SOLUTIONS TO
MATH68181
EXTREME VALUES
AND FINANCIAL RISK EXAM



Solutions to Question Al
a) The marginal cdfs of
Fxy(z,y) =1 —exp (=2%) — exp (=y®) + [exp (¢%) + exp (y*) — 1]
are
Fx(z) = Fxy(x,00) =1 —exp (—z%)

and

Fy(y) = Fxy(oo,y) = 1 —exp (—y“).

(3 marks)
UNSEEN

b) First note that w (Fx) = +00. Fx belongs to the Gumbel max domain of attraction since

1— Fx (t t —(t+zy(t)"
lim x(trayt) o e
t—o0 1— Fx (t) t—o0 et
—  lim et~z (®)®
t—o0
= lim eta [1 (1+mt(t))a]
t—o00
— lim [t (1+e=)]
t—o0
i o0
t—o0
= e—it

if y(t) = a e

(3 marks)

c) First note that w (Fy) = +00. Fy belongs to the Gumbel max domain of attraction since

LR et
lim = lim -
t—o00 1-— Fy(t) t—o0 et
—  lim !ty
t—o0
= lim eta[l_(l"_%(t))a]
t—o00
— i (e
t—o00
—  lim e—o¥t* 1 (®)
t—o00
= e_y



if v(t) = a~ 1t

(2 marks)
SEEN
d) Use the rule a, =y~ (Fx' (1—n"')) and b, = Fy' (1 —n~!). Inverting
Fx(z)=1—exp(—2®)=1-n"",
we obtain
Fy'(l—-n"") = (logn)Y/®.
So,
1 1
an = a(log n)a
we obtain
b, = (logn)*/®
(3 marks)
UNSEEN
e) Use the rule ¢, =v7' (Fy,' (1 —n7")) and d,, = Fy'' (1 — n~'). Inverting
Fy(y)=1—exp(—y*)=1-n",
we obtain
Fr(l-nt) = (logn)Y/*.
So,
Cpn = %(logn)i_1
we obtain
d, = (logn)"/®
(2 marks)
UNSEEN



g) The limiting cdf is

lim Fxy (a,x + by, cpy + dy,)
n—oo

o {_ [1 (logn)= 'y + (logn)i} a}

«

+ [exp { [é(logn)i—lx + (logn)ir} + exp { [é(logn)i—ly . (logn)ir} ) 1} . }n

1 «
= lim {1—exp{—logn [—(logn)_lx—l—l] }
n—00 07

1 «
—exp {—logn {a(logn)_ly + 1] }

ol e [ oomfo e )

= lim {1 —exp{—logn [14— (logn)*lx—l—...”
—exp{—logn [1 + (logn)_ly+"']}

+ [exp {logn [1 + (logn)_1x+---}}+exp {logn [1 + (logn)_1y+---]} — 1}1}

= lim {1 —exp{—logn — x}
n—oo
—exp{—logn — y}
+ [exp {logn 4 z} + exp {logn + y} — 1] }

)

+[nexp () +nexp(y) — 1]

exp (—y }
= lim {1 _oxplze) eXpi_y) 41 [exp () + exp (y) — l} —1}”

n n

= mexp {— exp (—x) — exp (—y) + [exp (x) +exp (y) — H _

= exp {— exp (—x) — exp (—y) + [exp (z) + exp (y)]_l} .

(5 marks)



UNSEEN

h) No, the extremes are not completely independent since

lim Fyy (an + by, oy +d,) = exp{—exp(—a) —exp (—y) + [exp (x) +exp (y)] '}

n—oo
# exp{—exp(—z) —exp(—y)}
= lim Fx (a,x +0b,) lim Fy (c,y + dy) -

(2 marks)

UNSEEN



Solutions to Question A2

C' (u1,us9) is a valid copula if

C (u,0) =0,
C(0,u) =0,
C(1,u) =u,
C(u,l)=u
0
8_UIC (Ul, Ug) >0
and
0
8—u20 (Ul, UQ) Z 0.
SEEN

(4 marks)

a) for the copula defined by C (uy,us) = aCy (u1,us) + (1 — a)Cs (uy, uz), we have

C(u,0) = aCy (u,0) + (1 — @)Cy (u,0) =a-0+ (1 —a)-0=0,
C(0,u) = aCy (0,u)+ (1 —a)Cy (0,u) =a-0+ (1 —a)-0=0,
C(Liu)=aC; (Lu)+(1—-a)Cy(Lu)=a-14+(1—a)-1=1,

C(u,1)=aC) (u, 1)+ (1 —a)Cy(u,l)=a-14+(1—a)-1=1,

0 0

a—UIlC (ul,UQ) = Oéa—mcl (Ul, UQ> + (1 - Oé)—O
and

Ot ) = a2y ) + (1 — o)=L

3u2 1, 42) — 8u2 1 1, 42

>0+0=0
8U1 (u17u2) el +



(4 marks)

UNSEEN
b) for the copula defined by C' (u1,uz) = ;2 ——, we have
u-0
C(u,0) = =0
(.0 = o=~ "
0-u
(0 = =0
Ow) =520~ %
1-u
Lu) = -
Clw =TT
w-1
C(u,1) = =
(u,1) u+1l—wu-1 u,
iC’ (g, 1) = 0 U Uy _ (ug + ug — ugug) uy — ulu; (1 —uy) _ u? >0
Juy Ouy uy + ug — ugty (ug + ug — uqus) (ug + ug — uqgus)
and
_ _ _ 2
iC’ (g, 113) = 0 Uq U _ (uy + ug — ugug) ug ulu;(l us) _ u; >0
Ouy Oug Uy + up — Uy (u1 + ug — ugusg) (u1 + ug — ugug)
(4 marks)
UNSEEN

c) for the copula defined by C (u1, us) = ujus + ququg (1 — uq) (1 — uy), we have

0

C(u,0)=u-0+au-0-(1—u)(1—-0)=0,

C0,u)=0-u+al-u-(1—-0)(1—u)=0,

C(Luy=1-u+al-u-(1—-1)(1—-u)=u,

Cu,l)=u-1+au-1-(1—u)(l-1)=u,

—C (ug,ug) = ug + aug (1 —2uy) (1 —ug) =ug [1 + (1 —2uy) (1 —ug)] >0

3u1



since —1 < o (1 —2uy) (1 —u2) <1 and

8%0 (ug,ug) = uy +ouy (1 —2ug) (1 —wy) =ug [+ a(l—2uy) (1 —uy)] >0
2

since —1 < o (1 —2ug) (1 —uy) < 1.

(4 marks)
UNSEEN
f max(u; Fup—1,t), ift<up <1,t<wuy <1,
d) for the copula defined by C' (uy, uy) = { min (1, 1) otherwise,
we have
C' (u,0) = min (u,0) = 0,
C (0,u) = min (0,u) = 0,
_f max(14+u—1,¢), ift<u<l,
C(1u) = { min (1, u), otherwise =
[ max(u+1-1,t), ift<u<l,
¢l 1) = { min (u, 1), otherwise
0 imax(ul—kuQ—lt) ft<u <1,t<u, <1
. — 8%1 ) Y — — ) — — )
ouy C (w1, up) { 6%1 min (uy, ug) , otherwise 0
and
iC(u u) = s max (uy +ug — 1,1), ift <uyp <1t <up <1,
Oy b2 %min (u1,us), otherwise
(4 marks)
UNSEEN



Solutions to Question A3

a) We can write

Fr.y) = exp {‘(x ) il%Ai (£> }

for z > 0, y > 0 and a; > 0 sum to one. This is in the form of

F(z,y) = exp [—(x+y)z4( Y )]

r+y

with

A(w) = Z o As(w).

We now check the conditions for A(-). Clearly,

A(0) = Zk:aiAi(O) - Zk:a 1=1

and
k k
A(l) = ZaiAi(l) = Zai 1=1.
=1 =1

Also A(t) > 0 since A;(w) > 0 for all w and every k.

Also since each A;(w) <1,

k k
i=1 i=1

Also since each A;(w) > max(w,1 — w),

k k
Alw) = ZO&iAi(UJ) > Z a; - max(w, 1 —w) = max(w, 1 —w).
i=1 i=1

Also since each A;(w) is convex,



(7 marks)
UNSEEN

b) Note that

F(r,0) = exp {—(x +0) Z a; A; (0)} = exp(—x)

and

=1

F(0,y) = exp {—(0 +y) ) aid (0)} = exp(—y).

So, the joint cdf is

F(z,y) =1 — exp(—x) — exp(—y) + exp {—(w +) Z o A; (:cyTy) } :

(1 marks)
UNSEEN

c) the derivative of joint cdf with respect to x is

so the conditional cdf of YV given X = x is

1=t en |- 2o () e ()

(4 marks)

UNSEEN

d) the derivative of joint cdf with respect to y is

OF (z,y) 7 k Y Ty (=
oy = el y)+F(x,y){—ZZlo‘zAi Tty _x+yizlaiA" r+y) )’




so the conditional cdf of Y given X = x is

ety =t erly) { Zaz l<x+y>_fviyi1%4;(xiy)}'

(4 marks)
UNSEEN
e) the derivative of joint cdf with respect to x and y is
k
x, = F(x, - A i
fley) = F y>{ et () + x+y2“ (“y)}
k
Y o ! Y
- zAz - 141
{ 2. (x+y> D (x+y)}
k
—_— Ty " Yy
+F ) 143y
( y)(Hy)z;& (fc+y)
(4 marks)

UNSEEN

10



Solutions to Question Bl
a) The cumulative distribution function of 7' conditional on N = n is

Pr(T<t|N=n) = Pr(max(X,...,Xn)<t|N=n)
(max (X1,...,X,) <t|N=n)
— Pr(Xi<t... X, <t
= Pr(X;<t)---Pr(X,<t)
t+a t+a

2a 2a

t+a\"
2a ’

I
-
=

(4 marks)
UNSEEN
b) The unconditional cumulative distribution function of 7" is

0™ exp(—0)

n!

Pr(T <t) = iPr(TSHN:n)

(4 marks)
UNSEEN

c¢) The unconditional probability density function of 7" is

0= s (2452).

2a 2a

(1 marks)

UNSEEN

11



d) The moment generating function of T is

0 0 ¢ ot
Mr(s) = 2 &XP (—§>/ exp (st—l—%) dt
I A ARV
~ 2P\ T2) " 2e) TP\ T2
— ie _Q _f_i - e +€ — e — _Q
= gpop (5 )5+, xp | sa+ o xp (—sa—2 ).

(4 marks)
UNSEEN
e) Setting
0(t —a)
exp ( 5 ) =P
and solving for ¢, we obtain value at risk of T as
2a
VaR,(T) =a+ 7 log p.
(3 marks)
UNSEEN
f) The expected shortfall T" is
2a [?
ES,(T) = a+ — | logzdz
P( ) Qp 0 g
2a
= a+ o {[tlogt]y — p}
2
= a+ £ {plogp — p}
2
= a—i-?a{logp—l}.
(4 marks)

UNSEEN

12



Solutions to Question B2

If there are norming constants a,, > 0, b, and a nondegenerate GG such that the cdf of a
normalized version of M,, converges to G, i.e.

Py (M”—;b” < x) — P (anz + by) — G(z) (1)

a

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all =) as one of the following three classes:

I : Alx)=exp{—exp(—2)}, reN;
0 if x <0,
I @a(w) = { exp{—z~%} ifz>0

for some a > 0;

exp{—(—2)*} ifx <0,
HI q’a(‘”):{l I if >0

for some o > 0.

(4 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1—F(t t
I @ 3y(t) >0st. lim (t+27(t))

= —), eR,
tw(F) 1—F(t) exp(—2) ’

1—-F(t

I : w(F)= o0 and grgg—l_F((:;) =a 7 x>0,
1—-F(w(F)—t

IIT @ w(F) < oo and lim (w(F) - tz) =z, x> 0.

0o 1—F (w(F) —t)

(4 marks)
SEEN

First, suppose that GG belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that
1—G(t+ zh(t))

li =
talwn(lG) 1-— G(t) c

A

13



for every x € (—o0,00). But

1 — F(t+zh(t)) (L4 xh'(t)) f(t+zh(t))

B SR T = dm 70

. (14 k' () g (t + xh(t)) G** (t + zh(t)) [1 — G (t + zh(t))]"
t=w(F) g(t) Gt (t)[1—G (1)

i (L+2h' (1)) g (t +xh(t)) [L — G (t + zh(t))]"
tw(F) gt)[1=G P!

oy QAR (@) g+ ah(®) L - G (¢ +ah(t)]"
t—w(F) g9(t) [1-G@)"

B 1—G(t+xh(t) [l =G (t+zht)]"

T oowr 1-G(0) 1—Gop!

i {1 —G(t+ xh(t))]b
t—w(F) 1-G(t)

= exp(—bx)

for every z € (—o0,00), assuming w(F') = w(G). So, it follows that F' also belongs to the
max domain of attraction of the Gumbel extreme value distribution with

n—00 an,

M, — b,
lim P ( < x) = exp [— exp(—bz)]

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a § > 0 such that

lim 1=Gliz) (tz) =z P

14



for every x > 0. But

lim 1 — F (tx) — i xf (tx)
t—w(F) 1 — F(t) t—w(F)  f(t)
zg (tx) G (tx) [1 — G (tz))""

i g o1 G
(tz)[1 — G (tz)]""
=) g () [1-G 1)
g (tr) [L— G ()"
tow(F) g(t) [1-G ()"
po 1= G (ta) [1 - G (ta)]
() 1=G () [1-G )"

b—1

L [1=G(t+aht)]
_tﬂﬁq{ 1-G (1) ]
— I_bﬁ

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P (M < m) = exp (—x_bﬁ)

n—oo A,

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a 5 > 0 such that
1 -G w(G) —tx)

lim = z°

-0 1 — G (w(G) —1t)

15



for every x > 0. But

hml—F(w(F)—tx) — lim

to 1 —F(w(F)—1) o f(w(F)—1)
iy P9 ((F) — t2) G (w(F) — ta) [1 = G (w(F) — ta)]”
Ho g (1) G (w(F) =0 [l = G (w(F) — 1)
i P9 () — to) [ = G (w(F) — ta)]"

0o g (w(F) = 1) [1 = G (w(F) = )"

(F) — tw) [1 = G (w(F) — ta)]"

o g (W(F) =1 [1-Gw(F)-t)]""
1—Gw(F)—tr)[1 -G (w(F)—tx)""
o 1—Gw(F)—t) [1-Gw(F)—t)]""

:hmr_ammw4@r
o | 1— G(w(F) —t)
= xbﬁ

for every x < 0, assuming w(F) = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Weibull extreme value distribution with

i 2 (2 )~ o

n—00 an,

for some suitable norming constants a,, > 0 and b,.

(4 marks)

UNSEEN

16



Solutions to Question B3

a) Note that w(F) = N and

Pr(X=w(F))  Pr(X=N)
l1-Fw(F)—-1)  1-F(N-1)
B Pr(X =N)
- 1-Pr(X=1-Pr(X=2)—--—Pr(X=N-1)
_ N
T 1 1
l=§-—~—"—%w
L
_ N
N—1
=75
= 1.
Hence, there can be no non-degenerate limit.
(4 marks)
UNSEEN
b) Note that w(F') = n and
Pr(X = w(F)) Pr(X =n)
1-F(w(F)—-1) — 1-F(n-1)
B Pr(X =n)
- 1-Pr(X<n-1)
_ Pr(X =n)
~ Pr(X =n)
= 1.
Hence, there can be no non-degenerate limit.
c¢) Note that w(F') = b. The corresponding cdf is
logx — loga
Flz)= ————.
(z) logh — loga

17



Note that

. 1 —=F(w(F)—tx) . 1—=F(b—tx)
lim = lim ———~+
t 1 —F(w(F)—t) to 1—F(b—t)
1— log(b—tz)—loga
— lim log b—log a
log(b—t)—loga
R T

logb — log(b — tx)
im
tl0 logb —log(b—t)

b—tx
1
b—t

= lim
t10

= X.

So, F'(x) belongs to the Weibull domain of attraction.

(4 marks)
UNSEEN
d) Note that w(F) = oco. Then

1= F(t+2g(t)) 1— {1 —exp [~ (t +29(t))°]}"

tlggo 1—F(t) N tlggo 1—{1—exp[-t?}*
i 1—{1—aexp [— (t+ xg(t))z}}
t—o00 1—A{1—aexp[-t?]}
_ oy P - (t+ xg(t))Q]
109 exp [—t?]

= lim exp [2tag(t) — 9" (t)]
= exp(—x)

if g(t) =1/(2t). So, F(x) =[1 — exp (—2?)]* belongs to the Gumbel domain of attraction.

(4 marks)

UNSEEN

18



e) Note that w(F') = oco. Then

1—-F (¢t
lim <x)

- 1—1+4[1—exp(—(tz)™ )]
tto 1 —1+4[1—exp(—t1)]
i L= &P (= () )"

ttoo  [1 —exp (—t1)]*

. [1 —exp <—<tx>1>]“

ttoo | 1 —exp(—t~1)
1-1 -1

lim + (tz)

t1oo 1—-1 + t—1

e,

. So, the cdf F(z) =1 —[1 —exp (=2~ 1)]* belongs to the Fréchet domain of attraction.

UNSEEN

(4 marks)

19



Solutions to Question B4

(a) If X is an absolutely continuous random variable with cdf F(-) then

VaR,(X) = F~'(p)

and
1 p
ES,(X) = = / F(v)do.
P Jo
(2 marks)
SEEN
(b) (i) The corresponding cdf is
/ d y3x B 3 x3+a3 —ZE3+CL3
2a3y_ 35| 23| 3 | 248
for —a <z < a;
(2 marks)
UNSEEN
(b) (ii) Inverting
’+a
)a — _
(@)= —=5—=p
we obtain VaR,(X) = (2p — 1)"/3a.
(1 marks)
UNSEEN
(b) (iii) The expected shortfall is
1 [P 1[302v—1*31"  3a
ES, (X :—/ 2 — 1 1/3dv:—{— = rep 1) 1],
() =2 [ =yt = S BEE] — B - ey
(2 marks)

UNSEEN

20



¢) (i) The likelihood function of a is

L(a) = 23:% [T (X1 {-a <X <a}]
3n zzln ,
= S gX) HI{ a<X;<a}

3" (T _
= oo HXi I{max (X1,...,X,) <a,min(Xy,...,X,) > —a}

— 3" HXZ> I'{a >max(Xy,...,X,),a>—min (Xy,..., X,)}

2na3n

I'{a > max max (Xi,...,X,), —min (X;,..., X,)]}.

3" [T
- 2na3n H XZ

(3 marks)
UNSEEN
c) (ii) Note that L (a) is a decreasing function over a and a > max [max (X7, ..., X,), —min (Xq,. ..
Hence, the mle of a is max [max (X1,...,X,), —min (Xy,..., X,)].
(1 marks)
UNSEEN
¢) (iii) The mles of VaR and ES are VaR,(X) = (2p — 1)/%3 and
—~ a
ES,(X)=—[2p-1)** -1
where @ = max [max (X1,...,X,),—min (Xq,..., X,)].
(2 marks)
UNSEEN

21



¢ (iv) Let Z = max [max (X3,...,X,), —min (Xy,...,X,)]. The cdf of Z is
Fz(z) = Pr(max[max(Xy,...,X,),—min(X,..., X,)] < 2)

= Pr(max(Xi,..., X,) <z, —min(Xy,...,X,) < 2)
= Pr(max(Xi,..., X,) < z,min(X;,...,X,) > —2)
= Pr(Xi<z...,X,<z2X;>—2,...,X, > —2)
= Pr(—2<X;<z,...,—2<X, <2

= Pr"(—2< X <2

for z > 0. The corresponding pdf is

fz(2) = 3na=?"* !

for z > 0.
(3 marks)
UNSEEN
¢ (v) The expected value of Z is
a 3n+l1 7@ 3n+1 3Ina
E(Z) =3na™" | 2"dz = 3na™" | = dz = 3na =" ——— — .
(2) = 3na /0 ° fEm e {3n+1 R T
Hence, @ is biased for a.
(2 marks)
UNSEEN
¢ (vi) Since
Bias [\EE(X)] = (2p — 1)/*Bias [a],
we see that @p(X ) is biased for VaR,(X).
(1 marks)

UNSEEN
¢ (vii) Since

Bias [I:]SP(X)} = 83]) [(2p — 143 — 1] Bias [a] ,

22



we see that E/JSP(X) is biased for ES,(X).

(1 marks)

UNSEEN

23



Solutions to Question B5

a) Note that

_ —a—3
PE ala+1)(a+3) 1
8[E18[L‘28[L‘3 - 63 1 + 5 ZIZ ’

and so on. In general,

—a—k
ala+1)---(a+ k-1 1
f(xlwer"‘)xk): ( ) ( ) (1"‘52%})

as required.

UNSEEN
b) The pdf of S is

S—L]——Tp_ 1
fs(s) = // / flry, e, .t —2y —x9g — -+ —xp_q) dag - - -

(4 marks)

—a—k

dxgdxl

ala+1)- a+k—1 ST TR

ala+1)---(a+k—1) ST Tk
- o* (1+ )
_ —a—k s=x1— *wkl
_ afatl)- ek(a+k 1) 1+5 // /
o Jo 0

_ala+1)-(a+k-1) s\~ k
- FIoF #(1+5)

as required.

24

s diL’Qd.’L’l

N d(L’ng‘l

(4 marks)



UNSEEN
c) The cdf of S is

Fo(s) — a(a+1)---(a+k—1)/Osxk<1+%>—a—kdx

k10k
9a(a+1)---(a+k—1)/9/(5+9) L X
— (1 —y)'d
X 1 y* (1 —y)'dy
6a(a+1)-~~(a+k—1)/5/(5+9) ok
- 1— ) 2d
o i (1 —y)* “y'dy
fa(a+1)---(a+k—1
= ( ) k;!( )Bs/(s+9)(k+17a_1)u

as required.

UNSEEN

d) The nth moment of S is

E(S") = a(a+1)-l;;!-0(l:y+k:—1)/0 L <1+9) i

0 Ha(a+1)---(a+k—1) (!
o 1— n+k a—n—2d
o /0 (1—y)""y y

n+1 1)--- -1
_ ! oo+ )k' (a+k )B(a—n—l,n+k+1).

UNSEEN

e) The joint likelihood function is

a4+ 1" (a+k—=1" [+ “rn S;
L(OZ,H): ( i )<k,|)né]m+ ) (HSz) [H (1"‘?)

Its log is The joint likelihood function is

n 1 k—1) -
log L (a, 0) = log o’fa+ ) (a+ }—FkZlOgSz Oé—l—k)Zlog(l—l——

(kD)™ %

The partial derivatives of this with respect to o and 0 are

Olog L (a,0) n n
e\ = loo (1
O a+04+1+ a—l—k—l Zog<+ >

25

(4 marks)

(4 marks)



and

n

dlog L («, 6) _kn OH_kZS- <1+ 3i>1

20 EREE

1=

7

The maximum likelihood estimates of @ and 8 are the simultaneous solutions of

— e = 1 (1 _’>
oz+0z+1+ +oH—k:—l ;og +0

and

(4 marks)

UNSEEN
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