F(CL + b+ C) — n% 10gr(a + b) + — log Sy
log L d
dlog L(A) _ Ogdb (V) ;ilog I(a+b+c)— ”%108; I'(a+b) ; 1: log s;
and
log L E
: Ogdc - ni‘logF(avavLC)—”—lOgP )+ 2 log(1—si)

Hence, the MLEs satisfy the equations

d n
— logT b — logI' b logs; =0
nd(a+b+c) ogl'(a+b+c) nd(a+b) ogI'(a+ >+z‘21 0g s
and
nmlogf(a—l—b—f—c)—n—logf —I—Zlog 1_82 —0
(8 marks)
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