SOLUTIONS TO
MATH68181
EXTREME VALUES EXAM



Solutions to Question 1 a) We can write

2

2

= Y Y Y

F = oxp | — FOy—x—y| = —(z+ - +1| 4.
(x,y) = exp T+y Oy —x y] exp { (x +y) [9 e 9$ ; } }

This is in the form of

Fla,y) = cxp {_(Hy)A< y )}

r+y

with A(t) = 0t* — 0t + 1.
We now check the conditions for A(-). Clearly, A(0) =1 and A(1) = 1.
Also A(t) > 0 since

0> — 0t +1>0
S 0 —t)+1>0
& 0t—-1/2%+1-0/4>0,
which always holds.
Also A(t) < 1 since

0> — 0t +1<1
S P —0t<0
& 0t(t—1) <0,

which always holds.
Also A(t) >t since

o> — Ot +1>t
& 0 —-0+1)t+1>0
s (1-0H)(1—1t) >0,
which always holds.
Also A(t) > 1 —t since

0> —0t+1>1—t
s W+ (1-0t>0
& (Ot—0+41)t >0,
which always holds.

A'(t) =20t — 0 and A" (t) =20 > 0, so A(-) is convex.



b) the joint cdf is

2

F(z,y) =1—exp(—z) — exp(—y) + exp [— + 0y —x — y} :

r+y

c) the derivative of joint cdf with respect to x is

OF (z,y)
ox

012 0y
= exp(—x) + {W — 11 exp {_x—i-y +0y—x—vyl,

so the conditional cdf if Y given X = z is

e (T
Flylr) =1+ | —2— —1 - —yl.
o) =1+ {(:Hy)Q } =P { T +y 0 y]

d) the derivative of joint cdf with respect to y is

OF (z,y) 0y 20y 0y
— = — — 0—1 — Oy — x —
o exp(—y) + CEE x—i—y+ exp :c+y+ y—x—1vy|,
so the conditional cdf if X given Y =y is
Gy 20y 0y
F =1 — 0—1 — Oy — x| .
(zly) +{($+y)2 vl }eXp{ rg T
e) the derivative of joint cdf with respect to x and y is
_ OF(z,y)
0 2 2 2 2
:{[L—l}{ y> 20y +0_1}+{ 20y 20y
(z+y) (r+y)? z+y (r+y)? (z+y)°
2 2
X exp {— i +6’y—x—y} .
r+y



Solutions to Question 2 a) Let X denote the actual stock return. The pdf of X is
fx(x) = / Aexp(—Az)aexp(—al)dA
0

= a/ooo)\exp{—)\(x +a)}dA
(4 a)?

b) the expected value of X is

*  ax
E(X) = —d
I
1
1—
= a —ydy
0 Yy

1
1

= a/ —-dy —a
oY

= a[-logyl,—a

= OQ.

b) the expected value of X? is
2

9 < aw
B = [t
1 1— 2
— a?/ ( Qy) dy
0 Y
L1 .32
0 Yy

1 1 1
= a2/ —dy—2a2/ dy+a2/ ydy
oY 0 0

= a®[logyly — 2a° [yl + a® [v%/2],
= a’[0— (—o0)] —2a*[1 — 0] +a*[1/2 — 0]

= OQ.

Hence, the variance is infinite.

d) If 1,29, ..., 2, is a random sample on X then the likelihood function is

L(a) =a" H (z;4+a)">.

=1

The log-likelihood function is

longnloga—2Zlog(xi+a).

=1
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The derivative with respect to a is

dlogL n 5 1
da  a — 1 + a
So, the mle of a is the root of the equation
S|
) .
a —~rita

Solutions to Question 3 If there are norming constants a,, > 0, b, and a nondegenerate
G such that the cdf of a normalized version of M,, converges to G, i.e.

H(Mi:%gx):FU%x+myﬁG@) (1)

an

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if
G*(z) = G(ax + b) for some a > 0, b and all x) as one of the following three classes:

I : A(z) =exp{—exp(—2)}, r e R,
0 if x <0,
I @a(w) = { exp{—z“} ifz>0
for some a > 0;

exp{—(—2)*} ifx <0,
L \Ija<x):{1p{ ) if x>0

for some a > 0.

The necessary and sufficient conditions for the three extreme value distributions are:

1—-F(t t
I : 3y(t)>0st lm (t +x7(t))

i = F @) = exp(—x), r €N,

1-F(

IT : w(F)= o0 and glor.}—l_}f(f)) =z x>0,
1—F(w(l)—

ITT : w(F) < oo and lim (w(F) m):ma, x> 0.

to 1 —F(w(F)—t)

First, suppose that G belongs to the max domain of attraction of the Gumbel extreme
value distribution. Then, there must exist a strictly positive function, say h(t), such that

o L= Gl ah(t)

t—w(Q) 1 —-G(t) = oxp(=a)



for every x € (—o00,00). But, using L’Hopital’s rule, we note that

1—F(t+:z:h())

lim
t—w(F) F(t)
(1 +ah (t)) (t + zh(t))
=
B (1 + k(¢ ) “log[l — (t+xh(t))]}“’1 g (t + zh(t))
- t%w —log a l
. (”m t>) 6+ 2hlt {logl— t+wh<>>]}1
T w0 g(t log [1 — G()]
(1 -+ t)) g (t + zhit (1420 (1)) 9 (¢ + h(1) !
= lim ) t+:ch ) o0
1' (1+20' ) ) (t + zh(t ) (1+2 (1) g (¢ + h(1) !
T ouo (1 42k (1)) gt +wh(r) (1)

(1+a:h (t )) (t+zh(t
= lim
t—w(Q) g(t)
1 -G (t+ zh(t))
tig?G) 1—-G(t)
= exp(—)

for every x € (—o0,00). So, it follows that F' also belongs to the max domain of attraction
of the Gumbel extreme value distribution with

lim Pr{a, (M, —b,) <z} =exp{—exp(—z)}

n—oo

for some suitable norming constants a,, > 0 and b,.

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a 5 > 0, such that
1—-G(tx
lim —() — P



for every x > 0. But, using L’Hopital’s rule, we note that

. 1—F(tx)
lim ——
150 1—F(t)

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the

- af(ta)
t—00 f(t)
z{—log[l — G(tx)]}" " g(tz)

lim

S {log[L- G gl0)

. zg(txr) [log[l — G(tx)]

A0 {1og[1—G(t]}

zgtz) [ 1— ()wg(tx)
{ ( ( }

gt)

Fréchet extreme value distribution with

lim Pr{a, (M, —b,) <z} = exp (—2")

n—0o0

for some suitable norming constants a,, > 0 and b,.

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme

value distribution. Then, there must exist a o > 0, such that

1 - Gw(G) — tx)

(o7

lim

=X

t—0 1 — G(w(G) — t)



for every x > 0. But, using L’Hopital’s rule, we note that

1 — F(w(F) — tx) zf(w(F) — tx)

M T Flw(F) = 1) 0 = w(F) = 1)

_ i P og [ Glw(F) — )]} "g(w(F) — tx)
=0 {—log[l - G(w(F) — tx)]}*"" g(w(F) — 1)

iy B9 (F) — ta) {log [1—G(w(F)—tx)]}“_1
=0 gw(F)—t) | log[l—G(w(F) —1)]

iy 29w (F) — ta) { 1— G(w(F)—1t) zg(w(F) —m)}“
t—=0 g(w(F) —1t) 1 -Gw(F)—tx) g(w(F)—t)

_ iy P9(E) — t) { g(w(F) —t) xg(w(F) —t:v)}“‘l
=0 g(w(F) —t) zg(w(F)—tz) g(w(F)—1)

_ iy P9(E) — t2)
=0 g(w(F) —1)

~ m 1 - Gw(F) —tx)

So, it follows that F' also belongs to the max domain of attraction of the Weibull extreme
value distribution with

lim Pr{a, (M, —b,) <z} =exp{—(—2)"}

n—o0

for some suitable norming constants a,, > 0 and b,.



Solutions to Question 4 i) Note that w(F') = oo and take v(t) = 1. Then

1-F
limﬂzlim

1—[l—exp(—t—x)]" iy COXP (—t —x)
ttoo 1 — F(t) tto 1 —[l—exp(—t)]*  #oo aexp(—t

) = exp(—1).

So, the exponentiated exponential cdf F(z) = [1 — exp(—z)]* belongs to the Gumbel
domain of attraction.

ii) Note that w(F') = oo and take v(t) = 1/8. Then

i Lo a8 L= {l—exp(=pt—2)}"  1—ptp{l —exp(=p1)}"
0 BT T p (= exp(—Bl— 0} 1 {1 - oxp(—50)}"
aexp(—pft —x)
o exp(— )
= exp(—x).

{1—exp(—Bz)}
1—p+p{l—exp(— ﬁx

So, the exponentiated exponential geometric cdf F(z) = = belongs to the

Gumbel domain of attraction.

iii) Note that w(F') = oco. Then

1__{1__<1—4»exp< mea—+xva»>}
hml—F(H—xv(t)) _ [1— pexp (=B (t + 2(1)))]*

)
e 1= FQ) 1_{Lxr—wm< <»}
[1—pexp (-5 ()"
(1 —p)exp (=kB (t+27(1)))
[1 —pexp (— (t+$7( t))))*
(1 —p)exp(=kB (1))
[1—pexp (-8 )"
exp (kB (t +27(1)))
[1— pexp (=B (t+ 2v(1))"
exp (kB (1))
[1—pexp (-5 ()]
exp (kB (t + 27(1)))

_ [1-o0"
T exp(—kB()
[1—0)

exp (—kf (t + 27(1)))
exp (—kf (1))
= exp (—kfry(t))
= exp(—z)
if v(t) = 1/(kB). So, the exponential-negative binomial distribution cdf F(z) = 1 —

(1—p)* exp(—kpz)
[1—p exp(—pBz)]*

belongs to the Gumbel domain of attraction.
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iv) For the degenerate distribution,

i ={

So,
Fk) = { 1:

and
1/1,
Pr(X =k) _ ] o/1,
1—F(k—1) 8?(11

Hence, there can be no sequences a,, > 0 and b, such that (M, —

limiting distribution.
v) For the Poisson distribution,

Pr(X =k)
1-F(k-1)

if k = ko,
if k £ ko.

it k> ko,
if k < ko,

if k = ko,

if kg <k <ky+1,
if k>ko+1,

if k< k.

b,)/ay has a non-degenerate

Ak k!

2 ek N/t

1

L+ 30y RINE /1

The term in the denominator of the last term can be rewritten as

2\

; (k+1)(k+2)-

(k+37)

Ak
1— Nk

<3

]:

(i) -

(when k& > X) and the bound tends to 0 as k — oo and so it follows that py/(1—F(k—1)) — 1.

Hence, there can be no sequences a,, > 0 and b, such that (M, —

limiting distribution.

b,)/a, has a non-degenerate



Solutions to Question 5 If X is an absolutely continuous random variable with cdf F(+)
then

VaR,(X) = F~'(p)

and
1 P
ES,(X) = © / F(0)dv
P Jo
Setting
T—a
b—a 7
gives
VaR,(X) =a+ p(b—a).
So,
1 4
BS,(X) = > [ latob-a)de
D Jo
1 p?
=5 {apr 5(1) — a)}
= a+ Z;(b —a).

i) The joint likelihood function of a and b is

1 1 1

_ (b_la)n ﬁ]{a )

1
= = a)nl{max (X1, Xo, ..., X,) <b}{a <min (X1, Xo,..., X,)},

where I{-} denotes the indicator function.

ii) Note that (b — a)™" is an increasing function of a over (—oo, min(Xy, Xs,..., X,)).
So, the maximum of L(a,b) will be attained at a = min(X;, Xo, ..., X,).

iii) Note that (b —a)~™ is a decreasing function of b over (max(Xy, Xo,...,X,),00). So,
the maximum of L(a,b) will be attained at b = max(Xy, Xo, ..., X,).

iv) The mle of Value at Risk is
VaR,(X) = min (X1, X, ..., X,)) + p[max (X1, X, ..., X,)) — min (X, X, ..., X,,)].

10



The mle of Expected Shortfall is

ES,(X) = min (X1, Xo, ..., X,) + g [max (X1, Xa, ..., Xn) — min (X;, Xo, . ..

v) Let Z = min(X3, Xs,...,X,,). Then
b—2z\"
Faz) = 1= (b—a)

and

for a < z < b, so

b (b—a)"
= n[0-0- »f‘zgj
= nb/a (?b—a n/
_ =)

n+1

vi) Now let Z = max(X;, Xy,...,X,,). Then

and

for a < z < b, so

(b—a)"
b _ \n—1
- n/(z—a—i—a)%dz
b n b n—1
(z—a) /(Z—a)
= d -~ d
”l b—ap ") o—ay
_ n(b—a)+a
n+1
B a n nb
 on+1 n+1’

Hence, \7a\Rp(X) and E\SP(X) are biased.

11



Solutions to Question 6 a) The cdf of M = max(X,Y,7) is

Pr(X <m,Y <m,Z <m)

1—Pr(X >m)—Pr(Y >m)—Pr(Z >m)+Pr(X >m,Y >m)
+Pr(X >m,Z>m)+Pr(Y >m,Z>m)—Pr(X >m,Y >m,Z >m)

[ e ] B

m m1—¢
—l—[l—l———i——] +[1+
a c

b

m

b

m1—d m
+ 2] -+ 2
& a

b
m. m
b c

b) Differentiating F;(m) with respect to m gives the pdf of M as

far(m)

d

a

1+

m

a

]_d_1+c—l [1+@}_d_1+§ [1+%}_d_l—d<l+

b b

c

1 1 m
N e T
d(b+c>[ 3

¢) The nth moment of M can be calculated as

d [® —d-1
EM™) = —/ m"[l—l—m] dm
a Jo a
a [~ ., m7—d-1
-I—E/O m [1—%—} dm
d [® —d-1
+—/ m”[l—i—@} dm
¢Jo
o0 1—d—1
—d(l%—l)/ mr 1+ 24 2
a b)), a b
11\ [® 1-d-1
—d(——i——)/ mr 1+ 24
a c) Jo a c
—af il /OO o PR
b ¢/ Jo " b c
d 1+1+1 o m m
a b ¢/ )y b

12

a

}_d.

)|

m1—d—1
2
C

c

—d—1
m”[l—l———l———i—m] dm
a

a



a dx
m7-1 1—=x dm a
setx:[lJr—} , S0, m =a and — = ——
a T dx 2
d [ m1-4-1 dm
*5/ mt (L] e
0
set:c—[ljt@}_l so, m = xandd_m__i
B b PO T g de 22
a [~ ., m71—d-1 dm
*z/o w1+ T e
m7—1 1—=z dm c
[seta::[l—k?} , S0, m=c . and%——ﬁ}
1 1 o m1-d-1 dm
—d|=-+= "1+ — 4+ — —d
(a—{—b)om[_l_a—{_b} dz "

m m7-1 1 1\ '1-2z dm 1 1\ '1
setx:[l—i———i——] ,s0,m=|(—+-— and — = — [ =+ = il
a c a c x dx a c 2
1 1 o0 —d—1 (
—d(—+—)/ mn[l—l—@—kﬂ} —mdx
a ¢/ Jo b c dx

- P+m+mr1m 471+1‘H—xadwk__1+1”1
v b c SO = AT x " T b ¢ x?

13
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=
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3
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=
o
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- R
X x
11\ [°/1 1\"(1-2) 1 1\ "1
dl = - - - d+1 [ — - —d
* <a+b)/1(a+b) o (a+b> 2
11\ /1 1\"(1-2)" 1 1\ '1
+d (—+—)/ <—+—) (1-2) ! (—+—> —dx
a c 1 a c " a c x
11\ /71 1\"Q-a)" 1 1\ "1
dl =+ - Z 4= 4 Z) =d
+<b+c>/1(b+c) PO <b+c) 2"
1 1 1\ (/1 1 1\"(1-a)r 1 1 1\ '1
—d(=+7+=- / LIS B ) Y L) RS
a b ¢/ J; \a b c xn a b ¢ x?

d ! d !
_anJrl/O Q:dfnfl(l o x)"d:c—i— Eanrl/O xdfnfl(l —.’L')ndl'

a

d 1 1 1\ /1 1\ "' jt
—l—EC"Jrl /0 z N1 — x)"dr — d <5 + 3) (a + E) /0 (1 - 2)"dw
1 1\ /1 1\ "'t
—d (_ + _) (— + —) / :pd_"_l(l —x)"dx
a a ¢ 0
1 1\ /1 1\ "t st
_d _ _ - - d—n—1 1— nd
(b+)(b+c) / (1 o)d
1 1 1\/1 1 1\ "'t
t+d|{-+-+-)(-+++~ / (1 - 2)"dw
a b ¢ a b ¢ 0

da"B(d —n,n+1)+db"B(d —n,n+1)
1

1 -n
+dc”B(d—n,n+1)—d(a+g) B(d—n,n+1)

o

e}

1 1\
-4(—+—) B(d—n,n+1)
a C

1 1\
—d(g—i-g) B(d—n,n+1)

a b ¢

1 1 1\
—i—d(——i———i——) B(d—n,n+1).
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d) The cdf of L = min(X,Y, Z) is

Fi(l) = 1—Pr(L>1)
= 1-Pr(X>LY>1Z>1

A
— 1—[1+—+—+—] .
a b ¢

e) Differentiating F(l) with respect to [ gives the pdf of L as
11 1 Lot
D=d{-+-+-)|1+—-4+-+- .
Jell) (a+b+c>{+a+b+c}

f) The nth moment of L can be calculated as

1 1 1\ [™® A
E(L") = d<5+3+2)/ l"[1+5+5+5} dl
0

1 1 1\ "
= d<——|———|——> B(d—n,n+1).
a b ¢

15



Solutions to Question 7 (i) The cdf of X is
Fy(y) = Pr(Y <y)

(ii) Differentiating

Fy(y) = [1 — exp(=Ay)]"
with respect to y gives the pdf of Y as

Ty (y) = adexp(=Ay) [1 — exp(=Ay)]* .
(iii) The nth moment of Y can be calculated as

E{Y™ = a\ /000 2" exp(—Ax) [1 — exp(—Az)]* " da
= 1ran [ gy 15 dy
=0

I o
= (—1)"aA 8ﬁ”/ yﬂ[l_y] ldy‘
0
o

= (=D)"a\™

B(B+1,a)

apn 50
(iv) Setting

[1—exp(=Ay)]" =p

gives

VaR,(Y) = —% log (1 — pl/a) .

(v) The expected shortfall is

ES,(Y) = —— [ log(1— Ul/a) dv




(vi) The likelihood function is

L(a, A) = a" N exp ( )\Zyl> {H 11— exp(—)\yi)}} .

=1
The log-likelihood function is
log L = nlog(a)) )\Zyl (v —1) Zlog [1—exp (—Ay)].
i=1

The partial derivatives with respect to  and \ are

OlogL n -
S0 o + ; log [1 — exp (—Ay;)]
and
8logL n — y;exp (—Ay;)

=< utla-1 .
y (a — 1 —exp (—Ay;)

Setting these to zero, we obtain the mle of « as

n

Zlog [1 —exp (—Ay;)]

a=—

The mle of X is the root of the equation

D S — 1|30 e
5 — €&X i
=1 Z log [1 — exp (—Ay;)] =1 P
=1

17



Solutions to Question 8 a) If X; ~ Exzp()\;), i = 1,2 are independent random variables
then

Pr(X; < X,) = / [1 — exp (—A122)] Ao exp (—Aoz2) dxg
0

= 1- / )\2 exp (—)\1372 — )\21‘2) diL’Q
0

A1+ Ao
A1
AL+ Ay

b) If X; ~ Exp()\;), i = 1,2,3 are independent random variables then
Pr (Xl < X2 < Xg) = / / / )\1)\2)\3 exp (—)\11131 — )\21’2 — )\3[133) dl’gdl‘gdl’l
0 T x9

= / / )\1)\2 exp (—)\1.1'1 — )\21’2 — )\3332) dl’gd.ﬁEl
0 T

A1 Ao
A2+ A3

/ exXp (—)\11'1 — )\2.1'1 — )\31’1) dl’l
0

Ao
(A2 4+ A3) (A + X2+ Ag)

c) If X; ~ Exp()\;), i =1,2,3,4 are independent random variables then
Pr(X; < Xy < X3 < Xa)
= / / / / A Ao A3AL exp (— A2y — Aoy — A3y — A\yxy) dagdagdaaday
0 1 2 x3

= / / / )\1)\2)\3 exp <—>\1.1'1 — )\21’2 — )\3.1'3 — )\41’3) dl’gdﬂfgdﬂfl
0 x1 To

AL A2 <[
- ()\14_2)\3) / / exp (=1 — Aoy — A3z — Aaa) dwady
3 4 0 z1
AL A2 >
BRIy /0 XD (—haws = Ao = gty = M) drady

A1 A2 A3
A3+ A1) Ao+ A3+ M) (A + A+ A3+ Ay)

If X; ~ Ezp(N\;), i = 1,2,...,k are independent random variables then the general
formula will be
MAg -\

Pr(X; <X << Xy)= :
P <X “) (A 4 A1) (A + Aot + Aez) - (e + Apmr + 00+ A)

This can be proved by induction.
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If \; = X then

and

1
Pr (Xl < XQ) = 5,

2

PI‘(X1<X2<X3): 5.3

Pr(X; <Xy, <X3<Xy) =

—_

PT<X1<X2<<Xk):

19
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