
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet for Week 6 and Week 7

1. Setting

1− exp(−λx) = p

gives

VaRp(X) = − 1

λ
log(1− p).

So,

ESp(X) = − 1

pλ

∫ p

0
log(1− v)dv

= − 1

pλ

{
[log(1− v)v]p0 +

∫ p

0

v

1− v
dv

}
= − 1

pλ

{
log(1− p)p− p+

∫ p

0

1

1− v
dv

}
= − 1

pλ
{log(1− p)p− p− log(1− p)} .

2. Setting

xa = p

gives

VaRp(X) = p1/a.

So,

ESp(X) =
1

p

∫ p

0
v1/adv

=
1

p(1/a+ 1)
p1/a+1

=
p1/a

1/a+ 1
.

3. Setting

x− a
b− a

= p

gives

VaRp(X) = a+ p(b− a).
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So,

ESp(X) =
1

p

∫ p

0
[a+ v(b− a)] dv

=
1

p

[
ap+

p2

2
(b− a)

]
= a+

p

2
(b− a).

4. Setting

1−
(
K

x

)a
= p

gives

VaRp(X) = K(1− p)−1/a.

So,

ESp(X) =
K

p

∫ p

0
(1− v)−1/adv

=
K

1− a

[
(1− p)1−1/a − 1

]
.

5. Setting

Φ(x) = p

gives

VaRp(X) = Φ−1(p).

So,

ESp(X) =
1

p

∫ p

0
Φ−1(v)dv.

6. Setting

1

1 + (x/a)−b
= p,

we have

1 + (x/a)−b =
1

p

⇔ (x/a)−b =
1

p
− 1 =

1− p
p

⇔ x

a
=

(
1− p
p

)−1/b
⇔ x = a

(
1− p
p

)−1/b
,
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giving

VaRp(X) = ap1/b(1− p)−1/b.

So,

ESp(X) =
a

p

∫ p

0
v1/b(1− v)−1/bdv

=
a

p
Bp (1/b+ 1, 1− 1/b) ,

where

Bx (a, b) =

∫ x

0
ta−1(1− t)b−1dt

is the incomplete beta function.

7. Setting

1−
(

1 +
x

λ

)−α
= p

gives

VaRp(X) = λ
[
(1− p)−1/α − 1

]
.

So,

ESp(X) =
λ

p

∫ p

0

[
(1− v)−1/α − 1

]
dv

=
λ

p

[
1− (1− p)1−1/α

1− 1/α
− p

]
.

8. Setting

exp

{
−
(
σ

x

)α}
= p,

we have

−
(
σ

x

)α
= log p

⇔
(
σ

x

)α
= − log p

⇔ σ

x
= (− log p)1/α

⇔ x

σ
= (− log p)−1/α

⇔ x = σ(− log p)−1/α,

giving

VaRp(X) = σ [− log p]−1/α .
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So,

ESp(X) =
σ

p

∫ p

0
[− log v]−1/α dv

= −σ
p

∫ − log p

∞
x−1/α exp(−x)dx [set x = − log v]

=
σ

p

∫ ∞
− log p

x−1/α exp(−x)dx

=
σ

p
Γ (1− 1/α,− log p) ,

where

Γ (a, x) =

∫ ∞
x

ta−1 exp(−t)dt

is the complementary incomplete gamma function.

9. Setting

1− exp

{
−
(
x

σ

)α}
= p,

we have

exp

{
−
(
x

σ

)α}
= 1− p

⇔ −
(
x

σ

)α
= log(1− p)

⇔
(
x

σ

)α
= − log(1− p)

⇔ x

σ
= [log(1− p)]1/α

⇔ x = σ [log(1− p)]1/α ,

giving

VaRp(X) = σ [− log(1− p)]1/α .

So,

ESp(X) =
σ

p

∫ p

0
[− log(1− v)]1/α dv

=
σ

p

∫ − log(1−p)

0
x1/α exp(−x)dx [set x = − log(1− v)]

=
σ

p
γ (1 + 1/α,− log(1− p)) ,

where

γ (a, x) =

∫ x

0
ta−1 exp(−t)dt

is the incomplete gamma function.
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10. Setting

1−
(

1− cx

k

)1/c

= p

gives

VaRp(X) =
k

c
[1− (1− p)c] .

So,

ESp(X) =
k

pc

∫ p

0
[1− (1− v)c] dv

=
k

pc

{
p+

(1− p)c+1 − 1

c+ 1

}
.

11. For this distribution,

VaRp(X) =
pλ − (1− p)λ

λ

and

ESp(X) =
1

pλ

∫ p

0

(
vλ − (1− v)λ

)
dv =

1

pλ(λ+ 1)

(
pλ+1 + (1− p)λ+1 − 1

)
.

12. For this distribution,

VaRp(X) =
pβ − (1− p)γ

δ

and

ESp(X) =
1

pδ

∫ p

0

(
vβ − (1− v)γ

)
dv =

1

pδ

(
pβ+1

β + 1
+

(1− p)γ+1 − 1

γ + 1

)
.

13. For this distribution,

VaRp(X) =
Cpα

(1− p)β

and

ESp(X) =
C

p

∫ p

0

vα

(1− v)β
dv =

C

p
Bp(α+ 1, 1− β).
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