
SOLUTIONS TO

MATH68181

EXTREME VALUES

AND FINANCIAL RISK EXAM



Solutions to Question A1

ILO: bivariate extreme value distributions

a) The joint cumulative distribution function of X and Y is

FX,Y (x, y) = 1− FX,Y (x, 0)− FX,Y (0, y) + FX,Y (x, y)

= 1− exp [−(a+ c)x]− exp [−(b+ c)y] + exp [−ax− by − cmax(x, y)] .

(3 marks)

UNSEEN

b) The marginal cumulative distribution functions of X and Y are

FX(x) = FX,Y (x,∞) = 1− exp [−(a+ c)x]

and

FY (y) = FX,Y (∞, y) = 1− exp [−(b+ c)y] .

(2 marks)

UNSEEN

c) First note that w (FX) =∞. FX belongs to the Gumbel max domain of attraction since

lim
t→∞

1− FX (t+ xh(t))

1− FX(t)
= lim

t→∞

1− [1− exp (−(a+ c) (t+ xh(t)))]

1− [1− exp (−(a+ c)t)]

= lim
t→∞

exp (−(a+ c) (t+ xh(t)))

exp (−(a+ c)t)

= lim
t→∞

exp (−(a+ c)xh(t))

= exp(−x)

if h(t) = 1/(a+ c).

(2 marks)

UNSEEN
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d) First note that w (FY ) =∞. FY belongs to the Gumbel max domain of attraction since

lim
t→∞

1− FY (t+ yh(t))

1− FY (t)
= lim

t→∞

1− [1− exp (−(b+ c) (t+ yh(t)))]

1− [1− exp (−(b+ c)t)]

= lim
t→∞

exp (−(b+ c) (t+ yh(t)))

exp (−(b+ c)t)

= lim
t→∞

exp (−(b+ c)yh(t))

= exp(−y)

if h(t) = 1/(b+ c).

(2 marks)

UNSEEN

e) Use the formulas an = h
(
F−1X

(
1− 1

n

))
and bn = F−1X

(
1− 1

n

)
. Inverting

FX(x) = 1− exp [−(a+ c)x] = p

gives

x =
− log(1− p)

a+ c
.

So,

F−1X

(
1− 1

n

)
=

log n

a+ c
.

Hence,

an =
1

a+ c
, bn =

log n

a+ c
.

(2 marks)

UNSEEN

f) Use the formulas cn = h
(
F−1Y

(
1− 1

n

))
and dn = F−1Y

(
1− 1

n

)
. Inverting

FY (y) = 1− exp [−(b+ c)y] = p

gives

y =
− log(1− p)

b+ c
.
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So,

F−1Y

(
1− 1

n

)
=

log n

b+ c
.

Hence,

cn =
1

b+ c
, dn =

log n

b+ c
.

(2 marks)

UNSEEN
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g) The limiting cumulative distribution function is

lim
n→∞

F n
X,Y (anx+ bn, cny + dn)

= lim
n→∞

{
1− exp [−(a+ c) (anx+ bn)]− exp [−(b+ c) (cny + dn)]

+ exp [−a (anx+ bn)− b (cny + dn)− cmax (anx+ bn, cny + dn)]

}n

= lim
n→∞

{
1− exp(−x)

n
− exp(−y)

n

+ exp [−a (anx+ bn)− b (cny + dn)− cmax (anx+ bn, cny + dn)]

}n

= lim
n→∞

{
1− exp(−x)

n
− exp(−y)

n

+ exp

(
− ax

a+ c
− by

b+ c

)
n−

a
a+c
− b

b+c min

(
exp

(
− cx

a+ c

)
n−

c
a+c , exp

(
− cy

b+ c

)
n−

c
b+c

)}n

= lim
n→∞

{
1− exp(−x)

n
− exp(−y)

n

+ min

(
exp

(
−x− by

b+ c

)
n−1−

b
b+c , exp

(
− ax

b+ c
− y
)
n−1−

a
a+c

)}n

= lim
n→∞

{
1− exp(−x)

n
− exp(−y)

n

+
1

n
min

(
exp

(
−x− by

b+ c

)
n−

b
b+c , exp

(
− ax

b+ c
− y
)
n−

a
a+c

)}n

= lim
n→∞

exp

{
− exp(−x)− exp(−y)

+ min

(
exp

(
−x− by

b+ c

)
n−

b
b+c , exp

(
− ax

b+ c
− y
)
n−

a
a+c

)}
= exp {− exp(−x)− exp(−y)} .

(5 marks)

UNSEEN
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h) Yes, the extremes are completely independent since

lim
n→∞

F n
X,Y (anx+ bn, cny + dn) = exp {− exp(−x)− exp(−y)}

= exp {− exp(−x)} exp {− exp(−y)}
= lim

n→∞
F n
X (anx+ bn) lim

n→∞
F n
Y (cny + dn) .

(2 marks)

UNSEEN
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Solutions to Question A2

ILO: checking a function is a copula

C (u1, u2) is a valid copula if

C (u, 0) = 0,

C (0, u) = 0,

C (1, u) = u,

C (u, 1) = u,

∂

∂u1
C (u1, u2) ≥ 0

and

∂

∂u2
C (u1, u2) ≥ 0.

(4 marks)

SEEN

a) for the copula defined by C (u1, u2) = exp

{
−
[
(− log u1)

θ + (− log u2)
θ
]1/θ}

, we have

C (u, 0) = exp

{
−
[
(− log u)θ + (∞)θ

]1/θ}
= 0,

C (0, u) = exp

{
−
[
(∞)θ + (− log u)θ

]1/θ}
= 0,

C (1, u) = exp

{
−
[
0 + (− log u)θ

]1/θ}
= u,

C (u, 1) = exp

{
−
[
(− log u)θ + 0

]1/θ}
= u,

∂

∂u1
C (u1, u2) = u−11 (− log u1)

θ−1
[
(− log u1)

θ + (− log u2)
θ
]1/θ−1

· exp

{
−
[
(− log u1)

θ + (− log u2)
θ
]1/θ}

≥ 0
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and

∂

∂u1
C (u1, u2) = u−12 (− log u2)

θ−1
[
(− log u1)

θ + (− log u2)
θ
]1/θ−1

· exp

{
−
[
(− log u1)

θ + (− log u2)
θ
]1/θ}

≥ 0.

(4 marks)

UNSEEN

b) for the copula defined by C (u1, u2) =

{
max (u1 + u2 − 1, t) , if t ≤ u1 ≤ 1, t ≤ u2 ≤ 1,
min (u1, u2) , otherwise,

we have

C (u, 0) = min (u, 0) = 0,

C (0, u) = min (0, u) = 0,

C (1, u) =

{
max (1 + u− 1, t) , if t ≤ u ≤ 1,
min (1, u) , otherwise

= u,

C (u, 1) =

{
max (u+ 1− 1, t) , if t ≤ u ≤ 1,
min (u, 1) , otherwise

= u,

∂

∂u1
C (u1, u2) =

{ ∂
∂u1

max (u1 + u2 − 1, t) , if t ≤ u1 ≤ 1, t ≤ u2 ≤ 1,
∂
∂u1

min (u1, u2) , otherwise
≥ 0

and

∂

∂u2
C (u1, u2) =

{ ∂
∂u2

max (u1 + u2 − 1, t) , if t ≤ u1 ≤ 1, t ≤ u2 ≤ 1,
∂
∂u2

min (u1, u2) , otherwise
≥ 0.

(4 marks)

UNSEEN

c) for the copula defined by

{[(
u−θ1 − 1

)δ
+
(
u−θ2 − 1

)δ]1/δ
+ 1

}−1/θ
, we have

C (u, 0) =

{[(
u−θ − 1

)δ
+
(
0−θ − 1

)δ]1/δ
+ 1

}−1/θ
= 0,
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C (0, u) =

{[(
0−θ − 1

)δ
+
(
u−θ − 1

)δ]1/δ
+ 1

}−1/θ
= 0,

C (1, u) =

{[
(1− 1)δ +

(
u−θ − 1

)δ]1/δ
+ 1

}−1/θ
= u,

C (u, 1) =

{[(
u−θ − 1

)δ
+ (1− 1)δ

]1/δ
+ 1

}−1/θ
= u,

∂

∂u1
C (u1, u2) =

{[(
u−θ1 − 1

)δ
+
(
u−θ2 − 1

)δ]1/δ
+ 1

}−1/θ−1
·
[(
u−θ1 − 1

)δ
+
(
u−θ2 − 1

)δ]1/δ−1 (
u−θ1 − 1

)δ−1
u−θ−11 ≥ 0

and

∂

∂u2
C (u1, u2) =

{[(
u−θ1 − 1

)δ
+
(
u−θ2 − 1

)δ]1/δ
+ 1

}−1/θ−1
·
[(
u−θ1 − 1

)δ
+
(
u−θ2 − 1

)δ]1/δ−1 (
u−θ2 − 1

)δ−1
u−θ−12 ≥ 0.

(4 marks)

UNSEEN

d) for the copula defined by C (u1, u2) = w1C1 (u1, u2) + w2C2 (u1, u2) + · · ·+ wpCp (u1, u2),
we have

C (u, 0) = w1C1 (u, 0) + w2C2 (u, 0) + · · ·+ wpCp (u, 0) ,

C (0, u) = w1C1 (0, u) + w2C2 (0, u) + · · ·+ wpCp (0, u) ,

C (1, u) = w1C1 (1, u) + w2C2 (1, u) + · · ·+ wpCp (1, u) = (w1 + w2 + · · ·+ wp)u = u,

C (u, 1) = w1C1 (u, 1) + w2C2 (u, 1) + · · ·+ wpCp (u, 1) = (w1 + w2 + · · ·+ wp)u = u,

∂

∂u1
C (u1, u2) =

p∑
k=1

wk
∂

∂u1
Ck (u1, u2) ≥ 0

and

∂

∂u2
C (u1, u2) =

p∑
k=1

wk
∂

∂u2
Ck (u1, u2) ≥ 0.

(4 marks)

UNSEEN
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Solutions to Question A3

ILO: bivariate extreme value distributions

a) We can write

F (x, y) = exp

{
−(x+ y)

[
1− (θ + φ)

y

x+ y
+

θy2

(x+ y)2
+

φy3

(x+ y)3

]}
for x > 0, y > 0, θ ≥ 0, φ ≥ 0, θ + 3φ ≥ 0, θ + φ ≤ 1 and θ + 2φ ≤ 1. This is in the form of

F (x, y) = exp

[
−(x+ y)A

(
y

x+ y

)]
with A(w) = 1− (θ + φ)w + θw2 + φw3.

We now check the conditions for A(·). Clearly, A(0) = 1 and A(1) = 1.

Also A(t) ≥ 0 since θ + φ ≤ 1 implies 1− (θ + φ)w ≤ 1 for all w.

Also A(w) ≤ 1 since

A(w) ≤ 1

⇔ 1− (θ + φ)w + θw2 + φw3 ≤ 1

⇔ θ
(
w2 − w

)
+ φ

(
w3 − w

)
≤ 0

⇔ θw (w − 1) + φw
(
w2 − 1

)
≤ 0

⇔ (θ + φ+ φw)w (w − 1) ≤ 0.

Note that max(w, 1− w) = w if w ∈ [1/2, 1]. So, for w ∈ [1/2, 1],

A(w) ≥ max(w, 1− w)

⇔ A(w) ≥ w

⇔ 1− (θ + φ+ 1)w + θw2 + φw3 ≥ 0.

Let g(w) = 1− (θ + φ + 1)w + θw2 + φw3. Note that g
′
(w) = 2θw + 3φw2 − θ − φ− 1 ≤ 0

for all w ∈ [1/2, 1]. But g(1) = 0 ≥ 0, so A(w) ≥ max(w, 1− w) for all w ∈ [1/2, 1].

Note that max(w, 1− w) = 1− w if w ∈ [0, 1/2]. So, for w ∈ [0, 1/2],

A(w) ≥ max(w, 1− w)

⇔ A(w) ≥ 1− w
⇔ (1− θ − φ)w + θw2 + φw3 ≥ 0,

which holds since θ + φ ≤ 1.

A(·) is convex since

A
′
(w) = 2θw + 3φw2 − θ − φ
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and

A
′′
(t) = 2θ + 6φw ≥ 0

for all w since θ + 3φ ≥ 0.

(6 marks)

UNSEEN

b) the joint cdf is

F (x, y) = 1− exp(−x)− exp(−y) + exp

{
−(x+ y)

[
1− (θ + φ)

y

x+ y
+

θy2

(x+ y)2
+

φy3

(x+ y)3

]}
.

(2 marks)

UNSEEN

c) the derivative of joint cdf with respect to x is

∂F (x, y)

∂x
= exp(−x) + F (x, y)

[
θy2

(x+ y)2
+

2φy3

(x+ y)3
− 1

]
,

so the conditional cdf if Y given X = x is

F (y|x) = 1 + exp(x)F (x, y)

[
θy2

(x+ y)2
+

2φy3

(x+ y)3
− 1

]
.

(4 marks)

UNSEEN

d) the derivative of joint cdf with respect to y is

∂F (x, y)

∂y
= exp(−y) + F (x, y)

[
2φy3

(x+ y)3
+

(θ − 3φ)y2

(x+ y)2
− 2θy

x+ y
+ θ + φ− 1

]
,

so the conditional cdf if X given Y = y is

F (x|y) = 1 + exp(y)F (x, y)

[
2φy3

(x+ y)3
+

(θ − 3φ)y2

(x+ y)2
− 2θy

x+ y
+ θ + φ− 1

]
.

(4 marks)

UNSEEN
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e) the derivative of joint cdf with respect to x and y is

f(x, y) =
∂F (x, y)

∂x∂y

= F (x, y)

[
θy2

(x+ y)2
+

2φy3

(x+ y)3
− 1

] [
2φy3

(x+ y)3
+

(θ − 3φ)y2

(x+ y)2
− 2θy

x+ y
+ θ + φ− 1

]
+F (x, y)

[
2θy

(x+ y)2
+

2(3φ− θ)y2

(x+ y)3
− 6θy3

(x+ y)4

]
.

(4 marks)

UNSEEN
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Solutions to Question B1

ILO: extreme value distribution of a given univariate distribution

If there are norming constants an > 0, bn and a nondegenerate G such that the cdf of a
normalized version of Mn converges to G, i.e.

Pr

(
Mn − bn
an

≤ x

)
= F n (anx+ bn)→ G(x)

as n → ∞ then G must be of the same type as (cdfs G and G∗ are of the same type if
G∗(x) = G(ax+ b) for some a > 0, b and all x) as one of the following three classes:

I : Λ(x) = exp {− exp(−x)} , x ∈ <;

II : Φα(x) =

{
0 if x < 0,
exp {−x−α} if x ≥ 0

for some α > 0;

III : Ψα(x) =

{
exp {−(−x)α} if x < 0,
1 if x ≥ 0

for some α > 0.

(4 marks)

SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

I : ∃γ(t) > 0 s.t. lim
t↑w(F )

1− F (t+ xγ(t))

1− F (t)
= exp(−x), x > 0,

II : w(F ) =∞ and lim
t↑∞

1− F (tx)

1− F (t)
= x−α, x > 0,

III : w(F ) <∞ and lim
t↓0

1− F (w(F )− tx)

1− F (w(F )− t)
= xα, x > 0.

(4 marks)

SEEN

First, suppose that G belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that

lim
t→w(G)

1−G (t+ xh(t))

1−G(t)
= e−x
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for every x > 0. But

lim
t→w(F )

1− F (t+ xh(t))

1− F (t)

= lim
t→w(F )

{
1−

[
(1 + λ)G (t+ xh(t))− λ (G (t+ xh(t)))2

]a}b{
1−

[
(1 + λ)G (t)− λ (G (t))2

]a}b
= lim

t→w(F )

{
1−

[
(1 + λ)G (t+ xh(t))− λ (G (t+ xh(t)))2

]a
1−

[
(1 + λ)G (t)− λ (G (t))2

]a
}b

= lim
t→w(F )

{
1− (G (t+ xh(t)))a [(1 + λ)− λG (t+ xh(t))]a

1− (G (t))a [(1 + λ)− λG (t)]a

}b
= lim

t→w(G)

{
1− (G (t+ xh(t)))a [(1 + λ)− λG (t+ xh(t))]a

1− (G (t))a [(1 + λ)− λG (t)]a

}b
= lim

t→w(G)

{
1− [(1 + λ)− λG (t+ xh(t))]a

1− [(1 + λ)− λG (t)]a

}b
= lim

t→w(G)

{
1− [1 + λ (1−G (t+ xh(t)))]a

1− [1 + λ (1−G (t))]a

}b
= lim

t→w(G)

{
1− [1 + aλ (1−G (t+ xh(t)))]

1− [1 + aλ (1−G (t))]

}b
= lim

t→w(G)

{
1−G (t+ xh(t))

1−G (t)

}b
= {exp(−x)}b

= exp(−bx)

for every x > 0, assuming w(F ) = w(G). So, it follows that F also belongs to the max
domain of attraction of the Gumbel extreme value distribution with

lim
n→∞

P

(
Mn − bn
an

≤ x

)
= exp [− exp(−bx)]

for some suitable norming constants an > 0 and bn.

(4 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a β > 0 such that

lim
t→∞

1−G (tx)

1−G(t)
= x−β
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for every x > 0. But

lim
t→∞

1− F (tx)

1− F (t)

= lim
t→∞

{
1−

[
(1 + λ)G (tx)− λ (G (tx))2

]a}b{
1−

[
(1 + λ)G (t)− λ (G (t))2

]a}b
= lim

t→∞

{
1−

[
(1 + λ)G (tx)− λ (G (tx))2

]a
1−

[
(1 + λ)G (t)− λ (G (t))2

]a
}b

= lim
t→∞

{
1− (G (tx))a [(1 + λ)− λG (tx)]a

1− (G (t))a [(1 + λ)− λG (t)]a

}b
= lim

t→∞

{
1− [(1 + λ)− λG (tx)]a

1− [(1 + λ)− λG (t)]a

}b
= lim

t→∞

{
1− [1 + λ (1−G (tx))]a

1− [1 + λ (1−G (t))]a

}b
= lim

t→∞

{
1− [1 + aλ (1−G (tx))]

1− [1 + aλ (1−G (t))]

}b
= lim

t→∞

{
1−G (tx)

1−G (t)

}b
=

{
x−β
}b

= x−bβ

for every x > 0. So, it follows that F also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim
n→∞

P

(
Mn − bn
an

≤ x

)
= exp

(
−x−bβ

)
for some suitable norming constants an > 0 and bn.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a β > 0 such that

lim
t→0

1−G (w(G)− tx)

1−G (w(G)− t)
= xβ
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for every x > 0.

lim
t→0

1− F (w(F )− tx)

1− F (w(F )− t)

= lim
t→0

{
1−

[
(1 + λ)G (w(F )− tx)− λ (G (w(F )− tx))2

]a}b{
1−

[
(1 + λ)G (w(F )− t)− λ (G (w(F )− t))2

]a}b
= lim

t→0

{
1−

[
(1 + λ)G (w(F )− tx)− λ (G (w(F )− tx))2

]a
1−

[
(1 + λ)G (w(F )− t)− λ (G (w(F )− t))2

]a
}b

= lim
t→0

{
1− (G (w(F )− tx))a [(1 + λ)− λG (w(F )− tx)]a

1− (G (w(F )− t))a [(1 + λ)− λG (w(F )− t)]a
}b

= lim
t→0

{
1− (G (w(G)− tx))a [(1 + λ)− λG (w(G)− tx)]a

1− (G (w(G)− t))a [(1 + λ)− λG (w(G)− t)]a
}b

= lim
t→0

{
1− [(1 + λ)− λG (w(G)− tx)]a

1− [(1 + λ)− λG (w(G)− t)]a
}b

= lim
t→0

{
1− [1 + λ (1−G (w(G)− tx))]a

1− [1 + λ (1−G (w(G)− t))]a
}b

= lim
t→0

{
1− [1 + aλ (1−G (w(G)− tx))]

1− [1 + aλ (1−G (w(G)− t))]

}b
= lim

t→0

{
1−G (w(G)− tx)

1−G (w(G)− t)

}b
=

{
xβ
}b

= xbβ

for every x > 0, assuming w(F ) = w(G). So, it follows that F also belongs to the max
domain of attraction of the Weibull extreme value distribution with

lim
n→∞

P

(
Mn − bn
an

≤ x

)
= exp

(
−(−x)bβ

)
for some suitable norming constants an > 0 and bn.

(4 marks)

UNSEEN
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Solutions to Question B2

ILO: extreme value distribution of a given univariate distribution

a) Note that w(F ) =∞ and

Pr (X = k)

1− F (k − 1)
=

a(1− a)k−1

1− [1− (1− a)k−1]

=
a(1− a)k−1

(1− a)k−1

= a.

Hence, there can be no non-degenerate limit.

(4 marks)

SEEN

b) Note that w(F ) =∞ and

lim
t→∞

1− F (t+ xh(t))

1− F (t)

= lim
t→∞

1− 1−exp(−t−xh(t))
1+exp(−t−xh(t))

1− 1−exp(−t)
1+exp(−t)

= lim
t→∞

1− 1−exp(−t−xh(t))
1+0

1− 1−exp(−t)
1+0

= lim
t→∞

exp (−t− xh(t))

exp (−t)
= lim

t→∞
exp (−xh(t))

= exp(−x)

if h(t) = 1. So, F (x) belongs to the Gumbel domain of attraction.

(4 marks)

UNSEEN
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c) Note that w(F ) =∞ and

lim
t→∞

1− F (t+ xh(t))

1− F (t)

= lim
t→∞

(
1 + xh

′
(t)
)
f (t+ xh(t))

f(t)

= lim
t→∞

(
1 + xh

′
(t)
)

(t+ xh(t))2a−1 exp
[
− (t+ xh(t))2

]
t2a−1 exp [−t2]

= lim
t→∞

(
1 + xh

′
(t)
)(

1 +
xh(t)

t

)2a−1

exp
[
t2 − (t+ xh(t))2

]
= lim

t→∞

(
1 + xh

′
(t)
)(

1 +
xh(t)

t

)2a−1

exp
[
t2 −

(
t2 + x2h2(t) + 2txh(t)

)]
= lim

t→∞

(
1 + xh

′
(t)
)(

1 +
xh(t)

t

)2a−1

exp
[
−x2h2(t)− 2txh(t)

]
= exp(−x)

if h(t) = 1
2t

. So, F (x) belongs to the Gumbel domain of attraction.

d) Note that w(F ) =∞. Note that

lim
t↓∞

1− F (t+ xh(t))

1− F (t)
=

1− [1− exp (− (t+ xh(t))a)]
b

1− [1− exp (−ta)]b

=
1− [1− b exp (− (t+ xh(t))a)]

1− [1− b exp (−ta)]

=
exp (− (t+ xh(t))a)

exp (−ta)
= exp [ta − (t+ xh(t))a]

= exp

{
ta
[
1−

(
1 + x

h(t)

t

)a]}
= exp

{
ta
[
1−

(
1 + ax

h(t)

t

)]}
= exp

{
−ata−1xh(t)

}
= exp(−x)

if h(t) = 1
a
t1−a. So, F (x) belongs to the Gumbel domain of attraction.

(4 marks)

UNSEEN
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e) Note that w(F ) =∞. Then Note that

lim
t↓∞

1− F (t+ xh(t))

1− F (t)
=

log[1−(1−p) exp(−t−xh(t))]
log p

log[1−(1−p) exp(−t)]
log p

=
log [1− (1− p) exp (−t− xh(t))]

log [1− (1− p) exp (−t)]

=
(1− p) exp (−t− xh(t))

(1− p) exp (−t)
= exp (−xh(t))

= exp(−x)

if h(t) = 1. So, F (x) belongs to the Gumbel domain of attraction.

(4 marks)

UNSEEN
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Solutions to Question B3

ILO:probabilities of maximum portfolio loss and estimates of financial risk measures

(a) If X is an absolutely continuous random variable with cdf F (·) then

VaRp(X) = F−1(p)

and

ESp(X) =
1

p

∫ p

0

F−1(v)dv.

(2 marks)

SEEN

(b) (i) The cumulative distribution function of V is

FV (v) = Pr(V ≤ v)

= 1− Pr(V > v)

= 1− Pr (min(X, Y ) > v)

= 1− Pr (X > v, Y > v)

= 1− F (v, v)

= 1− exp (−v − v − θv)

= 1− exp
(
−2v − θv2

)
.

(5 marks)

UNSEEN

(b) (ii) The probability density function of V is

fV (v) =
d

dv
FV (v) = 2(1 + θv) exp

(
−2v − θv2

)
.

(3 marks)

UNSEEN

(b) (iii) Setting

1− exp
(
−2v − θv2

)
= p

19



implies

exp
(
−2v − θv2

)
= 1− p

which implies

2v + θv2 + log(1− p) = 0

which can be solved for v as

v =
−2±

√
4− 4θ log(1− p)

2θ
=
−1±

√
1− θ log(1− p)

θ
.

Since v must be positive,

VaRp(V ) =
−1 +

√
1− θ log(1− p)

θ
.

(5 marks)

UNSEEN

(b) (iv) The likelihood function of θ is

L(θ) =
n∏
i=1

[
2 (1 + θvi) exp

(
−2vi − θv2i

)]
= 2n

[
n∏
i=1

(1 + θvi)

]
exp

(
−2

n∑
i=1

vi − θ
n∑
i=1

v2i

)
.

Its log is

logL(θ) = n log 2 +
n∑
i=1

log (1 + θvi)− 2
n∑
i=1

vi − θ
n∑
i=1

v2i .

The derivative with respect to θ is

d logL(θ)

dθ
=

n∑
i=1

vi
1 + θvi

−
n∑
i=1

v2i .

Setting this to zero gives
n∑
i=1

vi
1 + θvi

=
n∑
i=1

v2i .

The solution of this equation must be an MLE since

d2 logL(θ)

dθ2
= −

n∑
i=1

v2i
(1 + θvi)

2 < 0.

(5 marks)

UNSEEN
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Solutions to Question B4

ILO:probabilities of minimum portfolio loss and estimates of financial risk measures

a) Note that

FU(u) = Pr(U ≤ u)

= Pr (max (X1, X2, . . . , Xk) ≤ u)

= Pr (X1 ≤ u,X2 ≤ u, . . . , Xk ≤ u)

= F (u, u, . . . , u)

=


1

1 +
k∑
i=1

exp (−u)


c

=

[
1

1 + k exp (−u)

]c
for −∞ < u <∞.

(8 marks)

UNSEEN

b) The corresponding pdf is

fU(u) = ck exp(−u) [1 + k exp (−u)]−c−1

for −∞ < u <∞.

(2 marks)

UNSEEN

c) Inverting [
1

1 + k exp (−u)

]c
= p

gives

VaRp(U) = − log
(
p−1/c − 1

)
+ log k.

(2 marks)
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d) The likelihood function of c is

L(c) =
n∏
i=1

{
ck exp (−ui) [1 + k exp (−ui)]−c−1

}
= cnkn exp

(
−

n∑
i=1

ui

){
n∏
i=1

[1 + k exp (−ui)]

}−c−1
.

Its log is

logL(c) = n log c+ n log k −
n∑
i=1

ui − (c+ 1)
n∑
i=1

log [1 + k exp (−ui)] .

The derivative with respect to c is

d logL(c)

dc
=
n

c
−

n∑
i=1

log [1 + k exp (−ui)] .

Setting this to zero and solving for c gives

ĉ = n

{
n∑
i=1

log [1 + k exp (−ui)]

}−1
.

This is an MLE since

d2 logL(c)

dc2
= − n

c2
< 0.

(8 marks)

UNSEEN
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Solutions to Question B5

ILO:probabilities of total portfolio loss and estimates of financial risk measures

a) The probability density function of S is

fS(s) =

∫ s

0

f (x, s− x) dx

=
Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)

∫ s

0

xa−1(s− x)b−1(1− s)c−1dx

=
Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)
(1− s)c−1sa+b−1

∫ s

0

(x
s

)a−1 (
1− x

s

)b−1
d(x/s)

=
Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)
(1− s)c−1sa+b−1

∫ 1

0

ua−1 (1− u)b−1 du

=
Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)
(1− s)c−1sa+b−1B(a, b)

=
Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)
(1− s)c−1sa+b−1Γ(a)Γ(b)

Γ(a+ b)

=
Γ(a+ b+ c)

Γ(a+ b)Γ(c)
sa+b−1(1− s)c−1

for 0 < s < 1.

(8 marks)

UNSEEN

b) The corresponding cumulative distribution function is

FS(s) =
Γ(a+ b+ c)

Γ(a+ b)Γ(c)

∫ s

0

ta+b−1(1− t)c−1dt

=
1

B(a+ b, c)
Bs(a+ b, c)

= Is(a+ b, c)

for 0 < s < 1.

(2 marks)

UNSEEN

c) Inverting

Is(a+ b, c) = p
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gives

VaRp(S) = I−1p (a+ b, c).

(2 marks)

UNSEEN

e) The likelihood function is

L (a, b, c) =
n∏
i=1

{
Γ(a+ b+ c)

Γ(a+ b)Γ(c)
sa+b−1i (1− si)c−1

}

=
Γn(a+ b+ c)

Γn(a+ b)Γn(c)

(
n∏
i=1

si

)a+b−1 [ n∏
i=1

(1− si)

]c−1
.

Its log is

logL (a, b, c) = n log Γ(a+ b+ c)− n log Γ(a+ b)− n log Γ(c) + (a+ b− 1)
n∑
i=1

log si + (c− 1)
n∑
i=1

log (1− si) .

The derivatives with respect to a, b and c are

d logL (λ)

da
= n

d

da
log Γ(a+ b+ c)− n d

da
log Γ(a+ b) +

n∑
i=1

log si,

d logL (λ)

db
= n

d

db
log Γ(a+ b+ c)− n d

db
log Γ(a+ b) +

n∑
i=1

log si

and

d logL (λ)

dc
= n

d

dc
log Γ(a+ b+ c)− n d

dc
log Γ(c) +

n∑
i=1

log (1− si) .

Hence, the MLEs satisfy the equations

n
d

d(a+ b+ c)
log Γ(a+ b+ c)− n d

d(a+ b)
log Γ(a+ b) +

n∑
i=1

log si = 0

and

n
d

d(a+ b+ c)
log Γ(a+ b+ c)− n d

dc
log Γ(c) +

n∑
i=1

log (1− si) = 0.

(8 marks)

UNSEEN
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