
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet for Week 3

1. For the Bernoulli (p) distribution,

p(k) =

{
1− p, if k = 0,
p, if k = 1.

So,

Pr(X = k)

1− F (k − 1)
=

{
1− p, if k = 0,
1, if k = 1.

Hence, there can be no sequences an > 0 and bn such that (Mn−bn)/an has a non-degenerate
limiting distribution.

2. For the degenerate distribution,

p(k) =

{
1, if k = k0,
0, if k 6= k0.

So,

F (k) =

{
1, if k ≥ k0,
0, if k < k0,

and

Pr(X = k)

1− F (k − 1)
=


1/1, if k = k0,
0/1, if k0 < k < k0 + 1,
0/0, if k ≥ k0 + 1,
0/1, if k < k0.

Hence, there can be no sequences an > 0 and bn such that (Mn−bn)/an has a non-degenerate
limiting distribution.

3. For the Yule distribution,

p(k) = ρB(k, ρ+ 1), k ≥ 1.

By Stirling’s formula,

p(k) =
ρΓ(ρ+ 1)Γ(k)

Γ(k + ρ+ 1)

∼ ρΓ(ρ+ 1)
√

2π(k − 1)((k − 1)/e)k−1√
2π(k + ρ)((k + ρ)/e)k+ρ

using Stirling’s formula

∼ ρΓ(ρ+ 1)

√
k − 1

k + ρ
eρ+1 (k − 1)k−1

(k + ρ)k+ρ

1



∼ ρΓ(ρ+ 1)eρ+1 1

(k − 1)(k + ρ)ρ
(k − 1)k

(k + ρ)k

∼ ρΓ(ρ+ 1)eρ+1 1

kρ+1

(k − 1)k

(k + ρ)k

∼ ρΓ(ρ+ 1)eρ+1 1

kρ+1

(
1− k−1

)k
(1 + ρk−1)k

∼ ρΓ(ρ+ 1)eρ+1 1

kρ+1

e−1

eρ

∼ ρΓ(ρ+ 1)
1

kρ+1

as k →∞. So,

1− F (k − 1) =
∞∑
i=k

p(i)

=
∞∑
i=k

ρΓ(ρ+ 1)
1

iρ+1

= ρΓ(ρ+ 1)
∞∑
i=k

1

iρ+1

∼ ρΓ(ρ+ 1)

∫ ∞
k

1

xρ+1
dx

= ρΓ(ρ+ 1)

[
x−ρ

−ρ

]∞
k

=
Γ(ρ+ 1)

kρ

as k →∞, and

Pr(X = k)

1− F (k − 1)
∼ ρ

k

as k → ∞. Hence, there are sequences an > 0 and bn such that (Mn − bn)/an has a non-
degenerate limiting distribution.

4. For the zeta distribution,

p(k) = k−s/ζ(s), k ≥ 1,

So,

1− F (k − 1) =
∞∑
i=k

p(i)

=
∞∑
i=k

i−s

ζ(s)

=
1

ζ(s)

∞∑
i=k

i−s
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∼ 1

ζ(s)

∫ ∞
k

x−sds

=
1

ζ(s)

[
x1−s

1− s

]∞
k

=
k1−s

(s− 1)ζ(s)

as k →∞, and

Pr(X = k)

1− F (k − 1)
∼ s− 1

k

as k → ∞. Hence, there are sequences an > 0 and bn such that (Mn − bn)/an has a non-
degenerate limiting distribution.

5. For the Gauss-Kuzmin distribution,

p(k) = − log2

[
1− (k + 1)−2

]
, k ≥ 1,

and

F (k) = 1− log2

[
k + 2

k + 1

]
, k ≥ 1.

Using the fact ∂ loga z/∂z = 1/(z log a),

Pr(X = k)

1− F (k − 1)
=
− log2

[
1− (k + 1)−2

]
log2

[
k + 1

k

]

=

− log2

[
k2 + 2k

(k + 1)2

]

log2

[
k + 1

k

]

=
− log2

(
k2 + 2k

)
+ log2(k + 1)2

log2 (k + 1)− log2 k

∼
− 2k + 2

(log 2) (k2 + 2k)
+

2(k + 1)

(log 2)(k + 1)2

1

(log 2) (k + 1)
− 1

(log 2)k

=

− 2(k + 1)

k (k + 2)
+

2

k + 1

− 1

(k + 1) k

= 2
(k + 1)2 − k(k + 2)

k + 2

=
2

k + 2

as k → ∞. Hence, there are sequences an > 0 and bn such that (Mn − bn)/an has a non-
degenerate limiting distribution.
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6. For the discrete Lindley distribution,

p(x) =
px

1 + θ
{θ(1− 2p) + (1− p)(1 + θx)} ,

where p = exp(−θ), for θ > 0 and x = 0, 1, 2, . . .. The corresponding cdf can be calculated as

F (x− 1) =
θ(1− 2p) + 1− p

1 + θ

x−1∑
y=0

py +
θ(1− p)

1 + θ

x−1∑
y=0

ypy

=
θ(1− 2p) + 1− p

1 + θ

x−1∑
y=0

py +
θp(1− p)

1 + θ

d

dp

x−1∑
y=0

py

=
θ(1− 2p) + 1− p

1 + θ

[
1− px

1− p

]
+
θp(1− p)

1 + θ

d

dp

[
1− px

1− p

]
=

θ(1− 2p) + 1− p
1 + θ

[
1− px

1− p

]
+
θp(1− p)

1 + θ

−(1− p)xpx−1 + 1− px

(1− p)2

=
[θ(1− 2p) + 1− p] (1− px)

(1 + θ)(1− p)
+
θp
[
−(1− p)xpx−1 + 1− px

]
(1 + θ)(1− p)

=
(1 + θ)(1− p) + px(p− 1)(xθ + θ + 1)

(1 + θ)(1− p)

= 1− 1 + θ + θx

1 + θ
px.

So,

Pr(X = x)

1− F (x− 1)
=

θ(1− 2p) + (1− p)(1 + θx)

1 + θ + θx

=

θ(1− 2p) + 1− p
x

+ (1− p)θ
1 + θ

x
+ θ

→ 1− p.

Hence, there can be no sequences an > 0 and bn such that (Mn−bn)/an has a non-degenerate
limiting distribution.

7. For the discrete Weibull distribution,

F (x) = 1− q(x+1)a ,

where 0 < q < 1, for a > 0 and x = 0, 1, 2, . . .. The corresponding pmf is

p(x) = qx
a − q(x+1)a .

So,

Pr(X = x)

1− F (x− 1)
= 1− q(x+1)a−xa .
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Note that

xa − (x+ 1)a = xa − xa
(

1 +
1

x

)a
= xa

[
1−

(
1 +

1

x

)a]
= xa

[
1− 1− a1

x
− a(a− 1)

2!

1

x2
− · · ·

]

→


−∞, if a > 1,
−1, if a = 1,
0, if a < 1.

Hence,

Pr(X = x)

1− F (x− 1)
→


1, if a > 1,
1− q, if a = 1,
0, if a < 1.

Hence, there can be sequences an > 0 and bn such that (Mn − bn)/an has a non-degenerate
limiting distribution if a < 1. There can be no sequences an > 0 and bn such that (Mn−bn)/an
has a non-degenerate limiting distribution if a ≥ 1.
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