MATH48181/68181: EXTREME VALUES
FIRST SEMESTER
ANSWERS TO IN CLASS TEST

ANSWER TO QUESTION 1 If there are norming constants a,, > 0, b, and a nondegenerate
G such that the cumulative distribution function of a normalized version of M,, converges to G, i.e.

Pr (W < x) = F" (apz + by) = G(z) (1)

as n — oo then G must be of the same type as (cumulative distribution functions G and G* are
of the same type if G*(z) = G(az + b) for some a > 0, b and all z) as one of the following three
classes:

I : A(x)=exp{—exp(—2a)}, xz e Ry

0 if z <0,
I @alw) = { exp{—z~%} ifz>0

for some o > 0;

exp{—(—z)*} ifx <0,
HI \I'a(‘”):{lp{ e if >0

for some o > 0.

(1 marks)

The necessary and sufficient conditions for the three extreme value distributions are:

1— F(t+a7(t))

I : 3 R B = —
v(t) > 0 s.t tT;}I(I}l?) = F @) exp(—x), x>0,
1-F
IT : w(F)=o00and }iTgl—F(Z;):x_a’ x>0,
1—-F(w(F)—
ITI : w(F) < oo and lim (wlF) = tw) =z x > 0.

0o 1— F (w(F)—1t) ’

(1 marks)

Firstly, suppose that G belongs to the max domain of attraction of the Gumbel extreme value
distribution. Then, there must exist a strictly positive function, say h(t), such that

1-G(t+zh()
1
sw) 1 G()

= exp(—x)

for every = > 0. But,

_ _ G(t+z h(t))
L-Fl+ah@) _ [ G@+thé
t—w(F) 1—F(t) t—w(F) [1—G ()W



N e R I0)
t—w(G) [1—G ()W

_ 1—=G(t+z h(t))

1
suw) 1-G (1)
= exp(—x)

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the Gumbel
extreme value distribution with

Jim_ Pr {an, (M), — by,) < x} = exp{—exp(—x)}

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

Secondly, suppose that G belongs to the max domain of attraction of the Fréchet extreme value
distribution. Then, there must exist a § < 0 such that

1-G(tx)

. U\ 8
tlggo 1-G(t) *
for every x > 0. But,
_ _ G(tx)

- 1—F (tx) — lim 1-G (ta:)]G :
t=oo 1 — F(t) =00 [1— G (t)] (t)

. 1-G(tr)

= fma—g (t)

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the Fréchet
extreme value distribution with

lim Pr{a, (M, —b,) <z} =exp (—xﬁ)

n—oo

for some suitable norming constants a,, > 0 and b,,.

(2 marks)

Thirdly, suppose that G belongs to the max domain of attraction of the Weibull extreme value
distribution. Then, there must exist a « > 0 such that
1-Gw(G) —tx)

lim =z

t=0 1 — G(w(G) —t)

[0}

for every x > 0. But,

g Lo P ) —te) L= G () — t)

t—0 1 —F(w(F)—1) =0 1 — G (w(F) — t)]¢@E)-Y




o [ G (@) — ta) SO
S50 [1 - G (w(G) — 1)) C @D
~ lim 1 -G (w(G) —tx)

t=50 1 — G (w(G) —t)

= ]}a

for every = > 0. So, it follows that F' also belongs to the max domain of attraction of the Weibull
extreme value distribution with

nh—>I20 Pr {an (Mn - bn) < [IJ} = exp {_(_x)a}

for some suitable norming constants a,, > 0 and b,,.

(2 marks)



