SOLUTIONS TO
MATH38181
EXTREME VALUES
AND FINANCIAL RISK EXAM



Solutions to Question 1

a) The mgf of X is

Mxi(t):/OoerXp[—(/\—t)x]dx: exp[-(A—t)z]| =0— v ="

t—A 0 t—X  A—t
(2 marks)
SEEN

b) The mgf of T' conditional on N = n is

Mpin=n(t) = E{exp[t(Xi+---+X,)|}
= E{exp[tXi]---exp[X,]}
= E{exp[tXi]} - E{exp[X,]}
= Mx,(t) - Mx, ()

- ()

(3 marks)
UNSEEN

c) (ﬁ)n is the mgf of a gamma random variable with parameters A and n. So, the condi-
tional distribution of 7" is gamma with parameters A and n.

(3 marks)
UNSEEN

d) The conditional pdf of T" is

At exp(—Ar)

fT\N:n(x) - F(n)




So, the unconditional pdf of T is

fr(@) = D frinea(z)0(1 —0)""

- Lo
= Olexp(—\r) Z ()\(1(”—_9)1‘?”

n=1
O exp(—Az) exp [Az(1 — 0)]
O exp(—0Az),

n=1

an Exponential pdf with parameter 6.

(3 marks)
UNSEEN
e) The mean is 1/(A)\) and the variance 1/(6\)%.
(3 marks)
UNSEEN
f) The unconditional cdf of T is
Fr(z) =1 —exp(—0Ax).
Inverting
1 —exp(—0\x) = p,
we obtain
1
T)=——1log(l —p).
VaR,(T) = — 1 log(1 —p)
(3 marks)
UNSEEN



g) The expected shortfall T is

ES,(T) = _L

V)
Y
B 1
Y
B 1
N m

_Wp {plog(1 —p) —p+

UNSEEN

p{
Pt—1+1
log(1 — —
{pOM p ‘A T

1
— Iplog(l —p) —p —
eAp{p og(l—p)—p

P
log(1 —t)dt
0

trog(t 0+ [}
)+ dt}

e [

~ log(1 - 0}

log(1—=p)}.

plog(l —p

(3 marks)



Solutions to Question 2

If there are norming constants a,, > 0, b, and a nondegenerate GG such that the cdf of a
normalized version of M,, converges to G, i.e.

Py (M”—;b” < x) — P (anz + by) — G(z) (1)

a

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all =) as one of the following three classes:

I : Alx)=exp{—exp(—2)}, reN;
0 if x <0,
I @a(w) = { exp{—z~%} ifz>0

for some a > 0;

exp{—(—2)*} ifx <0,
HI q’a(‘”):{l I if >0

for some o > 0.

(6 marks)
SEEN

The necessary and sufficient conditions for the three extreme value distributions are:

1—F(t t
I @ 3y(t) >0st. lim (t+27(t))

= —), eR,
tw(F) 1—F(t) exp(—2) ’

1—-F(t

I : w(F)= o0 and grgg—l_F((:;) =a 7 x>0,
1—-F(w(F)—t

IIT @ w(F) < oo and lim (w(F) - tz) =z, x> 0.

0o 1—F (w(F) —t)

(6 marks)
SEEN

First, suppose that GG belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function say h(t) such that
1—G(t+ zh(t))

li =
talwn(lG) 1-— G(t) c

A




for every x € (—o0,00). But

1-F
lim (t+zh(t)) = lim
t—W(F) 1— F(t) tsw(F

L= {1—[1=G(t+zr))"
) 1-{1-[1-G@)"}

- lim { ¢ f;(ﬁz(t» }

= €

for every x € (—o0,00), assuming w(F) = w(G). So, it follows that F' also belongs to the
max domain of attraction of the Gumbel extreme value distribution with

lim P <M < x) = exp [— exp(—afzr)]

n—o00 a

for some suitable norming constants a,, > 0 and b,,.

(3 marks)

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a § > 0 such that

fm 1-G(t)

for every x > 0. But

- F(tr) _ lim 4 LT {1-[1-G ()]} 0
e ey oo | 1 {1—[1-G ®)]"}

L [1-G @)
- 35?0{1—@@)}
Bab

= X

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim P <M < :U) = exp (—x_ﬁae)

n—00 a

for some suitable norming constants a,, > 0 and b,,.

(3 marks)

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a 5 > 0 such that
lim 1 -G (w(G) —tx) _ 8
=0 1 -G (w(G) —t)

5



for every x > 0. But But

po L= F(wF) —ta) { 1= {1—[1-Gw(F) - tx)]"}’ }9
to 1—F(w(F)—1t) t10

= X

for every # < 0, assuming w(F) = w(G). So, it follows that F' also belongs to the max
domain of attraction of the Weibull extreme value distribution with

lim P (M"—_bn < a;) = exp (—(—x)ﬂaa)

n— oo a

for some suitable norming constants a,, > 0 and b,,.

(2 marks)

UNSEEN



Solutions to Question 3

a) Note that w(F) = 1. Then
hml—F(l—tx) _ hmxf(l—tx)
to 1—F(1-1t) to  f(1—1)
) ()P
_ im (1 —tz)" (ta
to (1 —t)e1ght
= 2P

So, f(z) = Co* (1 — x)?~! belongs to the Weibull domain of attraction.

(4 marks)
UNSEEN
b) Note that
1/2, if k=-1,0,
F(k)=1< 1, if k>1,
0, otherwise
and
1, if £ <0,
1-Fk—-1)=< 1/2, ifk=1,2,
0, otherwise.
So,
1/2, if k=-1,
p(k) )1, if k=1,
1-F(k—-1) ] 0, if k<2 k+#-1,1,
undefined, otherwise.
Hence, there can be no non-degenerate limit.
(4 marks)

UNSEEN

c¢) Note that w(F) = co. Then
lim 1— F (tx) _ lim zf (tz)
z (14 222"
m —_1
t—o0 (1 + t2)




So, f(z) = 7' (14 22)~" belongs to the Fréchet domain of attraction.

(4 marks)
UNSEEN
d) Note that w(F') = co. It is easy to show that the corresponding cdf is
0.5e”, if x <0,
Fle) = { 1—-0.5e7, ifx>0.
Take g(t) = 1. Then
- F(rag) e
tliglo 1— F(t) —tliglo?—e ’
So, f = 0.5¢7 1l belongs to the Gumbel domain of attraction.
(4 marks)

UNSEEN

e) Note that w(F') = oco. Then

1-F 1— —(tx) 7t 1—(1— -1 -1
lim & =1l xp (= (tr) ) = lim ( (b)) = lim (t) =z L
tToo 1-— F(t) tToo 1-— exp (—til) tToo 1— (1 — til) t1oo til

. So, the cdf F(x) = exp (—z~') belongs to the Fréchet domain of attraction.

(4 marks)

UNSEEN



Solutions to Question 4

(a) If X is an absolutely continuous random variable with cdf F(-) then

VaR,(X) = F(p)

and
1 [P
ES,(X) = —/ F~(v)dv
P Jo
(2 marks)
SEEN
(b) (i) The corresponding cdf is
Pla) = [ akeydy = [-Ky T = 1= Ko
K
for x > K;
(2 marks)
SEEN
(b) (ii) Inverting
F(x)=1— K% *=p,
we obtain VaR,(X) = K(1 —p)~Y/.
(2 marks)
SEEN
(b) (iii) The expected shortfall is
K [P _ K [(1—v)t-Y]” akK 1
ESX:—/l—v 1/%1@:—[— - 1-p)l-t 1],
=2 1) A e e e (L
(2 marks)

SEEN

c¢) (i) The joint likelihood function of a and K is

L(a,K)= ﬁ laKz;* ' {z; > K}| = a"K™ (ﬁxz>_ _ I'{minz; > K}.

=1 =1



(1 marks)
UNSEEN

c) (ii) Note that L (a, K) is an increasing function over K € [0, min x;] and is zero elsewhere.
So, the mle of K is K = minx;.

(2 marks)
UNSEEN
c) (iii) The log-likelihood function corresponding to L (a, K) is
log L (a, K) = nloga+ nalog K — (a + 1) Zlogwi +log I {minz; > K}.
i=1
So,
dlogL. n -
% a +nlog K — ;log:ﬁi.
Setting this to zero gives
n -1
a=n Zlogxi — nlog min z;
i=1
(2 marks)

UNSEEN

~

c¢) (iv) The mle of VaR is @O(X) = K = minz;. By L’Hopital’s rule, the MLE of ES is
also ESp(X) = K = min ;.

(2 marks)
UNSEEN
¢ (v) Let Z = minz;. The cdf of Z is
Fz(2)=Pr(Z<z)=1-Pr(Z>z2)=1—Pr(minX; >2)=1-Pr"(X >z2)=1- (g)”“

for z > K. The corresponding pdf is
fZ(Z) — naKnaZ—na—l
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for z > K. Z is a Pareto random variable.

(3 marks)
UNSEEN
The expected value of Z is
o] Zl—na oo
E(Z)= naK"“/ 2 "dz = na K™ [ } .
K I —naj,
So, K and hence \725{0()(), E/lgo(X) are biased.
(2 marks)

UNSEEN
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Solutions to Question 5

a) The cdf of Y is
Fy(y)

for y > 0.

UNSEEN

b) The corresponding pdf is

for y > 0.

UNSEEN

Pr(Y <y)
Pr (max (X1,..., X)) <)
Pr(X; <y,...., X, <y)
y—a y—a
b—a b—a
y —a\"
b—a
(2 marks)
m (y—a\
b—a \b—a
(2 marks)

¢) The nth moment of Y can be calculated as

EY")

[
m(b—a)™™" /ab(y —a+a)"(y—a)" dy

= - [ Z (1)ar = aemay
m(b — a)™ an (Z) "k / b(y — q)mlgy

m(b — a)™ i (Z) a

m—1
m y—a
d
b—a(b—a) Y

k=0

- oo (e [

k=0
n—k (b B a)k+m

— k+m

12



So,

1
b—a)ktm
E(Y) = bh— —-m 1 k(
V)= m(o—a) Yo+
k=0
and
= (2) 2 (b=t
Var (V) =m(b—a)™™) (k) R 2(Y)
k=0
(4 marks)
UNSEEN
d) Setting
y—a\" _
b—a —P
gives
VaR,(Y) =a+ (b — a)p"/™.
(2 marks)
UNSEEN
e) The expected shortfall is
1 [P
ES,(Y) = 5 / (a+ (b—a)'/™) dv
0
1 vl—i—l/m p
— — b —_
p {MH T3 1/771}0
1 p1+1/m
— — b —_
P ap+ (b —a) 1+1/m
1/m
= a+(b—a)1+1/m
(4 marks)

UNSEEN
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f) The likelihood and log likelihood functions are

L(a,b) = ﬁ[bTG <ybi__§)m_ll{a<yi<b}]

=1

- T m—

= m"(b—a)™ H(yi_a) Hl{a<yz-<b}

(2

—_

qm—1

= m"(b—a)”™ H (y; — a) I'{miny; > a, maxy; < b}
i=1

and

log L(a,b) = nlogm — mnlog(b—a) + (m — 1) Zlog (y; —a) + Zlog[{minyi > a,maxy; < b} .
i=1 i=1

The likelihood function is a decreasing function of b, so it MLE is maxy;. The partial

derivative of the log-likelihood with respect to a is

dlog L(a,b)  mn _(m_l)i 1

B ?Jz‘—a.

Oa b—a

=1

So, the MLE of a is the root of

(6 marks)
UNSEEN
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