
MATH4/68181: Extreme values and financial risk

Semester 1

Solutions to problem sheet for Week 2

1. The density function of the Gumbel extreme value distribution is exp(−x) exp{− exp(−x)}.
The density function of the Fréchet extreme value distribution is αx−α−1 exp{−x−α}. The
density function of the Weibull extreme value distribution is α(−x)α−1 exp{−(−x)α}.

2. The mean of the Gumbel extreme value distribution is∫ ∞
−∞

x exp(−x) exp {− exp(−x)} dx = −
∫ ∞
0

ln y exp {−y} dy [y = exp(−x)]

= − d

dα

∫ ∞
0

yα exp {−y} dy
∣∣∣∣
α=0

= − d

dα
Γ(α+ 1)

∣∣∣∣
α=0

= −Γ
′
(1).

The mean of the Fréchet extreme value distribution is∫ ∞
0

xαx−α−1 exp
{
−x−α

}
dx = α

∫ ∞
0

x−α exp
{
−x−α

}
dx

= α

∫ ∞
0

x−α exp
{
−x−α

}
dx

= α

∫ ∞
0

y exp {−y} dx
[
y = x−α

]
= α

∫ 0

∞
y exp {−y} dx

dy
dy

= α

∫ 0

∞
y exp {−y} dy

−1/α

dy
dy

= −
∫ 0

∞
y exp {−y} y−1−

1
αdy

= −
∫ 0

∞
y−

1
α exp {−y} dy

=

∫ ∞
0

y−
1
α exp {−y} dy

= Γ

(
1− 1

α

)
.

The mean of the Weibull extreme value distribution is∫ 0

−∞
xα(−x)α−1 exp {−(−x)α} dx = −α

∫ 0

−∞
(−x)α exp {−(−x)α} dx

= −α
∫ 0

−∞
y exp {−y} dx [y = (−x)α]

= −α
∫ 0

∞
y exp {−y} dx

dy
dy

1



= −α
∫ 0

∞
y exp {−y}

d
(
−y1/α

)
dy

dy

=

∫ 0

∞
y exp {−y} y

1
α
−1dy

=

∫ 0

∞
y

1
α exp {−y} dy

= −
∫ ∞
0

y
1
α exp {−y} dy

= −Γ

(
1

α
+ 1

)
.

3. Since ∫ ∞
−∞

x2 exp(−x) exp {− exp(−x)} dx =

∫ ∞
0

(ln y)2 exp {−y} dy [y = exp(−x)]

=
d2

dα2

∫ ∞
0

yα exp {−y} dy
∣∣∣∣∣
α=0

=
d2

dα2
Γ(α+ 1)

∣∣∣∣∣
α=0

= Γ
′′
(1),

the variance of the Gumbel extreme value distribution is Γ
′′
(1)− [Γ

′
(1)]2. Since∫ ∞

0
x2αx−α−1 exp

{
−x−α

}
dx =

∫ ∞
0

y−2/α exp {−y} dy [y = exp(−x)]

= Γ (1− 2/α) ,

the variance of the Fréchet extreme value distribution is Γ (1− 2/α)− Γ2 (1− 1/α). Since∫ 0

−∞
x2α(−x)α−1 exp {−(−x)α} dx =

∫ ∞
0

y2/α exp {−y} dy [y = (−x)α]

= Γ (2/α+ 1) ,

the variance of the Weibull extreme value distribution is Γ (2/α+ 1)− Γ2 (1/α+ 1).

4. We have

Λn(x) = Λ (αnx+ βn)

⇔ exp {−n exp(−x)} = exp {− exp (−αnx− βn)}
⇔ n exp(−x) = exp (−αnx− βn)

⇔ log n− x = −αnx− βn.

Hence, the result.

5. We have

Φn
α(x) = Φα (αnx+ βn)

⇔ exp
(
−nx−α

)
= exp

(
− (αnx+ βn)−α

)
⇔ nx−α = (αnx+ βn)−α

⇔ n−1/αx = αnx+ βn.

Hence, the result.
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6. We have

Ψn
α(x) = Ψα (αnx+ βn)

⇔ exp (−n(−x)α) = exp (− (−αnx− βn)α)

⇔ n(−x)α = (−αnx− βn)α

⇔ n1/αx = αnx+ βn.

Hence, the result.

7. Note that w(F ) =∞ and take γ(t) = 1. Then

lim
t↑∞

1− F (t+ x)

1− F (t)
=

exp (−t− x)

exp(−t)
= exp(−x).

. So, the exponential cdf F (x) = 1− exp(−x) belongs to the Gumbel domain of attraction.

8. Note that w(F ) =∞ and take γ(t) = 1. Then

lim
t↑∞

1− F (t+ x)

1− F (t)
= lim

t↑∞

1− [1− exp (−t− x)]α

1− [1− exp (−t)]α
= lim

t↑∞

α exp (−t− x)

α exp (−t)
= exp(−x).

. So, the exponentiated exponential cdf F (x) = [1−exp(−x)]α belongs to the Gumbel domain
of attraction.

9. Note that w(F ) = 1. Then

lim
t↓0

1− F (1− tx)

1− F (1− t)
=

1− (1− tx)

1− (1− t)
= x.

. So, the uniform[0, 1] cdf F (x) = x belongs to the Weibull domain of attraction.

10. We have

lim
t↑∞

1− F (tx)

1− F (t)
=

(K/(tx))α

(K/t)α
= x−α.

. So, the Pareto cdf F (x) = 1− (K/x)α belongs to the Fréchet domain of attraction.

11. Firstly, suppose that G belongs to the max domain of attraction of the Gumbel extreme value
distribution. Then, there must exist a strictly positive function, say h(t), such that

lim
t→w(G)

1−G (t+ xh(t))

1−G(t)
= exp(−x)

for every x ∈ (−∞,∞). But, using L’Hopital’s rule, we note that

lim
t→w(F )

1− F (t+ xh(t))

1− F (t)
= lim

t→w(F )

[
1 + xh

′
(t)
]
f (t+ xh(t))

f(t)

= lim
t→w(G)

[
1 + xh

′
(t)
]
g (t+ xh(t))

g(t)

[
G (t+ xh(t))

G(t)

]a−1
×
[

1−G (t+ xh(t))

1−G(t)

]b−1
exp {cG(t)− cG (t+ xh(t))}
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= lim
t→w(G)

[
1 + xh

′
(t)
]
g (t+ xh(t))

g(t)

[
1

1

]a−1
×
[

1−G (t+ xh(t))

1−G(t)

]b−1
exp {c− c}

= lim
t→w(G)

[
1 + xh

′
(t)
]
g (t+ xh(t))

g(t)

×
[

1−G (t+ xh(t))

1−G(t)

]b−1
= lim

t→w(G)

1−G (t+ xh(t))

1−G(t)

×
[

1−G (t+ xh(t))

1−G(t)

]b−1
=

[
1−G (t+ xh(t))

1−G(t)

]b
= [exp(−x)]b

= exp(−bx)

for every x ∈ (−∞,∞). So, it follows that F also belongs to the max domain of attraction
of the Gumbel extreme value distribution with

lim
n→∞

Pr {an (Mn − bn) ≤ x} = exp {− exp(−b x)}

for some suitable norming constants an > 0 and bn.

Secondly, suppose that G belongs to the max domain of attraction of the Fréchet extreme
value distribution. Then, there must exist a β < 0 such that

lim
t→∞

1−G(t x)

1−G(t)
= xβ

for every x > 0. But, using L’Hopital’s rule, we note that

lim
t→∞

1− F (t x)

1− F (t)
= lim

t→∞

xf(t x)

f(t)

= lim
t→∞

x g(t x)

g(t)

[
G(t x)

G(t)

]a−1 [1−G(t x)

1−G(t)

]b−1
exp {cG(t)− cG (t x)}

= lim
t→∞

x g(t x)

g(t)

[
1−G(t x)

1−G(t)

]b−1
= lim

t→∞

1−G(t x)

1−G(t)

[
1−G(t x)

1−G(t)

]b−1
= lim

t→∞

[
1−G(t x)

1−G(t)

]b
= xb β

for every x > 0. So, it follows that F also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim
n→∞

Pr {an (Mn − bn) ≤ x} = exp
(
−xbβ

)
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for some suitable norming constants an > 0 and bn.

Thirdly, suppose that G belongs to the max domain of attraction of the Weibull extreme
value distribution. Then, there must exist a α > 0 such that

lim
t→0

1−G(w(G)− tx)

1−G(w(G)− t)
= xα

for every x > 0. But, using L’Hopital’s rule, we note that

lim
t→0

1− F (w(F )− tx)

1− F (w(F )− t)
= lim

t→0

xf(w(F )− tx)

f(w(F )− t)

= lim
t→0

xg(w(F )− tx)

g(w(F )− t)

[
G(w(F )− tx)

G(w(F )− t)

]a−1 [1−G(w(F )− tx)

1−G(w(F )− t)

]b−1
× exp {cG(w(F )− t)− cG (w(F )− tx)}

= lim
t→0

xg(w(F )− tx)

g(w(F )− t)

[
1−G(w(F )− tx)

1−G(w(F )− t)

]b−1
= lim

t→0

1−G(w(F )− tx)

1−G(w(F )− t)

[
1−G(w(F )− tx)

1−G(w(F )− t)

]b−1
= lim

t→0

[
1−G(w(F )− tx)

1−G(w(F )− t)

]b
= xbα.

So, it follows that F also belongs to the max domain of attraction of the Weibull extreme
value distribution with

lim
n→∞

Pr {an (Mn − bn) ≤ x} = exp
{
−(−x)bα

}
for some suitable norming constants an > 0 and bn.

12. First, suppose that G belongs to the max domain of attraction of the Gumbel extreme value
distribution. Then, there must exist a strictly positive function, say h(t), such that

lim
t→w(G)

1−G (t+ xh(t))

1−G(t)
= exp(−x)

for every x ∈ (−∞,∞). But, using l’Hopital’s rule, we note that

lim
t→w(F )

1− FX (t+ xh(t))

1− FX(t)
= lim

t→w(F )

(
1 + xh

′
(t)
)
fX (t+ xh(t))

fX(t)

= lim
t→w(G)

(
1 + xh

′
(t)
)
g (t+ xh(t))

g(t)

[
G (t+ xh(t))

G(t)

]a−1
×
[

1−G (t+ xh(t))

1−G(t)

]b−1 [ 1− (1− β)G (t)

1− (1− β)G (t+ xh(t))

]a+b

= lim
t→w(G)

(
1 + xh

′
(t)
)
g (t+ xh(t))

g(t)

[
1−G (t+ xh(t))

1−G(t)

]b−1
= exp(−bx)
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for every x ∈ (−∞,∞). So, it follows that F also belongs to the max domain of attraction
of the Gumbel extreme value distribution with

lim
n→∞

Pr {an (Mn − bn) ≤ x} = exp {− exp(−bx)}

for some suitable norming constants an > 0 and bn.

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme value
distribution. Then, there must exist a c < 0, such that

lim
t→∞

1−G(tx)

1−G(t)
= xc

for every x > 0. But, using l’Hopital’s rule, we note that

lim
t→∞

1− FX (tx)

1− FX(t)
= lim

t→∞

xfX(tx)

fX(t)

= lim
t→∞

xg (tx)

g(t)

[
G (tx)

G(t)

]a−1 [1−G (tx)

1−G(t)

]b−1 [ 1− (1− β)G (t)

1− (1− β)G (tx)

]a+b
= lim

t→∞

xg (tx)

g(t)

[
1−G (tx)

1−G(t)

]b−1
= lim

t→∞

1−G (tx)

1−G(t)

[
1−G (tx)

1−G(t)

]b−1
= lim

t→∞

[
1−G (tx)

1−G(t)

]b
= xbc

for every x > 0. So, it follows that F also belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim
n→∞

Pr {an (Mn − bn) ≤ x} = exp
(
−xbc

)
for some suitable norming constants an > 0 and bn.

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme value
distribution. Then, there must exist a c > 0, such that

lim
t→0

1−G(w(G)− tx)

G(w(G)− t)
= xc

for every x < 0. But, using l’Hopital’s rule and results in Section 2.2, we note that

lim
t→0

1− F (w(F )− tx)

1− F (w(F )− t)
= lim

t→0

xf(w(F )− tx)

f(w(F )− t)

= lim
t→0

xg (w(F )− tx)

g(w(F )− t)

[
G (w(F )− tx)

G(w(F )− t)

]a−1 [1−G (w(F )− tx)

1−G(w(F )− t)

]b−1
×
[

1− (1− β)G (w(F )− t)
1− (1− β)G (w(F )− tx)

]a+b
= lim

t→0

xg (w(F )− tx)

g(w(F )− t)

[
1−G (w(F )− tx)

1−G(w(F )− t)

]b−1
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= lim
t→0

1−G (w(F )− tx)

1−G(w(F )− t)

[
1−G (w(F )− tx)

1−G(w(F )− t)

]b−1
= lim

t→0

[
1−G (w(F )− tx)

1−G(w(F )− t)

]b
= xbc

for every x < 0. So, it follows that F also belongs to the max domain of attraction of the
Weibull extreme value distribution with

lim
n→∞

Pr {an (Mn − bn) ≤ x} = exp
{
−(−x)bc

}
for some suitable norming constants an > 0 and bn.

13. We have

G(x) = exp

{
−
(

1 + ξ
x− µ
σ

)−1/ξ}
= p

⇔
(

1 + ξ
x− µ
σ

)−1/ξ
= − log p

⇔ 1 + ξ
x− µ
σ

= (− log p)−ξ

⇔ ξ
x− µ
σ

= (− log p)−ξ − 1

⇔ x = µ+
σ

ξ

[
(− log p)−ξ − 1

]
.

Hence, the result.

14. We have

G(x) = 1−
{

1 + ξ
x− t
σ

}−1/ξ
= p

⇔ 1 + ξ
x− t
σ

= (1− p)−ξ

⇔ ξ
x− t
σ

= (1− p)−ξ − 1

⇔ x = t+
σ

ξ

[
(1− p)−ξ − 1

]
.

Hence, the result.
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