SOLUTIONS TO
MATH68181
EXTREME VALUES
AND FINANCIAL RISK EXAM



Solutions to Question Al

a) The joint cdf of X and Y is

v orrq 2 2 1
FX,y(as,y) _ / / uv + u4—|— v+ dudv
0o Jo

1 [Y ©
= / [2u2v +u? + 2uv + u}o dv
0

4
1 [
= Z/ [22%0 + 2® + 2zv + 2] dv
0
Loy 2 2 y
= [220? + 2?0 4 20* + av] )
1
= [P+t ey eyl
(3 marks)
UNSEEN
b) The marginal cdfs of X and Y are
1 r(r+1
Fx(z) = Fxy(z,1) = 1 {:p2—|—x2+x+x} — %
and
1 y(y +1
Fy(y) = FX,Y(L?/) = 1 [y2 +y—|—y2 —|—y} = (T)
(2 marks)
UNSEEN

c) First note that w (Fx) = 1. Fx belongs to the Weibull max domain of attraction since

I N
tg% ]_—Fx(l—t) o tl—I}% 1_(1—t)2(2—t)

2—(1—1t 2—1

— lim (1 —tx) (2 —tx)

02— (1—1)(2—1)
3tr — t2z?

im ——

t—0 3t—t2

o 3z — ta?

lim ————

t—=0 33—t
xZ.




UNSEEN

(2 marks)

d) First note that w (Fy) = 1. Fy belongs to the Weibull max domain of attraction since

. 1-— Fy (1 — ty)
lim
t—0 1 — Fy(l - t)

UNSEEN

e) Use the formulas a, = w (Fx) — Fy' (1 —

1 — U=ty)(2-ty)
: 2
e B GE TPR)
2

g 27 (L= 1y) (2 —1y)
50 2 (1—1)(2—1)
3ty — t2y?

3t — ¢2

3y — ty’

3t

t—0
lim
t—0

Y.

(2 marks)

5) and b, = 1. Inverting

r(x+1
Pe(a) = 0D
gives
2+ —2p=0,
which has the valid root
m7—1+\/1+8p
S E—
So,
1 —1+4/1+8(1—-1) —1+43,/1-2%
n 2 2
Hence,
—1+3/1-&
n_l_
¢ 2
and b, = 1.



(2 marks)
UNSEEN

f) Use the formulas ¢, = w (Fy) — Fy'' (1 — 1) and d,, = 1. Inverting

yly+1
Fy(y) = % =P
gives
v +y—2p=0,
which has the valid root
—-1+V1+8p
y=—y
So,
1 —1+4/1+8(1-1%) —-1+43,/1-2
F;l 1 -_— = = .
n 2 2
Hence,
—1+34/1-&
n — 1—
‘ 2
and d, = 1.
(2 marks)
UNSEEN
g) The limiting cdf is
lim Fxy (@@ + by, cpy + dy,)
n—oo
1 n

= le yr [(ana: + 1)2 (any + 1)2 + (apzr + 1)2 (any + 1) + (apz + 1) (apy + 1)2 + (apx + 1) (any + 1)}

Y 1 2n 2n -1 -1 -1 —17n

= lim = (anz +1)" (any + D)™ [14 (any+ 1) + (apz+ 1) + (anz+ 1) (ay+1)"] .

Now note that

—1+3y/1 -4 31— A )

n:]_— :1— —_ — . e
“ 2 9 30 T




as n — o0o. Hence,

lim Fxy (a,x + by, cpy + dy,)

n—oo

1 9 2n 92 2n B B - .
- li_>m4—n(—x—|—l) (3—ny+1> [1+ (any + 1)+ (anz + 1) 4 (apz + 1) (any + 1)1

— lim — exp (4_:::) exp (4—y) L4+ O+ + 0+ +0+1) 0+1)7]"

_ 1 4x 4y n
= nirglo@exp 5 exp 3

dor 4y
= exp ?—1-? .

(5 marks)
UNSEEN

h) Yes, the extremes are not independent since

4 4
lim Fxy (@@ + bp,cry +d,) = exp ( < + y)

n—00 3 '3
4o 4y
(e ()
=+ nh_)IIC}O Fx (apx + by) nh_>r101o Fy (cpy +dy) .

(2 marks)

UNSEEN



Solutions to Question A2

C' (u1,us9) is a valid copula if

C (u,0) =0,
C(0,u) =0,
C(l,u) =u,
C(u,1) =u,
0
8_u10 (Ul, Ug) >0
and
0
a—u20 ('Ll,l, ’LLQ) >0
(4 marks)
SEEN
a) for the copula defined by C' (uy, uy) = min <ui’au2, ulu;ﬁ), we have
C (u,0) = min (0,0) = 0,
C (0,u) = min (0,0) = 0,
C'(1,u) = min (u, ulfﬁ) = u,
C (u,1) = min (ul’o‘, u) = u,

0 O [ ul™uy, if uy® < uy” (1—a)uy®uy, if uy® < uy”
—_C - 1 Y2 1 =2 5 _ 1 %2 I =25 5
Ouy (1, u2) Ouy { ulu;ﬁ, if u;® > u;’B { uéfﬁ, if u;® > u;ﬁ -
and

0 O [ ul %y, ifur® < uy” up® if uy® < uy”
—C - 1 Y2 1 =2 5 _ 1 > 1 ="2 5 5
Ouy (13, 2) Ougy { wuy P i ur® > uy { (1—Ruuy”, ifuy® >uy” =



(4 marks)
UNSEEN

b) for the copula defined by C (u1,us) = ug — [max ((1 — )"+ ué/n -1, 0>r, we have

_0—[max< 1/”+o—1o>}":0,

C’(Ou-u—[max 1—01/" /”—1,0>}n:u—u:0,

(
O (1,u) —u—[max<1—11/" n _q 0)} —u—0=u,

Clul)=1— [max((1—u)1/”+1—1,0)]n:1—(1—u) u,

iC(ul up) = O ) s [(1 - )" " - 1]717 i (1) ™ > 1,
oy Our |y, i (1= u)Y" 4 0l < 1
n—1
1—u11/n+u1/n_1 1—u11/n_1 i (1 — 1/n+ 1/n21
I RIS i | |
07 1f<1_ )1/n+u/ <1
> 0
and
iC(ul uy) = 0 ) ua— [(1 —U1)1/"—|—u;/" 1} L if (1— )1/7L_|_u1/n >,
aUQ au2 Uz, if (1 _ )1/77, +u 1/n <1
n—1
= 1— [(1 - ul)l/n + Ué/n — 1i| ué/n_17 if (1 . )1/n + ul/n 17
n—1
_ e (0w )] i —u1)1/”+ v,
> 0
(4 marks)
UNSEEN
¢) for the copula defined by C' (uq,us) = log, [1 n (aul—;)#]’ we Liave
a J—



C(0,u) =log, |1+ =0,
a—1
— 1) (a*—1)]
C(1,u) = log, 1+(a ) (@ ) = ulog, a = u,
a—1
“—1 -1
C (u,1) =log, 1+(a a)—((ll ) = ulog, o = u,

%, (@ —1) (" —1)] " a“ (a2 —1)
— = >
au1C’(u1,u2) {1+ a—1 | a—1 20

and

0 (@ —1)(a™ —1)] " a2 (™ — 1)
- — 11 > 0.
8u20(u1’u2) { * a—1 a—1 20

UNSEEN

16 ~1/6
d) for the copula defined by { [(uf(’ - 1)(s + (uy? — 1)5} + 1} , we have

cxwoy:{Uwﬂ—1f+(wﬂ—1frw+1}4wzo,

(4 marks)



and

(4 marks)

UNSEEN



Solutions to Question A3

a) We can write

for z > 0 and y > 0, where

G(z,y) = exp [—(x+y)A< 4 )]

r+y

if 0 <w <wy,
if wy < w < ws,

if w,_; <w <1

We now check the conditions for A(-). Clearly,

A(0) = A (0) = 1

and

Also A(t) > 0 since A;(w) > 0 for all w and every k.

Also since each A;(w) <1,

A(w) < 1.

Also since each A;(w) > max(w,1 — w),

A(w) > max(w,1 — w).

Also since each A;(w) is convex,

UNSEEN

b) Note that

G(x,0) = exp{—(2 + 0)A1 (0)} = exp(-2)

if 0 <w <wy,
if wy < w < wo,

if w, 1 <w <1

9

(7 marks)



and

G(0,y) = exp{—(0+y)A4, (1)} = exp(—y).

So, the joint cdf is

(

1 —exp(—z) —exp(—y) +expy—(z +y) A () ;. H0< o <w
1 —exp(—x) —exp(—y) +expq—(z +y)As () ¢, ifw <2 <wy,
G(z,y) = v +y

\ 1 —exp(—x) — exp(—y) + exp {—(ZL‘ +1y)A, (ﬁ)} , ifw,y < m < 1.

(1 marks)
UNSEEN
c) the derivative of joint cdf with respect to x is
. i ]
exp(—z) + |75 A (7 ) — A () |epy—@+y)A () 1y H0< 7 Swi,
0G(z,y) ) exp(—z)+ ﬁA’Q o) A () [ expy (@ + A () p o ifwn < S,

ox

exp(—a) + | 254, () -

so the conditional cdf of Y given X = z is

\

( r ’ T
L[240 () - A ()] e fo - @ wa ()} it0< 2 <u
T+ [ZL Ay (L) — Ay (L) |expiz — (z+y) Ay (2L 1fw1< 5 S w2,
G(y | l‘) _ | =ty +y +y /| +y
[ yoq () v )] — v v
L 1+ _xTyAp (m) Ap <x+y>_ exp {x (z+y)4, <r+y>} fwpr <75 st
(4 marks)
UNSEEN
d) the derivative of joint cdf with respect to y is
. i ]
exp(—y) — _ﬁyAl ) A | exp —(@+y)Ai (7)), H0< 7 Swy,
0G(z,y) ) exp(—y) — |754 () + A ()| exp{—(@+m) A () ;. ifun < 5 <wn,

dy

;axp(—y) — :z_—‘,—yA;? (ﬁ) + A, (ﬁ) exp {—(:13 +y)A, (#’y)} , ifw,y < #y <1,

10

\



so the conditional cdf of X given Y =y is

Gz |y) =<

1 [ (a85) 4 (239

UNSEEN

1—_#3/141 )+ A (G | exp y—(e+ydi (7). 0= 75 <w,
L= 354 () + A () e v — A () o fwn < 2 <w,

exp {y— (x +y)A, (T—%)}? if w,—1 < $—_7iy < 1.

(4 marks)

e) the derivative of joint cdf with respect to z and y is

([ ()~ (ot9)] [zt (285) + 0 (26)] + ettt (255) )
e {-@+pa (%)}, if0 < L < w,

U [ () — 4 (585)] szt (a5) + 40 (25)] + et (25) )

9(x,y) = -eXp{—(az+y)A1 )0 if wy < 2 < ws,
([ () 0 (050)] [t (o) - (55)] o ()

\ «exp{—(m+y)A1 prl R if w1 < 5 <1
(4 marks)

UNSEEN

11



Solutions to Question Bl

a) The cumulative distribution function of 7' conditional on N = n is

Pr(T<t|N=n) = Pr(max(Xj,...,Xn)<t|N=n)
= Pr(max(Xi,..., X,) <t|N=n)
= Pr(X,<t,...,X,<t)
= Pr(X;<t)---Pr(X,<t)
= [1+exp(=t)] - [1 +exp(—1)] !
= [1+4exp(—t)]".

UNSEEN

b) The unconditional cumulative distribution function of 7" is

Pr(T <t) = iPr(Tgt\N—n)eu_e)nl

n=1

= Y [L+exp(—t)] " 0(1—0)""

n=1

(1 +exp(=t)]' " (1 - )"

M]3

= 01+ exp(—t)]”

n

= 0[1+exp(—t)]"

NE

3
]
o

= 0[1+exp(—t)]"

=
—_
|

1+ exp(—t)] (1 —-6)} (

v
0 + exp(—t)

UNSEEN

c¢) The unconditional probability density function of 7" is

0 exp(—t)
[0 + exp(—1)]*

fr(t) =

12

[1+exp(—t)] " (1-6)"" (m=n-1)

(4 marks)
usin i 2" = !
& — 1z
(4 marks)
(1 marks)



UNSEEN

d) The moment generating function of T is

[ Oexp(st —t)
Mzr(s) = /_oo 0+ oxp(—)

B °° exp(st —t)
B 6/ [0 + exp(— t)]2dt

= 0" / (1—y)°dy

= 0°B(1+s,1—23),

where we have set y = 0 ) and used the definition of the beta function.

0+exp(—t

(4 marks)
UNSEEN
e) Setting
9 p—
0+ exp(—t) P
and solving for ¢, we obtain value at risk of T" as
1—
VaR,(T) = — log {e—p} .
p
(3 marks)
UNSEEN
f) The expected shortfall 7" is
1 [P
ES,(T) = 5/ [—log 0 — log(1 — u) + log u] du
’ 1 (7 1 [P
= —logh — —/ log(1 — u)du + —/ log udu
P Jo D Jo
= —lo 6—1{[ulo (1—u)]p+/p du} 1{[u10 u]p—/pldu}
& p & ’ o 1—u p Bt 0

1 Pu—1+1 1
= —log9——{plog(1—p)+/ udu}—l——{plogp—p}
p o l—u p

1
= —10g9—]—9{p10g(1 —p) —p—log(l —p)} +logp—1

log(1 —
— logftlog Py losl=p)
I—p p

13



(4 marks)

UNSEEN

14



Solutions to Question B2

If there are norming constants a,, > 0, b, and a nondegenerate GG such that the cdf of a
normalized version of M,, converges to G, i.e.

Py (M”—;b” < x) — P (anz + by) — G(z) (1)

a

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all =) as one of the following three classes:

I : Alx)=exp{—exp(—2)}, reN;
0 if x <0,
I @a(w) = { exp{—z~%} ifz>0

for some a > 0;

exp{—(—2)*} ifx <0,
HI q’a(‘”):{l I if >0

for some o > 0.

(4 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1—F(t t
I @ 3y(t) >0st. lim (t+27(t))

= —), eR,
tw(F) 1—F(t) exp(—2) ’

1—-F(t

I : w(F)= o0 and grgg—l_F((:;) =a 7 x>0,
1—-F(w(F)—t

IIT @ w(F) < oo and lim (w(F) - tz) =z, x> 0.

0o 1—F (w(F) —t)

(4 marks)
SEEN

First, suppose that GG belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that
1—G(t+ zh(t))

li =
talwn(lG) 1-— G(t) c

A

15



for every x > 0. But
. 1=F(t+zh(t))
B S g T
(L4+ah'(t)) f (t+ zh(t))

= lim

t—w(F) f(t)

. (14 2k (5) g (t+ 2h(0) L~ G (¢ + 2h(E) {1 - [1 -G ¢+ an(e)] )
@ gn-cor {1-n-cor)

. @+wﬁ@»g@+ﬂﬂ»[l—G@+xMﬂqM4 1[Gt +eh@)"
t>w(G) g(t) 1-G (1) 1-1-Gco

_ 1m11—G@+xmm[1—G@+xquM” 1-[L-G(t+ah@) "

T oSw@ 11— G(t) 1-G(t) 1-[1-G@®]

. -Gt ah)] (11— -G+ an@) "
T e | 1-G(1) 1-[1—ac @)

o '1_G@+xmwyM{1—H—AG@+xmeF*
T oSwe | 1-G@1) | 1—[1 -G (t)]

oy 1—Gu+wmwy”{G@+mMm}“l

T oSwe | 1-G@) G (1)

- 1A
— m 1 -G (t+ zh(t))
tww(@ | 1—G(t)
= exp(—Abz)

for every x > 0, assuming w(F') = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Gumbel extreme value distribution with

M, —b
lim P( <L x) = exp [~ exp(—A\bz)]

n—oo CLTZ

for some suitable norming constants a,, > 0 and b,.

(4 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a § > 0 such that

lim 1=Gliz) (t2) =P

16



for every x > 0. But

y 1— F (tx)
P 1—F(t)
= limmf(tx)
e ()
zg(tx) 1= Gt 41— [1-G (t2)
-G {1- -G )]

= gon-cwr i-n-cer)

a—1

:1mxwm>F—G@mr“11—H—G@@Fa4

im0 g(t) | 1—G(t) 1-[1-G@)

. LGl {1—G(m)r“ 1-p-ce"
PTG | TG0 1-[1-G

— lim -G 1 -G

o [ 1-G@)] | 1-1-6@)])

— lim _1_G(t$)'Ab{1—[1—AG<“")]}G_1
oo | 1—=G(t) | | 1—[1=\G ()]

L =G (G )

= tlf?o_1—G(t)_ {G(t)}

oy 1 -G (tz)]

== eI

_ x—)\bﬁ

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P <M" —bn < x) = exp (—z )

n—o0 a/TL

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a § > 0 such that
1 -G (w(G) —tx) 5

TG —n "

17



for every x > 0.

i 1—F(w(F)—tx)
30 1— F (w(F) — 1)
— lim xf (w(F) — tx)
=0 f(w(F) —t) .
. (W(F) —tz)[1 — G (w(F) — tz)]" {1 -G (w(F)— m)r}
T g wE) - [ -G (w(F) - {1 [1— G (w(F) - 1) w
iy P9 (w(F) — tr) {1 — G (w(F) — m)] ML (1= G (w(F) — )
t—0 g(w(F)—t) | 1—-G(w(F)—1t) 1—[1—-Gw(F) -t
iy Lo G w(P) — ta) [1 — G (w(F) —m)r"l 1= [1=GwF) -t
=0 1 —G(w(F)—t) | 1-G(w(F)—1t) 1—[1—-Gw(F) -
o [ GwR) — )Y [ 1= (1= G (w(F) — ) !
t—=0 | 1 —G(w(F)—1t) | 1—[1—-GwF)—t)
iy [Lo G w(F) — )] A { 1—[1—=\G (w(F) — tz)] }“—1
t—0 | 1 —G(w(F)—1t) | 1 —[1=AG(w(F)—1t)]
iy [L G () —m)'”’{am(F) —m}“—l
-0 | 1—-Gw(F)—t) | | Gw(F)—1t)
iy [LE G (F) — )] AP
=0 | 1 =G (w(F)—t) |
— B

for every x < 0, assuming w(F) = w(G).

So, it follows that F' also belongs to the max

domain of attraction of the Weibull extreme value distribution with

lim P

n—oo

(

M,

—b,

Qn

< a:) = exp (—(—2)™")

for some suitable norming constants a,, > 0 and b,,.

UNSEEN

(4 marks)

18



Solutions to Question B3

a) Note that w(F') =n and

Pr (X = w(F)) _ br (X =n)

1—F(w(F)—1) 1—F(n-1)
B Pr(X =n)
 1-Pr(X=1)-Pr(X=2—---—Pr(X=n-1)
_ Pr(X =n)
~ Pr(X =n)
= 1.

Hence, there can be no non-degenerate limit.

(4 marks)
UNSEEN
b) Note that w(F') = min(n, K) and

Pr(X = w(F))
1—F(w(F)—-1)
Pr (X = min(n, K))
1 — F (min(n, K) — 1)

Pr (X = min(n, K))

1-Pr(X =max(0,n+ K — N))—Pr(X =max(0,n+ K —N)+1) — -+ — Pr(X = min(n, K) —
Pr (X = min(n, K))

Pr (X = min(n, K))

= 1.

Hence, there can be no non-degenerate limit.

(4 marks)

UNSEEN

19



c¢) Note that w(F') = oco. Note that

1— F(t+zh(t)

(L4 ah'(t)) f (t+zh(t))

1 = i
e 1 F (1) o 0
~ i (14 xh'(t)) exp [b(t + zh(t)) — nexp (bt + bxh(t))]
C too exp [bt — nexp(bt)]
= lim (1 + ol (t ) exp {bh(t) + nexp(bt) [L — exp (brh(t))]}
= gm (1 + xh (t ) exp {bxh(t) — nexp(bt)bxh(t)}
= exp(—x)
if h(t) = nbex—pwt) So, F'(x) belongs to the Gumbel domain of attraction.
(4 marks)
UNSEEN
d) Note that w(F') = co. Then
lim 1—F (tx) - xf (tx)
lim z(tz)~* texp (—%)
oo telexp (=)
—a—1
lim —x(t:v)
tsoo t—o—1
x
So, F'(x) belongs to the Fréchet domain of attraction.
(4 marks)

UNSEEN
e) Note that w(F') = oco. Then

L= F(t+ah(t)
e 1—F(t)

lim 1 —[1+exp (—at — azh(t))]™
t—oo 1—[1+exp(—at)™

lim 1 —[1—bexp(—at — axh(t))]
t—o00 1 —[1—bexp(—at)]
T (—at — axh(t))

t—o00 exp (—at)

tlggo exp (—axh(t))
exp(~2)

20



if h(t) = <. So, the cdf F(x) belongs to the Gumbel domain of attraction.

(4 marks)

UNSEEN

21



Solutions to Question B4
(a) If X is an absolutely continuous random variable with cdf F(-) then
VaR,(X) = F~'(p)

and

(2 marks)
SEEN

(b) (1) Tisa N (p1,08)+-+N (pg,02) = N (g + -+ + g, 03 + - - - + 02) random variable;

(2 marks)
UNSEEN
(b) (ii) Inverting
P | i — 0,
of + -+ 0}
we obtain
VaR,(T) = pi + -+ + p + /07 + -+ 070 (p)
(2 marks)
UNSEEN
(b) (iii) The expected shortfall is
L [ -2 20 —1
ES,(T) = » prt et JoT e+ 0@ (v) | do
0
1
= i+t /o7 +ak—/(I>1
D Jo
(2 marks)

UNSEEN

22



¢) (i) The joint likelihood function of yuy, o, ..., ux and 02, 03,..., 0% is
L (Mhﬂ?a cee ,,Mk,O'%,O'%,. . 70'13)
kK n 2
prleiestet 2mo; g
k n
1 1 ,
= v - Xij — Wi
. { (2m)non eXP [ 202 Z (Xij = ) ] }
=1 7=1

1 1<

(2m)nkgl .- o eXP [_5 :

1
2z

T s

(Xij— Mi)zl :
7j=1

(2 marks)
UNSEEN
c) (ii) The log likelihood function is
2
log L = —nklog(2m) — n;bg 05 ; = ; (Xij — i) -
The partial derivatives are
OlogL 1 & 1 u
oL LS - - [(z Xi,j) . nuz]
? toj=1 7 j=1
and
dlog L n 1 « 9
=—-——+= Xij i
do; o 034 (Xig =)
J=1
Setting these to zero and solving, we obtain
i = n 4 i,
7j=1

and

5 _ Iy ~\2

P = EZ(XZ}J — )

j=1
(4 marks)
UNSEEN

23



c) (iii) fz; is unbiased and consistent since

. 1 1
E (1) = EZE(XZJ) = _Zﬂz = M
j=1 j=1
and
1< 1 < o?
Var (f;) EZVCLT(XW) EZUIZ——
Jj=1 7j=1
(2 marks)
UNSEEN

. ~2 . . . .
c¢) (iv) ;" is unbiased and consistent since

no |0} 4= n
and
2 n 4 n 4 4
~2\ o; 1 2 i 1 ~\2| _ 2 7 20i(n—1)
Var (al- ) = Var XU—S 2 (X ;) ] = —Var 0_3 ; (Xij — 1) ] = EVW [Xn,J R
(2 marks)
UNSEEN
¢ (v) The maximum likelihood estimators of VaR,(T") and ES,(T) are
1 k. n
VaR,,( Z ZX” ol =YD (X — ) (p)
i=1 j=1 gt
and
o~ 1 1 i 1 [P
ESp(T):—ZZXm-—i— —Z ij — i 2—/ O~ (v)dv
i=1 j=1 [ PJo
(2 marks)
UNSEEN
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Solutions to Question B5

a) Note that

Fr(t) = Pr(T <?)
= 1—-Pr(T > 1)
= 1—Pr(min (X, Xo,..., Xy) > 1)
= 1-Pr(Xgi>t,Xo>t,...., X >1)

= 1—F(t,t,....1)

t ot t “
= 1l— |max| —,—,...,—

a1 Q9 ag

1 1 1 afa
= 1l—|max|—,—,...,— t

a1 Q9 Qg

= 1— [min(a,ag,...,a;)]" t7¢
for t > min (a1, aq, ..., ax).
(6 marks)
UNSEEN
b) The corresponding pdf is
fr(t) = a[min (a1, ay, ..., a;)] !
for t > min (a1, as, . .., ax).
(2 marks)
UNSEEN
c¢) Inverting
1 — [min (ay,ag,...,ax)]"t*=p
gives
VaR,(T) = min (ay, ay, . . ., az) (1 — p)~ /%
(2 marks)
UNSEEN
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d) The expected shortfall is

min (CLl, as,

ESP(T) _ ; ...,(lk) /p(l—u)_llldu

- gl

_ min (;)Ll(,;i 1) , k) [(1 — p)l_% — 1} .

(2 marks)
UNSEEN

e) The likelihood function is

L(a,aq,...,a;) = a"[min(ay,az,...,a;)]™ (Htl> {H][ti > min(al,...,ak)]}

= " [min (a1, as,...,a;)]"™ (th> {I [min (¢y,...,t,) > min (ay,...,ax)]}.

i=1
As a function of min (aq,...,a;), it is increasing over (—oo, min (ty,...,%,)). Hence, the
maximum likelihood estimator of ay, as, . .., a; are those values satisfying min (a4, ..., a;) =
min (t1,...,t,).

To find the maximum likelihood estimator of a, take the log of the likelihood
log L (a,ay,...,ar) =nloga+ nalog [min (ay, as,...,ar)] — (a+1) Zlogti.
i=1

The partial derivative with respect to a is

Olog L -
gi = g + nlog [min (ay, as, . .., a)] — ;IOgti'

Setting this to zero gives

N -1
a=n {—nlog [min (a1, as, ..., ax)] + Zlogtl} .

=1
This is a maximum likelihood estimator since 2 61;’§L =—-5<0

(8 marks)
UNSEEN
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