MATH4/68181: Extreme values and financial risk
Semester 1
Solutions to problem sheet 9

1. Let X denote the actual stock return. The pdf of X is
fx(x) = / Aexp(—Ax)aexp(—al)dA
0

= a/ooo)\exp{—)\(ac +a)}dA
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If z1,29,...,2, is a random sample on X then the likelihood function is

n

L(a) = a" H (zi+a)"2.

i=1
The log-likelihood function is
n
log L = nloga — QZlog (xi +a).
i=1

The derivative with respect to a is

dlog L “ 1
B2 oy .
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So, the mle of a is the root of the equation
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2. Let X denote the actual stock return. The pdf of X is

1 b
fx(z) = —_ /a Aexp(—Ax)dA
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If z1,29,...,2, is a random sample on X then the likelihood function is

L(a,b)=(b—a)™ H (zia+ 1) exp (—cwci)gc—2 (x;b+ 1) exp (—bxi).
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The log-likelihood function is

log L(a,b) = —nlog(b —a) + Zlog [(zja + 1) exp (—ax;) — (x;b+ 1) exp (—bx;)] — 2 Zlog x;.
i=1 =1

The partial derivatives with respect to a and b are

dlogL _ n ai: x? exp (—ax;)
da  b—a ~ (wja+ 1) exp (—ax;) — (z;b+ 1) exp (—bx;)
and
dlogL ~ n bi 22 exp (—bx;)
ob  b-a — (zia + 1) exp (—az;) — (v;b + 1) exp (—bz;)

So, the mles of a and b are the simultaneous solutions of the equations

n " 22 exp (—ax;)

b—a ; (x;a + 1) exp (—ax;) — (x;b+ 1) exp (—bx;)

and

z": x? exp (—bx;)
— (zia + 1) exp (—az;) — (2;b+ 1) exp (—bx;)
. Let X denote the actual stock return. The pdf of X is

1

fx(z) = a/ A% exp(—Ax)dA
0
= ar”"y(a+ 1),
where
v(a,x) :/ t7 L exp(—t)dt
0

is the incomplete gamma function. If xq,x2,...,2, is a random sample on X then the
likelihood function is

n —a—1 p
”(Hw,) H’y(a—i—l,xi).
i=1

i=1

The log-likelihood function is

n n
log L(a) =nloga — (a+1) Zlogwi + Zlog’y (a+1,z;).
i=1 i=1

The derivative with respect to a is

dlogL n 0y (a+1,z)
_f—ZIngz—i—Z a+1xl) % .

So, the mle of a is

7+Zlogxl_§’y(a+1%) % .
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4. Let X denote the actual stock return. The pdf of X is

fx(x) = aK“/ A" %exp(—Ax)dA
K
= aK%2* 'T(1 —a,Kzx),

where
I'(a,x) :/ t7 L exp(—t)dt

is the complementary incomplete gamma function. If xq, xo, ..., x, is a random sample on X
then the likelihood function is

n a—1l p
L(a,K)=a"K"™" (H:m) HI‘(I—a,Kwi).
i=1 i=1
The log-likelihood function is
n n
log L(a, K) =nloga+ anlog K + (a — 1) Zlogmi + Zlogf (1—a,Kz;).
i=1 i=1
The partial derivatives with respect to a and K are

dlogL n i "
0 E—i—nlogK—F;logmi—i—;
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and

0K K

dlogL _ na zn: 1 d(1—a,Kux;)
—~ (1-a Kz 0K

So, the mles of a and K are the simultaneous solutions of the equations

zn: 1 d(1—a,Kux;)

= (1—a, Kz Oa

n
n
E—i—nlogK—i—Zlogaﬂi =—

i=1
and

@__zn: 1 0(1—a,Kx;)
K Z(1-aKz) oK




