MATH4/68181: Extreme values and financial risk
Semester 1
Solutions to problem sheet for Week 8

1. From problem sheet 6,

VaR,(X) = — 1 log(1 - p)

A
and
1
B8p(X) = — 3 {log(1 = p)p —p — log(1 — p)}.
If 1,29, ...,2, is a random sample from Exp (\) then the likelihood function is

n
L(X) = A\"exp <—/\in> .
i=1
The log-likelihood function is
n
log L(A) =nlog A — A Z x;.
i=1
The derivative with respect to A is

dlogL(A)  n
A ;x
Setting this to zero gives the mle of A as

A=

—
D i

=1

Hence, the mles of VaR,(X) and ES,(X) are

and

n
D i

ESy(X) = —=2— {log(1 — p)p — p — log(1 — p)} .

pn

2. From problem sheet 6,

VaR,(X) = p/®



and

pl/a
ES,(X) = .
p(X) l/a+1
If x1, 9, ..., x, is arandom sample from the power function distribution stated in the question

then the likelihood function is

n a—1
L(a) = a" (H :m) :
i=1

The log-likelihood function is

n
log L(a) =nloga+ (a—1) Zlogmi.

i=1

The derivative with respect to a is

dlogL(a) n &
—_— = — log x;.
da a —i—; ogx

Setting this to zero gives the mle of a as

n

ni .
Z log x;
i=1

i=—

Hence, the mles of VaR,(X) and ES,(X) are

VaR,(X) = p~ izt o8/

and
L 'R Z?zllog:ci/n
ES,(X) = -2, -
— Z logzi/n +1
i=1
. Setting
o(5) =
o
gives
VaR,(X) = u+od !(p).
So,



If L1,T2,- -

1 1

The log-likelihood function is

and

and

4. Setting

gives

So,

., T, is a random sample from N(u,0?) then the likelihood function is

n 1 &
log L(p,0) = ) log(27) — nlogo — 252 Z (zi — p)* .




If 21, 72,..., 2, is a random sample from LN (u,0?) then the likelihood function is

L(p,0) = o n/%n (H xz> exp {—2;2 > (logz; — u)z}-
! =1

The log-likelihood function is

n

1
log L(p,0) = —= 10g(27r) —nlogo — Zlog T 53 Z (log z; — p)* .
i=1 i=1

The partial derivatives with respect to u and o are

1 L 1
ToEE = ) (g -
and
Olog L n 1
R

Setting the first partial derivative to zero, we obtain the mle of u as

n
— Z og x;.

3 —

Setting the second partial derivative to zero, we obtain the mle of o2 as

52 log x; — ——Z logxi—ﬁzlogwj .
=1 =1 j=1

Hence, the mles of VaR,(X) and ES,(X) are

2
1 « 1 —
VaR,(X) = exp Zlog i + - Z (log zi— Zlog :cj) o 1(p)

. The cdf corresponding to the given pdf is
X
F(z) = 0,07 / Y2y = 07 %220,
0
Setting

91_929592 =p



gives
VaR,(X) = 0,p'/%.
So,

1 fp 0,0
ES (X) = — 00 02 gy — 172 1/02
S, (X) p/o w!dv = S

The joint likelihood function of #; and s is

n fa—1
L (61,62) = 0567 (H x)

=1
for 61 > 0 and 65 > 0.

The likelihood function monotonically decreases with respect to 1. The lowest possible value
for 6y is max(z1,x2,...,2,). So, the mle of 0 is max(z1,x2,...,Ty).

The log of the joint likelihood function is

log L (61,02) = nlog 6z — nflog 6y + (02 — 1) > log z;.
=1

The first derivative of the log likelihood with respect to 02 is

dlog L (61,0 =
dlog L00,02) _ " _1o0p 1+ loga.

&, 6 2
Setting this to zero and solving, we obtain f; = n/{nlogf — 37 logz;}, where 6, =
max(x1,Z9,...,2Ty). The second derivative of the log likelihood with respect to 6o

d*log L (6,0
0g (21, 2) :—%<O.
So, GAQ = n/{nlogHAl — > logx;} is indeed the mle of 65.
Hence, the mles of VaR,(X) and ES,(X) are

@p(X) — max (1'1, T, ..., :L,n)plogmax(:r:l,xg,...,xn)—(l/n) Z?:l log z;
and
E/]\SP(X) _ max (1’1,$2, s ,SL‘n) plogmax(zl,mg,...,zn)—(l/n) Z?:l log z;
- .
logmax (1, xa,...,x,) — (1/n) Zlogwi +1
i=1
. The cdf corresponding to the given pdf is
xT—p+9
Flx)=———.
Setting
T—p+6
200

5



gives
VaR,(X) = p— 6 + 26p.
So,

P
ESP(X):]l?/o [t — 6+ 20v]dv=p— 3§+ op.

The joint likelihood function of p and 4 is
L(p,0) = (25)’"1—[[{/1,—5 < < p+0}
i=1

= (25)_"HI{maX(x1,x2,...,xn) < g+ 6,min (z1,29,...,2y) > —0d}

i=1

= (25)_”Hl{max(x1,:1:2,...,xn)—5<u<min(x1,x2,...,mn)—|—5}.

i=1
(1)
For (1) to be valid, we must have max(x1, z2,...,2,) — 0 < min(x1,z9,...,2,) + 6. In other
words, § > (1/2){max(z1,z2,...,2n) —min(z1,z2,...,zy)}. Since (1) is a decreasing function
of ¢, it follows that § = (1/2){max(z1,z2,...,2,) — min(x1, z2,...,Ty)}.
Substituting the solution & = (1/2){max(x1, z2,...,2,) — min(x1,ze,...,z,)} into (1), we
see that the only possible value for p is g = (1/2){min(z1, z9, ..., x,) + max(zy, z2,...,2n)}.

Hence, the mles of VaR,(X) and ES,(X) are

\Zﬁ{p(X) = min (21,22, ..., 2,) + {max (z1,29,...,2,) — min (z1,22,...,2y)} p

and

o~

ES,(X) = min (z1, 22, ..., 2y) + (1/2) {max (21,22, ...,2,) — min (z1,22,...,2,)} p.



