SOLUTIONS TO
MATH68181
EXTREME VALUES
AND FINANCIAL RISK EXAM



Solutions to Question Al

a) The joint cdf of X and Y is

Fxy(z,y) = 1—Fxy(z,0) = Fxy(0,y) + Fxy(z,y)
= 1—(1+ax) "= (1+4+by) "+ (1+ax+by+cxy) .

(3 marks)
UNSEEN
b) The marginal cdfs of X and Y are
Fx(z) = Fxy(z,00) =1— (14 az)™?
and
Fy(y) = Fxy(oo,y) =1—(1+by)*.
(2 marks)
UNSEEN

c¢) First note that w (Fx) = oco. Fx belongs to the Fréchet max domain of attraction since

. 1—Fx(tx) . 1—=[1=(1+atz)]

lim ——————~ = lim —

t=oo 1 — Fx (1) t=o0 1 — [1—(1+at)™
(1+ atx)™

im —
t=oo (1 +at)™?
) (1+atx)_q
= lim
t—oo \ 1+ at
1 —q
<+ ax
= lim (tl )
t—o0 ;—FG

 (0+ax -4
N O+ a

= z 9

(2 marks)

UNSEEN



d) First note that w (Fy) = co. Fy belongs to the Fréchet max domain of attraction since

. 1—-Fy (ty) 1= [1—(1+bty)™ ]
hm _— = hm —
to0 1= Fy(t) imoo 1— [1—(1+bt)7]
(1+ bty)™*

im
t—00 (1 + bt -9
_ 14 bty
n t—>oo 1+ bt
. ( +®>

= lim

t—o0
B 0+ by
N\ 0+0b

—= y_q'

(2 marks)
UNSEEN
e) Use the formulas a,, = F)}l (1 — %) and b, = 0. Inverting
Fx(z)=1—-(14ax) " =p
gives
1—p) -1
.- 1-p -
a
So,
1 Va1
Fl1-=) =
G R
Hence,
nt/4 —1
ay, =
a
and b, = 0.
(2 marks)
UNSEEN

f) Use the formulas ¢, = F;l (1 - %) and d, = 0. Inverting
Fy(y)=1-(1+0by) " =p
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gives

1—p) -1
y— ( p)b
So,
1 nt/a —1
Fol(1—-=) =
Y < n> b
Hence,
nt/e 1
Cp = 2
and b, = 0.
UNSEEN

g) The limiting cdf is

lim F¢y (anx + by, cpy + dy)
n—o00 ’

= lim [1 — (1 +anax) ™ — (1 4+ cuby) "+ (1 + anax + c,by + cancnxy)fq}

n—o0

~ i fr [ )] 1 e 0]

n—oo

+ [1—1— (nl/q — 1) x+ (nl/q — 1)y+ é (nl/q _ 1)2:Ey]q}

n—o0

= lim {1 — % [x +(1— a:)n_l/q} -q % [y F(1— y)n_l/q] —q

(2 marks)

+% [nd/q n (n,l/q _ n72/q) T+ (nfl/q — n*2/q) Y+ < (1 — nfl/q)zwy} -4 }

ab

n—00 n n n2

1 1 "
= lim {1 ——z 97— —y‘q}

= exp <_x_q _ y—q) .

1 1 1 -\ "
= lim {1 — == —y T+ — [ixy] q}
ab

(5 marks)



UNSEEN

h) Yes, the extremes are completely independent since

lim F{y (apz+ by, ey +dy) = exp(—a7%— y )

n—oo
= exp (—x’q) exp (—y’q) )
= li_>m F¥ (anz + by) li_>m Fy (epy+dy) .

(2 marks)
UNSEEN



Solutions to Question A2

C' (u1,us9) is a valid copula if

C (u,0) =0,
C(0,u) =0,
C(l,u) =u,
C(u,1) = u,
0
—C >0
8U1 (U1, u2)
and
0
670 (ul, UQ) >0
2
(4 marks)
SEEN
a) for the copula defined by C (uq, us) = uj “uy~ " min (uf, ul), we have
C (u,0) = u' 70" " min (ua, Ob) =0,
C (0,u) = 0" %' ~° min (0“7 ub) =0,
C(1,u) = 1" 4"’ min (1“, ub) = u,
C(u,1) = u'*1"° min (ua, 1b) = u,
0 O [ wuy®, if uf < b uy " if ud <u
- _ ? — [ ) — ) >
(‘)ulc (w1, u2) ouy { up “uy, if ud > ub (1 — a)uyuy, if ud >uy = 0
and
0 O [ wuy™®, if u¢ <ub (1 —buguy®, if ud < uf
7 _ = ) > R ) > > 0.
8u20(u1’u2) Oy { uf“ug, if u§ > ug u%’“, if uf > ug 20



UNSEEN
b) for the copula defined by C' (u1,uz) = ;2 ——, we have
u-0
Cu0)=———=
(,0) u+0—u-0 ’
0-u
(0 = =0
0w = =ow =%
1-u
u-1
1) = -
¢ (1) u+l—u-1 b
a 2
—C (ul,u2) Y2 3 Z 0
aul (Ul + ug — u1u2)
and
P 2
—C (U,l,UQ) sl 2 Z 0
Ouy (ug + ug — ugusg)
UNSEEN

(4 marks)

(4 marks)

c) for the copula defined by C' (uy, uz) = [Cy (u1,ug) Ca (u1,uz) - - - Cyp (uyg, u3)]?, we have

C (u,0) = [C} (u,0) Cy (u,0) - - C, (u,0)]"/? = 0,
C(0,u) = [C} (0,u) Cy (0, u)---C, (0,u)]"/? =0,
C(1,u) = [Cy (1,u) Cy (L,u)---Cp (1,u)]V? = [uP]/?

C(u,1) =[Cy (u,1) Cs (u,1)- - Cyp (u, 1>]1/p [up]l/p

p
1

ouy P —

:u’

:u’

1 1
_C(UhUQ) [Cl (U1,U2)02(U1,U2)' u17u2 p IZ L H C Ul,u2

=1j7#k

0

a—ule (ug,ug) >0



0 1 1 e P 0
8_0 (w1, u2) = = [Ch (u1, uz) Cy (ur, ug) - - - Cyp (1, ug)]” ! L C; (1, usz) a_Ok (w1, uz) > 0.
U2 p k=1 Lj=1,j#k U2
(4 marks)

UNSEEN

d) for the copula defined by C (u1,us) = wiCy (u1, uz) + waCs (uy, ug) + - - - + w,Cp (ug, ug),
we have

C (u,0) = w Cy (u,0) + waCsq (u,0) + - - - + w,Cp (u,0) ,

C(0,u) = w Cy (0,u) + waCq (0, u) + - - - + w,C, (0, u) ,

C(Lu) =wCy (L u) +wCs (L,u) + - +w,Cp (1,u) = (w1 +way + -+ - +wp) u = u,

C(u,1) =wCy (u, 1) + waCs (u, 1) + - - - + w,Cp (u, 1) = (w1 +we + -+ - +wp) u = u,

) & )
—C (uy,u2) = Zwk_okz (ur,u2) >0

aul 1 (9U1
and
0 ~ 0
a—uzc (ul, UQ) ; Wkﬁ_uQCk (Ul, uz) >0
(4 marks)
UNSEEN



Solutions to Question A3

a) We can write

Gla.y) = oxp {_(HM( y )}

r+y

for z > 0 and y > 0, where

Alw)=1-aw(l —w)[1 - pw(l — w)].

We now check the conditions for A(-). Clearly,

and

Also A(w) < 1 since aw(l —w) [1 — pw(l —w)] > 0 which holds since w(1 —w) < 1/4
forall 0 <w < 1.

Also

A(w) > w
—l-aw(l—w)[l-/Fwl—-w)]>w
—l-w—-—aw(l—w)[l-PLwll—-w)]>0
— 1l-aw[l—-pfw(l—-w)] >0

<1 - aw + apw’® — afuw?® = g(w) say > 0.

Note that ¢ (w) = —a + 2afw — 3apw? and ¢ (w) = 208 — 6afw = 2a3(1 — 3w). Since
g (0) = —a and ¢'(1) = —a — afB, g(w) is a decreasing function for 0 < w < 1. Because
g1)=1—a>0,g(w)>0foral 0 <w<1.

Also

Alw) > 1—w
= l-aw(l—-—w)[l—-Pwl—-w)]>1
— w—aw(l —w)[l—-pFw(l—-w)] >0
—l-aol—-w)[l-pwl—-w)]>0
= 1-a(l—w)+ab(l—-w)-aB(l—w)=g(w)say >0.

Note that ¢ (w) = a—2aB(1—w)+3ap(1—w)? and ¢ (w) = 2a3—6a8(1—w) = 2a(3w—1).

Since ¢'(0) = a + aff and ¢ (1) = a, g(w) is an increasing function for 0 < w < 1. Because
g(10)=1—a >0, g(w) >0 for all 0 <w < 1.
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The first and second derivatives of A(w) are

’

A(w) = —a + 20w + 2afw — 6afw?® + dafuw?
and
4" (w) = 20+ 208 — 12aBw + 12aBw?,
respectively. Note that

A" (w) = =120 4 24afw = 12aB(2w — 1).
Since

A"(1/2) = 2a + 208 — 6afw + 3af = a(2 — B) > 0,

we have A" (w) > 0 for all 0 < w < 1. Hence, A(w) is convex.

(7 marks)
UNSEEN
b) Note that
G(2,0) = exp {—(z + 0)A(0)} = exp(—=x)
and
G(0,y) = exp {—(0+y)A (1)} = exp(—y).
So, the joint cdf is
G(z,y) =1 —exp(—z) — exp(—y) + exp {—x —y+ xa_fyy [1 — (xﬁfyy)Q] } :
(1 marks)

UNSEEN
c) the derivative of joint cdf with respect to x is

0G(z,y)
s

2 2 2.2
— ay 2081y 3afx?y }
=exp(—z)+G(z,y) | -1+ - ,
() + Blov) [ -1+ 3 - 20 + R
so the conditional cdf of Y given X =z is

azy [1 By ] } {_1 N ay? B 201y N 3aﬂx2y2}
z+y (x +y)? (x+y)? (@+y? (@+y*]

G<yrx>=1+exp{—y+

9



(4 marks)
UNSEEN
d) the derivative of joint cdf with respect to y is

%ﬁ;’y) = exp(—2) + G(z,y) {—1 +

ax? 2afyr?  3afr?y?
(x+y)? (@+y? (@+y*]’

so the conditional cdf of Y given Y =y is

azy By ax? 2afyr?  3afr?y?
] v RS e et e

G<y1x>=1+exp{—x+

(4 marks)
UNSEEN

e) the derivative of joint cdf with respect to z and y is

= B ay®  2afry®  3afrty? [ az®  2afyx*  3afa’y?
sten) =Tlar) [ -1+ o - B+ B [ G - et e
_ [ 2ay 20y daBxy  6aBry? 6By 12Ozﬁx2y2]
( .

O G e " Gt e @iy @iy @t

(4 marks)

UNSEEN
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Solutions to Question Bl

If there are norming constants a,, > 0, b, and a nondegenerate GG such that the cdf of a
normalized version of M,, converges to G, i.e.

Pr (M < x) = " (apx + b,) — G(x)

a

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all =) as one of the following three classes:

I : Alx)=exp{—exp(—2)}, reN;
0 if x <0,
I @a(w) = { exp{—z~%} ifz>0

for some a > 0;

exp{—(—2)*} ifx <0,
HI q’a(‘”):{l I if >0

for some o > 0.

(4 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1—F(t t
I @ 3y(t) >0st. lim (t+27(t))

= —), eR,
tw(F) 1—F(t) exp(—2) ’

1—-F(t

I : w(F)= o0 and grgg—l_F((:;) =a 7 x>0,
1—-F(w(F)—t

IIT @ w(F) < oo and lim (w(F) - tz) =z, x> 0.

0o 1—F (w(F) —t)

(4 marks)
SEEN

First, suppose that GG belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that
1—G(t+ zh(t))

li =
talwn(lG) 1-— G(t) c

A
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for every x > 0. But

lim 1 — F(t+ zh(t))

t—w(F) 1— F(¢)
1— [G(t+ah(t))]"

BT [Gt+ah(t)]"+[1-G(t+ah(t))]"
= lim -

t—w(F) 1— — GO

(GO +[1-G®)"
[1—G (t+ah(t))]*
. . [G(t+zh(t))]"+[1-G(t+zh(t))]*
= GO
(GO +1-G®)]"

. =Gk GO +[1 - Go)”

t—w(F) 1—G()]" |G (t+ zh(t)]" 4+ [1 — G (t + zh(t))]"
B ] (R ) . ()" +[1 - GO

t—w(G) 1—G()]" t—w(@) [G (t + zh(t))]" +[1 — G (t + zh(t))]"

. [1=G{+=zh(t)]"1+0

= lim m

t—w(G) [1—G(t)] 1+0
— lim 1-G(t+ mhgt))]

t—w(G) [1—G(t)]
—  lim 1 -G (t+ zh(t))

t—w(G) 1-— G(t)
= exp(—ax)

for every x > 0, assuming w(F) = w(G).

So, it follows that F' also belongs to the max

domain of attraction of the Gumbel extreme value distribution with

n—oo

for some suitable norming constants a,, > 0 and b,,.

M. —
lim P <n—bn < x) = exp [— exp(—azr)]
an

(4 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a § > 0 such that

lim 1=Gliz) (tz) =2 F

12



for every x > 0. But

. 1—F(tx)
hm _—
t—oo 1 — F(t)
| — i e
. . tz)]*+[1—G (tx)]*
= = e
COT+1-GOT
)
. . tx)]*+[1-G(tz)]*
= lm =

GO +n-a@"
o -G [G)
=% =GO (G )

a

1-G@)]"
1-G(to))

+ |+

[
[
]
]

]

DG GO [ G

tooo L= G(t)]" 1= [G(t2)]" + [1 = G (tz)]"
_ lim 1—G(tx)]"1+0

tmoo [1—=G()]" 1+0
— lim 1 -G (tx)]"

t—00 [1 — G(t)]a

. [1-G(tx)]”

- tligloﬁ{ 1—-G(t) }

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P (M < :1:) = exp (—x_“ﬂ)

n—o0 a

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a § > 0 such that

lim 1 -G (w(G) —tx)

= gjﬁ
01— G (w(G) — 1)

13



for every x > 0.

1—F(w(F) —tx)

;
01— F (w(F) —1)
1_ (Glw(F)—ta)]"
— lim [G(w(F)—ta)]"+[1-G(w(F)—tz)]*
50 1 [Clw®)—0]"

~ G- LG @)D"

T T NG

. . w —t2)]*+[1—-G(w —tx)]®
= lim =Gl
C(E) D - G(w(F) D"

_ iy L G (E) )] (G (w(F) =] + [~ G (w(E) — )"
=0 [1 — G (w(F)—1)]" [G(w(F)—tz)]"+[1 -G (w(F)—tx)]"
L 1-CG@@ - Cw(G) — 1]+ (1~ C(w(G) -
=0 [1 =G (w(G) = )" 0 G (w(G) —t)]" + [1 = G (w(G) — tz)]"
_ [1-Gw(G)—tx)]"1+40
T 0 1-Gw(G) -] 1+0
— i 1 -G (w(G) —tx)]”
=0 [1 -G (w(G) —t)]"
b {1 — G (w(G) — tx)r
t—=0 | 1 -G (’LU(G) — t)
— 9P

for every x < 0, assuming w(F') = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Weibull extreme value distribution with

i 2 (2t <) o

n—00 an,

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

UNSEEN
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Solutions to Question B2

a) Note that w(F') = co and

Pr(X =k) a(l —a)k!
—Fh—1)  I-[-(—aF7
a(l —a)k!
(1 —a)kt!

Qa.

Hence, there can be no non-degenerate limit.

UNSEEN

b) Note that w(F) =1 and

Hence, there can be no non-degenerate limit.

UNSEEN

(4 marks)
Pr (X =w(F))
1—F(w(F)—-1)
Pr(X =1)
1-F(1-1)
1-(1-a)
)
(4 marks)

15



c¢) Note that w(F) = 1. Note that

. 1 —F(1—tx)
lim =
to 1—F(1—1t)

So, F'(x) belongs to the Weibull domain

UNSEEN

d) Note that w(F) = oco. Then

. 1 —F(tx)
1 - N 7
it 1 F ()

zf (1 —tx)

wo  f(1—1)

(=) L (1 b))
HO (L= t)et L= (L=t
[l — (1 —tx)]"!

AT
T R

1o [1—(1—at)""

_ xlatz]”

Lim at !

of attraction.

So, F(x) belongs to the Fréchet domain of attraction.

UNSEEN

(4 marks)
1-[1 —a]~®
L)
t—oo ] — [1 + t—a]
— lim 1 —[1—b(tx)™]
t—oo 1 —[1 —bt9]
. b(tx)™
o tllmo bt—a
= x %
(4 marks)

16



e) Note that w(F) = 1. Then

. 1—F((1—ta) . xf(l—tx)
lim = lim
t=0 1 —F(1—1) =0  f(1—1)
C
— (1—tz)tx
= 0 c
(1—0)t
=
= lim ‘I/E
t—0 7{
= /.

So, the cdf F(x) belongs to the Weibull domain of attraction.

UNSEEN

17
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Solutions to Question B3
(a) If X is an absolutely continuous random variable with cdf F(-) then
VaR,(X) = F~*(p)

and
1 [P
ES,(X) = —/ F~(v)dv.
P Jo
(2 marks)
SEEN

(b) (i) The pdf of S is

fs(s) = / f(x1,ma, ... xp) day - - - dreday
xr1++TR=s

s s—x1 S§—X1— " —Tk_9
— / / / f(xl,xg,...,s—xl—---—xk_l)dxk_l---dxgdxl
0 0 0

s s—x1 S—X1— " —Tk_2 r (kf + %) a_q
— / / / —a<1—8)2 d;z:k,y--dxgdxl
0o Jo 0 T (§>

T (k + g) " s s—x1 S—X1——Tp_2
_ —a?(l_s)zl/ / / dip_q - - - deods,
r (5) 0o Jo 0

= 2 (1—s)2" i
a (k—1)!
r(3)
1 k-1 g1
= —s" (1 —s)2
B (5.k)
(6 marks)
UNSEEN
(b) (ii) The nth moment of S is
1 ! a 1 a
E(S™) = ntk=l] _g)2 7l s = B(=,n+k).
= G fy 0 P ()
(3 marks)

18



UNSEEN
(b) (iii) The cdf of S is

UNSEEN

(b) (iv) Inverting

we obtain

UNSEEN

(b) (v) The corresponding ES is

UNSEEN

19
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(3 marks)

(3 marks)



Solutions to Question B4
a) Note that

Fy(u) = Pr(U<w)

= Pr(max (X, X, ..., Xk) < u)
= PI'(Xl SU,XQ SU,...,Xk <U>
= F(u,u,...,u)
B 1
B k
1+ Zexp (—u)
i=1
B 1
1+ kexp(—u)
for —oo < u < 0.
(6 marks)
UNSEEN
b) The corresponding pdf is
kexp(—u
folu) = P
1+ kexp (—u)]
for —oco < u < .
(2 marks)

UNSEEN

¢) The moment generating function of 7T is

* exp(su—u) /1 _
My(s) = k du=k | 2°(1—2)%de = k*B(1+s,1—s),
r(s) /oo [1+ kexp (—u)] ! 0 vl - @) (s )

where x = 1/ [1 + kexp(—u)].

(5 marks)
UNSEEN

d) Inverting

1+ kexp(—u)

20



gives

UNSEEN

VaR,(U) = —log(1 — p) + log k + log p.

(2 marks)

e) The expected shortfall is

ES,(U)

UNSEEN

1 P
]—9/ [—log(1 — u) + log k + log u] du
0

1 [P
1ogk:—|——/ [—log(1 — u) + log u] du
P Jo

1 P
logk—l——{[—ulog(l—u)—i—ulogu]g—/< “ +1>du}
p o \1—-u
1 P —1+1
logk—k;{—plog(l—p)—i—plogp—/ <u+1) du}
0

1—u

1 L |
10gk:+—{—plog(l—p)—f—plogp—/ du}
p o 1—u
1
logh 4 {=plog(l —p) + plogp — [~ log(1 - w)lo}

1
log k + p {—plog(1 —p) +plogp +log(1 —p)} .

(5 marks)

21



Solutions to Question B5

a) Note that

Fy(v) = Pr(V <w)
= 1-Pr(V>0)
= 1—Pr(min (X, Xs,..., X;) > 0)
= 1-Pr(Xg>v,Xo>v,..., X} >v)

= 1—F(v,vu,...,v)
k
= 1—exp —ZU—)\maX(U,U,...,v)

i=1
= 1—exp[—kv— \v]

for v > 0.

(6 marks)
UNSEEN

b) The corresponding pdf is
fv(v) = (k+ X)) exp [—kv — \v]

for v > 0.

(2 marks)

UNSEEN

c¢) Inverting
1 —exp|[—kv— ] =p

gives

log(1 —p
VaR, (V) = —%.

(2 marks)

UNSEEN
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d) The expected shortfall is

ES, (V) = —m/oplog(l —u)du

_ _m {[ulog(l —u)lf + /0” 1 ﬁ udu}
_ —m {plog(l —p) +/Op ul%l:ldu}

= L plog(1 - p) + [—u— log(1 — w)]2}

p(k+ )
1
= ——{plog(1 —p) —p —log(1 — :
Y {plog(1 —p) —p—log(1 —p)}
(2 marks)
UNSEEN
e) The likelihood function is
L(A) =JJ{(k+ X exp[—kv; — Avi]} = (k + A)"exp | —(k + \) Zw] .
i=1 =1
Its log is
log L (A\) =nlog(k+ ) — (k+ ) ZU’
The derivative with respect to A is
dlog L ()\)
P A Z v

Setting to zero and solving for A\, we obtain

~ n

A= =7 — k.

D i Vi
This is an MLE since
d?1
og L (N _ . n <o
d\? (k+\)?
(8 marks)

UNSEEN
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