
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet for Week 8

1. From problem sheet 6,

VaRp(X) = − 1

λ
log(1− p)

and

ESp(X) = − 1

pλ
{log(1− p)p− p− log(1− p)} .

If x1, x2, . . . , xn is a random sample from Exp (λ) then the likelihood function is

L(λ) = λn exp

(
−λ

n∑
i=1

xi

)
.

The log-likelihood function is

logL(λ) = n log λ− λ
n∑
i=1

xi.

The derivative with respect to λ is

d logL(λ)

dλ
=
n

λ
−

n∑
i=1

xi.

Setting this to zero gives the mle of λ as

λ̂ =
n
n∑
i=1

xi

.

Hence, the mles of VaRp(X) and ESp(X) are

V̂aRp(X) = −

n∑
i=1

xi

n
log(1− p)

and

ÊSp(X) = −

n∑
i=1

xi

pn
{log(1− p)p− p− log(1− p)} .

2. From problem sheet 6,

VaRp(X) = p1/a

1



and

ESp(X) =
p1/a

1/a+ 1
.

If x1, x2, . . . , xn is a random sample from the power function distribution stated in the question
then the likelihood function is

L(a) = an
(

n∏
i=1

xi

)a−1

.

The log-likelihood function is

logL(a) = n log a+ (a− 1)
n∑
i=1

log xi.

The derivative with respect to a is

d logL(a)

da
=
n

a
+

n∑
i=1

log xi.

Setting this to zero gives the mle of a as

â = − n
n∑
i=1

log xi

.

Hence, the mles of VaRp(X) and ESp(X) are

V̂aRp(X) = p−
∑n

i=1
log xi/n

and

ÊSp(X) =
p−
∑n

i=1
log xi/n

−
n∑
i=1

log xi/n+ 1

.

3. Setting

Φ

(
x− µ
σ

)
= p

gives

VaRp(X) = µ+ σΦ−1(p).

So,

ESp(X) =
1

p

∫ p

0

[
µ+ σΦ−1(v)

]
dv = µ+

σ

p

∫ p

0
Φ−1(v)dv.
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If x1, x2, . . . , xn is a random sample from N(µ, σ2) then the likelihood function is

L(µ, σ) =
1

(2π)n/2σn
exp

{
− 1

2σ2

n∑
i=1

(xi − µ)2
}
.

The log-likelihood function is

logL(µ, σ) = −n
2

log(2π)− n log σ − 1

2σ2

n∑
i=1

(xi − µ)2 .

The partial derivatives with respect to µ and σ are

∂ logL

∂µ
=

1

σ2

n∑
i=1

(xi − µ)

and

∂ logL

∂σ
= −n

σ
+

1

σ3

n∑
i=1

(xi − µ)2 .

Setting the first partial derivative to zero, we obtain the mle of µ as

µ̂ =
1

n

n∑
i=1

xi = x.

Setting the second partial derivative to zero, we obtain the mle of σ2 as

σ̂2 =
1

n

n∑
i=1

(xi − µ̂)2 =
1

n

n∑
i=1

(xi − x)2 .

Hence, the mles of VaRp(X) and ESp(X) are

V̂aRp(X) = x+

√√√√ 1

n

n∑
i=1

(xi − x)2Φ−1(p)

and

ÊSp(X) = x+
1

p

√√√√ 1

n

n∑
i=1

(xi − x)2
∫ p

0
Φ−1(v)dv.

4. Setting

Φ

(
log x− µ

σ

)
= p

gives

VaRp(X) = exp
[
µ+ σΦ−1(p)

]
.

So,

ESp(X) =
1

p

∫ p

0
exp

[
µ+ σΦ−1(v)

]
dv =

1

p
exp(µ)

∫ p

0
exp

[
σΦ−1(v)

]
dv.
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If x1, x2, . . . , xn is a random sample from LN(µ, σ2) then the likelihood function is

L(µ, σ) =
1

(2π)n/2σn

(
n∏
i=1

xi

)−1

exp

{
− 1

2σ2

n∑
i=1

(log xi − µ)2
}
.

The log-likelihood function is

logL(µ, σ) = −n
2

log(2π)− n log σ −
n∑
i=1

log xi −
1

2σ2

n∑
i=1

(log xi − µ)2 .

The partial derivatives with respect to µ and σ are

∂ logL

∂µ
=

1

σ2

n∑
i=1

(log xi − µ)

and

∂ logL

∂σ
= −n

σ
+

1

σ3

n∑
i=1

(log xi − µ)2 .

Setting the first partial derivative to zero, we obtain the mle of µ as

µ̂ =
1

n

n∑
i=1

log xi.

Setting the second partial derivative to zero, we obtain the mle of σ2 as

σ̂2 =
1

n

n∑
i=1

(log xi − µ̂)2 =
1

n

n∑
i=1

log xi −
1

n

n∑
j=1

log xj

2

.

Hence, the mles of VaRp(X) and ESp(X) are

VaRp(X) = exp

 1

n

n∑
i=1

log xi +

√√√√√ 1

n

n∑
i=1

log xi −
1

n

n∑
j=1

log xj

2

Φ−1(p)


and

ESp(X) =
1

p
exp

(
1

n

n∑
i=1

log xi

)∫ p

0
exp


√√√√√ 1

n

n∑
i=1

log xi −
1

n

n∑
j=1

log xj

2

Φ−1(v)

 dv.
5. The cdf corresponding to the given pdf is

F (x) = θ2θ
−θ2
1

∫ x

0
yθ2−1dy = θ−θ21 xθ2 .

Setting

θ−θ21 xθ2 = p
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gives

VaRp(X) = θ1p
1/θ2 .

So,

ESp(X) =
1

p

∫ p

0
θ1v

1/θ2dv =
θ1θ2

1 + θ2
p1/θ2 .

The joint likelihood function of θ1 and θ2 is

L (θ1, θ2) = θn2 θ
−nθ2
1

(
n∏
i=1

xi

)θ2−1

for θ1 > 0 and θ2 > 0.

The likelihood function monotonically decreases with respect to θ1. The lowest possible value
for θ1 is max(x1, x2, . . . , xn). So, the mle of θ1 is max(x1, x2, . . . , xn).

The log of the joint likelihood function is

logL (θ1, θ2) = n log θ2 − nθ2 log θ1 + (θ2 − 1)
n∑
i=1

log xi.

The first derivative of the log likelihood with respect to θ2 is

d logL (θ1, θ2)

dθ2
=

n

θ2
− n log θ1 +

n∑
i=1

log xi.

Setting this to zero and solving, we obtain θ̂2 = n/{n log θ̂1 −
∑n
i=1 log xi}, where θ̂1 =

max(x1, x2, . . . , xn). The second derivative of the log likelihood with respect to θ2

d2 logL (θ1, θ2)

dθ22
= − n

θ22
< 0.

So, θ̂2 = n/{n log θ̂1 −
∑n
i=1 log xi} is indeed the mle of θ2.

Hence, the mles of VaRp(X) and ESp(X) are

V̂aRp(X) = max (x1, x2, . . . , xn) plogmax(x1,x2,...,xn)−(1/n)
∑n

i=1
log xi

and

ÊSp(X) =
max (x1, x2, . . . , xn)

log max (x1, x2, . . . , xn)− (1/n)
n∑
i=1

log xi + 1

plogmax(x1,x2,...,xn)−(1/n)
∑n

i=1
log xi .

6. The cdf corresponding to the given pdf is

F (x) =
x− µ+ δ

2δ
.

Setting

x− µ+ δ

2δ
= p
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gives

VaRp(X) = µ− δ + 2δp.

So,

ESp(X) =
1

p

∫ p

0
[µ− δ + 2δv] dv = µ− δ + δp.

The joint likelihood function of µ and δ is

L (µ, δ) = (2δ)−n
n∏
i=1

I {µ− δ < xi < µ+ δ}

= (2δ)−n
n∏
i=1

I {max (x1, x2, . . . , xn) < µ+ δ,min (x1, x2, . . . , xn) > µ− δ}

= (2δ)−n
n∏
i=1

I {max (x1, x2, . . . , xn)− δ < µ < min (x1, x2, . . . , xn) + δ} .

(1)

For (1) to be valid, we must have max(x1, x2, . . . , xn)− δ < min(x1, x2, . . . , xn) + δ. In other
words, δ ≥ (1/2){max(x1, x2, . . . , xn)−min(x1, x2, . . . , xn)}. Since (1) is a decreasing function
of δ, it follows that δ̂ = (1/2){max(x1, x2, . . . , xn)−min(x1, x2, . . . , xn)}.
Substituting the solution δ̂ = (1/2){max(x1, x2, . . . , xn) − min(x1, x2, . . . , xn)} into (1), we
see that the only possible value for µ is µ̂ = (1/2){min(x1, x2, . . . , xn) + max(x1, x2, . . . , xn)}.
Hence, the mles of VaRp(X) and ESp(X) are

V̂aRp(X) = min (x1, x2, . . . , xn) + {max (x1, x2, . . . , xn)−min (x1, x2, . . . , xn)} p

and

ÊSp(X) = min (x1, x2, . . . , xn) + (1/2) {max (x1, x2, . . . , xn)−min (x1, x2, . . . , xn)} p.
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