
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet for Week 1

1) The likelihood function is

L(σ) = σ−n exp

(
− 1

σ

n∑
i=1

xi

)
exp

{
−

n∑
i=1

exp

(
−xi
σ

)}
.

The log-likelihood function is

logL(σ) = −n log σ−n − 1

σ

n∑
i=1

xi −
n∑
i=1

exp

(
−xi
σ

)
.

The derivative with respect to σ is

d logL(σ)

dσ
= −n

σ
+

1

σ2

n∑
i=1

xi −
1

σ2

n∑
i=1

xi exp

(
−xi
σ

)
.

So, the mle of σ is the root of the equation

nσ =
n∑
i=1

xi −
n∑
i=1

xi exp

(
−xi
σ

)
.

2) The likelihood function is

L(λ, σ) = λnσnλ
(

n∏
i=1

xi

)−λ−1

exp

(
−σλ

n∑
i=1

x−λi

)
.

The log-likelihood function is

logL(λ, σ) = n log λ+ nλ log σ − (λ+ 1)
n∑
i=1

log xi − σλ
n∑
i=1

x−λi .

The partial derivatives with respect to λ and σ are

d logL

dλ
=
n

λ
+ n log σ −

n∑
i=1

log xi −
n∑
i=1

(
σ

xi

)λ
log

(
σ

xi

)
and

d logL

dσ
=
nλ

σ
− λσλ−1

n∑
i=1

x−λi .

Setting these to zero and rearranging, we obtain the mle of σ as

σ̂ =

 n
n∑
i=1

x−λi


1/λ

.
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The mle of λ is the root of the equation

n

λ
−

n∑
i=1

log xi = − n
n∑
i=1

x−λi

n∑
i=1

x−λi log xi.

3) The likelihood function is

L(λ, σ) = λnσ−nλ
(

n∏
i=1

xi

)λ−1

exp

(
−σ−λ

n∑
i=1

xλi

)
.

The log-likelihood function is

logL(λ, σ) = n log λ− nλ log σ + (λ− 1)
n∑
i=1

log xi − σ−λ
n∑
i=1

xλi .

The partial derivatives with respect to λ and σ are

d logL

dλ
=
n

λ
− n log σ +

n∑
i=1

log xi −
n∑
i=1

(
xi
σ

)λ
log

(
xi
σ

)

and

d logL

dσ
= −nλ

σ
+ λσ−λ−1

n∑
i=1

xλi .

Setting these to zero and rearranging, we obtain the mle of σ as

σ̂ =

 n
n∑
i=1

xλi


−1/λ

.

The mle of λ is the root of the equation

n

λ
+

n∑
i=1

log xi =
n

n∑
i=1

xλi

n∑
i=1

xλi log xi.

4) The likelihood function is

L(λ) =

(
n∏
i=1

(1− λxi)

)1/λ−1

.

The log-likelihood function is

logL(λ) = (1/λ− 1)
n∑
i=1

log (1− λxi) .
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The derivative with respect to λ is

d logL(λ)

dλ
= −λ−2

n∑
i=1

log (1− λxi)− (1/λ− 1)
n∑
i=1

xi
1− λxi

.

So, the mle of λ is the root of the equation

(
λ2 − λ

) n∑
i=1

xi
1− λxi

=
n∑
i=1

log (1− λxi) .
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