SOLUTIONS TO
MATH38181
EXTREME VALUES
AND FINANCIAL RISK EXAM



Solutions to Question 1

a) The cumulative distribution function of 7' conditional on N = n is

Pr(T <t| N =n)

UNSEEN

Pr (max (Xi,...,Xy) <t| N =n)
Pr(max (Xi,...,X,) <t| N =n)
Pr(X, <t,...,X, <t)
Pr(X; <t)---Pr(X, <t)

[1+exp(=)] " [L+exp(=t)]
(

[1+exp(—t)] "

b) The unconditional cumulative distribution function of 7" is

Pr(T <t) = iPr(T§t|N:n)9(1_e)n—1

n=1
00

= ) [L+exp(—t)] 01 —0)""

n=1

UNSEEN

0 + exp(—t)

c¢) The unconditional probability density function of 7" is

fr(t) =

(4 marks)
= O +exp(=t)] > [1+exp(=)) " (1-0)""
= 01 +exp(—t)] " {1 —[1+exp(—t)] " (1— 0)}_1
(4 marks)
0 exp(—t)
[0+ exp(—t)]*
(1 marks)

UNSEEN



d) The moment generating function of T is

where we have set y =

My(s) — /oo 0 exp(st —t) it

oo [0+ exp(—1)]*
B © exp(st —t)
=0 /_OO 0+ eXp(—t)]th
— 6)—5/0 y1+s(1 . y)l—s (ﬁ . 5) dy

= o [[rra-gra- [ra-gal
= 0°[B2+s,1—5s)—B(l+s,2—3)],

[
0+exp(—t)

and used the definition of the beta function.

(4 marks)
UNSEEN
e) Setting
6 J—
0 +exp(—t) b
and solving for ¢, we obtain value at risk of T" as
1 —
VaR,(T) = — log {e—p} .
p
(3 marks)

UNSEEN

f) The expected shortfall T" is

ES,(T)

1 P
1—?/ [—log 8 — log(1 — u) + log u] du
0

1 [P 1 [P
—logf — —/ log(1 — u)du + —/ log udu
D Jo D Jo

—lo 6—1{[ulo (1—u)]p+/p “ du}—l—l{[ulo u]p—/pldu}
& p & ’ o 1—u p Bt 0

1 Pu—1+1 1
—logf — 1; {plog(l —p) +/ ualu} —l—]—?{plogp—p}
0

1—u

1
—log 6 — p {plog(1 —p) —p —log(l —p)} +logp—1

log(1 —
—log 6 + log P + o8 p)'
I—p p



(4 marks)

UNSEEN



Solutions to Question 2

If there are norming constants a,, > 0, b, and a nondegenerate GG such that the cdf of a
normalized version of M,, converges to G, i.e.

Py (M”—;b” < x) — P (anz + by) — G(z) (1)

a

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all =) as one of the following three classes:

I : Alx)=exp{—exp(—2)}, reN;
0 if x <0,
I @a(w) = { exp{—z~%} ifz>0

for some a > 0;

exp{—(—2)*} ifx <0,
HI q’a(‘”):{l I if >0

for some o > 0.

(4 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1—F(t t
I @ 3y(t) >0st. lim (t+27(t))

= —), eR,
tw(F) 1—F(t) exp(—2) ’

1—-F(t

I : w(F)= o0 and grgg—l_F((:;) =a 7 x>0,
1—-F(w(F)—t

IIT @ w(F) < oo and lim (w(F) - tz) =z, x> 0.

0o 1—F (w(F) —t)

(4 marks)
SEEN

First, suppose that GG belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that
1—G(t+ zh(t))

li =
talwn(lG) 1-— G(t) c

A




for every x > 0. But
. 1=F(t+zh(t))
B S g T
(L4+ah'(t)) f (t+ zh(t))

= lim

t—w(F) f(t)

. (14 2k (5) g (t+ 2h(0) L~ G (¢ + 2h(E) {1 - [1 -G ¢+ an(e)] )
@ gn-cor {1-n-cor)

. @+wﬁ@»g@+ﬂﬂ»[l—G@+xMﬂqM4 1[Gt +eh@)"
t>w(G) g(t) 1-G (1) 1-1-Gco

_ 1m11—G@+xmm[1—G@+xquM” 1-[L-G(t+ah@) "

T oSw@ 11— G(t) 1-G(t) 1-[1-G@®]

. -Gt ah)] (11— -G+ an@) "
T e | 1-G(1) 1-[1—ac @)

o '1_G@+xmwyM{1—H—AG@+xmeF*
T oSwe | 1-G@1) | 1—[1 -G (t)]

oy 1—Gu+wmwy”{G@+mMm}“l

T oSwe | 1-G@) G (1)

- 1A
— m 1 -G (t+ zh(t))
tww(@ | 1—G(t)
= exp(—Abz)

for every x > 0, assuming w(F') = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Gumbel extreme value distribution with

M, —b
lim P( <L x) = exp [~ exp(—A\bz)]

n—oo CLTZ

for some suitable norming constants a,, > 0 and b,.

(4 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a § > 0 such that



for every x > 0. But

y 1— F (tx)
P 1—F(t)
= limmf(tx)
e ()
zg(tx) 1= Gt 41— [1-G (t2)
-G {1- -G )]

= gon-cwr i-n-cer)

a—1

:1mxwm>F—G@mr“11—H—G@@Fa4

im0 g(t) | 1—G(t) 1-[1-G@)

. LGl {1—G(m)r“ 1-p-ce"
PTG | TG0 1-[1-G

— lim -G 1 -G

o [ 1-G@)] | 1-1-6@)])

— lim _1_G(t$)'Ab{1—[1—AG<“")]}G_1
oo | 1—=G(t) | | 1—[1=\G ()]

L =G (G )

= tlf?o_1—G(t)_ {G(t)}

oy 1 -G (tz)]

== eI

_ x—)\bﬁ

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P <M" —bn < x) = exp (—z )

n—o0 a/TL

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a § > 0 such that
1 -G (w(G) —tx) 5

TG —n "




for every x > 0.

i 1—F(w(F)—tx)
30 1— F (w(F) — 1)
— lim xf (w(F) — tx)
=0 f(w(F) —t) .
. (W(F) —tz)[1 — G (w(F) — tz)]" {1 -G (w(F)— m)r}
T g wE) - [ -G (w(F) - {1 [1— G (w(F) - 1) w
iy P9 (w(F) — tr) {1 — G (w(F) — m)] ML (1= G (w(F) — )
t—0 g(w(F)—t) | 1—-G(w(F)—1t) 1—[1—-Gw(F) -t
iy Lo G w(P) — ta) [1 — G (w(F) —m)r"l 1= [1=GwF) -t
=0 1 —G(w(F)—t) | 1-G(w(F)—1t) 1—[1—-Gw(F) -
o [ GwR) — )Y [ 1= (1= G (w(F) — ) !
t—=0 | 1 —G(w(F)—1t) | 1—[1—-GwF)—t)
iy [Lo G w(F) — )] A { 1—[1—=\G (w(F) — tz)] }“—1
t—0 | 1 —G(w(F)—1t) | 1 —[1=AG(w(F)—1t)]
iy [L G () —m)'”’{am(F) —m}“—l
-0 | 1—-Gw(F)—t) | | Gw(F)—1t)
iy [LE G (F) — )] AP
=0 | 1 =G (w(F)—t) |
— B

for every x < 0, assuming w(F) = w(G).

So, it follows that F' also belongs to the max

domain of attraction of the Weibull extreme value distribution with

lim P

n—oo

(

M,

—b,

Qn

< a:) = exp (—(—2)™")

for some suitable norming constants a,, > 0 and b,,.

UNSEEN

(4 marks)



Solutions to Question 3

a) Note that w(F') =n and

Pr (X = w(F)) _ br (X =n)

1—F(w(F)—1) 1—F(n-1)
B Pr(X =n)
 1-Pr(X=1)-Pr(X=2—---—Pr(X=n-1)
_ Pr(X =n)
~ Pr(X =n)
= 1.

Hence, there can be no non-degenerate limit.

(4 marks)
UNSEEN
b) Note that w(F') = min(n, K) and

Pr(X = w(F))
1—F(w(F)—-1)
Pr (X = min(n, K))
1 — F (min(n, K) — 1)

Pr (X = min(n, K))

1-Pr(X =max(0,n+ K — N))—Pr(X =max(0,n+ K —N)+1) — -+ — Pr(X = min(n, K) —
Pr (X = min(n, K))

Pr (X = min(n, K))

= 1.

Hence, there can be no non-degenerate limit.

(4 marks)

UNSEEN



c¢) Note that w(F') = oco. Note that

1— F(t+zh(t)

(L4 ah'(t)) f (t+zh(t))

1 = i
e 1 F (1) o 0
~ i (14 xh'(t)) exp [b(t + zh(t)) — nexp (bt + bxh(t))]
C too exp [bt — nexp(bt)]
= lim (1 + ol (t ) exp {bh(t) + nexp(bt) [L — exp (brh(t))]}
= gm (1 + xh (t ) exp {bxh(t) — nexp(bt)bxh(t)}
= exp(—x)
if h(t) = nbex—pwt) So, F'(x) belongs to the Gumbel domain of attraction.
(4 marks)
UNSEEN
d) Note that w(F') = co. Then
lim 1—F (tx) - xf (tx)
lim z(tz)~* texp (—%)
oo telexp (=)
—a—1
lim —x(t:v)
tsoo t—o—1
x
So, F'(x) belongs to the Fréchet domain of attraction.
(4 marks)

UNSEEN
e) Note that w(F') = oco. Then

L= F(t+ah(t)
e 1—F(t)

lim 1 —[1+exp (—at — azh(t))]™
t—oo 1—[1+exp(—at)™

lim 1 —[1—bexp(—at — axh(t))]
t—o00 1 —[1—bexp(—at)]
T (—at — axh(t))

t—o00 exp (—at)

tlggo exp (—axh(t))
exp(~2)

9



if h(t) = <. So, the cdf F(x) belongs to the Gumbel domain of attraction.

(4 marks)

UNSEEN

10



Solutions to Question 4
(a) If X is an absolutely continuous random variable with cdf F(-) then
VaR,(X) = F~'(p)

and

(2 marks)
SEEN

(b) (1) Tisa N (p1,08)+-+N (pg,02) = N (g + -+ + g, 03 + - - - + 02) random variable;

(2 marks)
UNSEEN
(b) (ii) Inverting
P | i — 0,
of + -+ 0}
we obtain
VaR,(T) = pi + -+ + p + /07 + -+ 070 (p)
(2 marks)
UNSEEN
(b) (iii) The expected shortfall is
L [ -2 20 —1
ES,(T) = » prt et JoT e+ 0@ (v) | do
0
1
= i+t /o7 +ak—/(I>1
D Jo
(2 marks)

UNSEEN

11



¢) (i) The joint likelihood function of yuy, o, ..., ux and 02, 03,..., 0% is
L (Mhﬂ?a cee ,,Mk,O'%,O'%,. . 70'13)
kK n 2
prleiestet 2mo; g
k n
1 1 ,
= v - Xij — Wi
. { (2m)non eXP [ 202 Z (Xij = ) ] }
=1 7=1

1 1<

(2m)nkgl .- o eXP [_5 :

1
2z

T s

(Xij— Mi)zl :
7j=1

(2 marks)
UNSEEN
c) (ii) The log likelihood function is
2
log L = —nklog(2m) — n;bg 05 ; = ; (Xij — i) -
The partial derivatives are
OlogL 1 & 1 u
oL LS - - [(z Xi,j) . nuz]
? toj=1 7 j=1
and
dlog L n 1 « 9
=—-——+= Xij i
do; o 034 (Xig =)
J=1
Setting these to zero and solving, we obtain
i = n 4 i,
7j=1

and

5 _ Iy ~\2

P = EZ(XZ}J — )

j=1
(4 marks)
UNSEEN

12



c) (iii) fz; is unbiased and consistent since

. 1 1
E (1) = EZE(XZJ) = _Zﬂz = M
j=1 j=1
and
1< 1 < o?
Var (f;) EZVCLT(XW) EZUIZ——
Jj=1 7j=1
(2 marks)
UNSEEN

. ~2 . . . .
c¢) (iv) ;" is unbiased and consistent since

no |0} 4= n
and
2 n 4 n 4 4
~2\ o; 1 2 i 1 ~\2| _ 2 7 20i(n—1)
Var (al- ) = Var XU—S 2 (X ;) ] = —Var 0_3 ; (Xij — 1) ] = EVW [Xn,J R
(2 marks)
UNSEEN
¢ (v) The maximum likelihood estimators of VaR,(T") and ES,(T) are
1 k. n
VaR,,( Z ZX” ol =YD (X — ) (p)
i=1 j=1 gt
and
o~ 1 1 i 1 [P
ESp(T):—ZZXm-—i— —Z ij — i 2—/ O~ (v)dv
i=1 j=1 [ PJo
(2 marks)
UNSEEN

13



Solutions to Question 5

a) Note that

Fr(t) = Pr(T <?)
= 1—-Pr(T > 1)
= 1—Pr(min (X, Xo,..., Xy) > 1)
= 1-Pr(Xgi>t,Xo>t,...., X >1)

= 1—F(t,t,....1)

t ot t “
= 1l— |max| —,—,...,—

a1 Q9 ag

1 1 1 afa
= 1l—|max|—,—,...,— t

a1 Q9 Qg

= 1— [min(a,ag,...,a;)]" t7¢
for t > min (a1, aq, ..., ax).
(6 marks)
UNSEEN
b) The corresponding pdf is
fr(t) = a[min (a1, ay, ..., a;)] !
for t > min (a1, as, . .., ax).
(2 marks)
UNSEEN
c¢) Inverting
1 — [min (ay,ag,...,ax)]"t*=p
gives
VaR,(T) = min (ay, ay, . . ., az) (1 — p)~ /%
(2 marks)
UNSEEN

14



d) The expected shortfall is

min (CLl, as,

ESP(T) _ ; ...,(lk) /p(l—u)_llldu

- gl

_ min (;)Ll(,;i 1) , k) [(1 — p)l_% — 1} .

(2 marks)
UNSEEN

e) The likelihood function is

L(a,aq,...,a;) = a"[min(ay,az,...,a;)]™ (Htl> {H][ti > min(al,...,ak)]}

= " [min (a1, as,...,a;)]"™ (th> {I [min (¢y,...,t,) > min (ay,...,ax)]}.

i=1
As a function of min (aq,...,a;), it is increasing over (—oo, min (ty,...,%,)). Hence, the
maximum likelihood estimator of ay, as, . .., a; are those values satisfying min (a4, ..., a;) =
min (t1,...,t,).

To find the maximum likelihood estimator of a, take the log of the likelihood
log L (a,ay,...,ar) =nloga+ nalog [min (ay, as,...,ar)] — (a+1) Zlogti.
i=1

The partial derivative with respect to a is

Olog L -
gi = g + nlog [min (ay, as, . .., a)] — ;IOgti'

Setting this to zero gives

N -1
a=n {—nlog [min (a1, as, ..., ax)] + Zlogtl} .

=1
This is a maximum likelihood estimator since 2 61;’§L =—-5<0

(8 marks)
UNSEEN

15



