MATH4/68181: Extreme values and financial risk
Semester 1
Solutions to problem sheet for Week 10

Solutions to question 1:

(a) We can write
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This is in the form of

F(z,y) = exp {_@ +y)4 <33 i/L yﬂ

with A(t) = 6t2 — 0t + 1.
We now check the conditions for A(-). Clearly, A(0) =1 and A(1) = 1.
Also A(t) > 0 since

0> —0t+1>0
o 0<t2—t)+120
s 0(t—1/2%+1-6/4>0,

which always holds.
Also A(t) <1 since

02 —0t+1<1
& 02 —0t<0
& ft(t—1) <0,

which always holds.
Also A(t) >t since

0> — 0t +1 >t
S M- O+D)t+1>0
& (1-0t)(1—t)>0,
which always holds.
Also A(t) > 1 —t since
O —0t+1>1—t
& M +1-0t>0
& (t—0+1)t>0,
which always holds.
A'(t) =260t — 0 and A" (t) = 20 > 0, so A(-) is convex.



(b) the joint cdf is
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(c) the derivative of joint cdf with respect to x is
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so the conditional cdf if Y given X = x is
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(d) the derivative of joint cdf with respect to y is
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so the conditional cdf if X given Y =y is
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(e) the derivative of joint cdf with respect to z and y is
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(f) the conditional pdf of Y given X = z is
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(g) the conditional pdf of X given Y =y is
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Solutions to question 2:

(a) We can write

F(x,y):exp[a$y —x—y]:exp{—(:c—ky){l—a i <1— i )]}
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This is in the form of

F(x,y) = exp {—(a: +y)4 (:c —glj— yﬂ

with A(t) = 1 — at(1 — t).
We now check the conditions for A(-). Clearly, A(0) =1 and A(1) = 1.
Also A(t) > 0 since

1—at(l—t)>0
< at(l—1t) <1,

which always holds.
Also A(t) <1 since

1—at(l—t)<1
& at(l—t)>0,

which always holds.
Also A(t) >t since

1—at(l—t) >t
& 1—t—at(l—t)>0
< (1-t)(1—at) >0,

which always holds.
Also A(t) > 1 —t since

l—at(l—t)>1—1
& t—at(l—1t)>0
< t(l1—a(l—1t)) >0,
which always holds.
A'(t) = —a+2at and A" (t) = 2a > 0, so A(-) is convex.
(b) the joint cdf is
azy
F(z,y) =1—exp(—z) —exp(—y) + e [— —}
(z,y) xp(—x) = exp(—y) +exp | = y



(c) the derivative of joint cdf with respect to x is

OF (z,y) [ oy axy ] axy ]
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so the conditional cdf if Y given X = z is
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(d) the derivative of joint cdf with respect to y is
OF (z,y) { ax azxy ] [ axy ]
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so the conditional cdf if X given Y =y is
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(e) the derivative of joint cdf with respect to x and y is
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(f) the conditional pdf of ¥ given X = z is

flyle) = {m + [—1 + xofy - (:ﬁfi)?] [—1 +
Lep [xaf-yy - y} '

(g) the conditional pdf of X given Y =y is
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Solutions to question 3:

(a) We can write
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This is in the form of

F(z,y) = exp {—(a: +y)4 <:B -yl— yﬂ

with A(t) = [t* + (1 — )"/
We now check the conditions for A(-). Clearly, A(0) =1 and A(1) = 1.
Also A(t) > 0 since t* > 0 and (1 —¢)® > 0 for all ¢.
To show that A(t) < 1, note that
A(t) <1

& [tr+1-tYr<t

s '+ (1-"<1.
Now let g(t) = % + (1 — t)®. We have ¢ (t) = at® ' —a(1 —t)°*, ¢'(0) = —a, g'(1) = a and

g (t)=ala—1)t"2+a(a—1)(1—1t)*2 So, g(t) attains its global maximum at t = 1/2 with
g(1/2) = 2172 < 1. Hence, t* + (1 — t)® < 1 holds for all ¢.

Also A(t) >t since
e 4 (1 )7 > g e >
Also A(t) > 1 —t since
[t + (1 — 1) > [(1 - 1) > 1t
A(+) is convex since

Aty = [t + (=t et = (-]

and

"

A'(t) = (a= 1)+ (1= )] 2 [ = 2+ 21— ) 20 (1 - 1) > 0.
(b) the joint cdf is
F(z,y) = 1— exp(—z) — exp(—y) + exp [— (2 +y*)/*] .

(c) the derivative of joint cdf with respect to x is
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ox

so the conditional cdf if Y given X =z is
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(d) the derivative of joint cdf with respect to y is
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Jy

so the conditional cdf if X given Y =y is
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(e) the derivative of joint cdf with respect to x and y is

OF (x
flay) = 2
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(f) the conditional pdf of Y given X = x is

fle) = ()" @ 4y exp (o — (2 4+ )]

X [a— 1+ (:L’a—}—ya)l/a} :
(g) the conditional pdf of X given Y =y is
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