MATH3/4/68181: EXTREME VALUES
FIRST SEMESTER
ANSWERS TO IN CLASS TEST

ANSWER TO QUESTION 1 i) If there are norming constants a,, > 0, b,, and a nondegenerate
G such that the cdf of a normalized version of M,, converges to G, i.e.

Pr (]Wna;bn < :U) = F" (apz + b,) — G(x) (1)

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if G*(x) =
G(az + b) for some a > 0, b and all x) as one of the following three classes:

I : A(x)=exp{—exp(—2a)}, xz e Ry

0 if x <0,
I @alw) = { exp{—z7%} ifxz>0

for some a > 0;

exp{—(—z)*} ifx <0,
I \I'a(‘”):{1p{ ) if >0

for some o > 0.

(3 marks)
ii) The necessary and sufficient conditions for the three extreme value distributions are:

1— F (t+a7(t))

I : Jy(t)>0st. 1l = — eR
() >0s T — Ty exp(—z), T ER,
1— F(tx) _
17 F) = lim ———2 =g~ ¢
w(F) = oo and t%g = F @) x~ x>0,
1-F F)—t
(w(F) x):xo‘, x> 0.

11T F li
w(F) < oo and im T F (w(F)—1)

(3 marks)

iii) First, suppose that G belongs to the max domain of attraction of the Gumbel extreme value
distribution. Then, there must exist a strictly positive function, say h(t), such that

1 -G(t+ah(t)
i s A

for every x € (—00,0). But, using L’Hopital’s rule, we note that

lim 1 —F(t+zh(t))
t—w(F) 1—F(t)




(1420 (@) f (¢ +ah(t

- t—1>iu£r(lF) f(t)

) (1+20'®) (- log [1-G(t+ xh(t))}}Qg (t + zh(t))
B t—>1ﬂrJI(10) —log[1 2
B )9t+wh {bgl— t+xM)ﬂ}2
C tow(G) g(t) log [1 — G(t)]

| (1+$h<> (t +ah(t (142 (1) g (t+ah())
= = G [+ xh @) )
o (1+20'®)) ) t+ xh(t (142 (1)) g (¢ + wh(t)) ?
N t_’lur’r(lc) 1+ zh/( (t + zh(t)) g(t)

_ (1+xh’()) (t + zh(1)
= lim

t—w(G) g(t)

B 1 -G (t+zh(t))
T Cwe  1-G)
= exp(—x)

for every z € (—o00,00). So, it follows that F' also belongs to the max domain of attraction of the
Gumbel extreme value distribution with

lim Pr{a, (M,

n—oo

—by) <z} = exp {—exp(—2)}
for some suitable norming constants a,, > 0 and b,.

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme value
distribution. Then, there must exist a 8 > 0, such that

N eTr M

for every x > 0. But, using L’Hopital’s rule, we note that

lim 1— F(tx) im xf(tz)
t—oco 1 — F(t) t—00 f(t)
_ z{—log[1 — G(tx)]}* g(tx)
t=50 {—log [l — G(1)]}* g(t)
o aglt) loz[1 - G)
0 %%u—mm}
-~ zg(tz) () zg(tx))?
= i e e )
— lim xg(tx) zg(ta) )2
= g(t) {xg tr) g(t)
zg(tz)

tlggo g(t)

2



L 1—-G(tx)
= LT
= Qjﬁ

for every x > 0. So, it follows that F' also belongs to the max domain of attraction of the Fréchet
extreme value distribution with

nh—>H<}o Pr {an (Mn - bn) < x} = exp (_xiﬁ)
for some suitable norming constants a,, > 0 and b,,.

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme value
distribution. Then, there must exist a o > 0, such that
1-Gw(G) —tx)

lim =z

t=0 1 — G(w(G) —t)

[0}

for every = > 0. But, using L’Hopital’s rule, we note that
. 1—=F(w(F)—tz) . zf(w(F)—tx)
T R =8 S fw(F) =1
lim {=log[l — G(w(F) — tx)]
=0 {—log[l — G(w(F) — tx)
(

7 g(w(F) — ta)
¥ g(w(F) —t)

iy P9(w(F) — t) {log [1— G(w(F) — tx)] }2
t=0 g(w(F)—1t) log[1 — G(w(F) —t)]
— lim zg(w(F) — tx) { 1-Gw(F)—t) xg(w(F) — tx) }2
t=0 g(w(F)—t) |1—-Gw(F)—-tz) g(w(F)—t)
L L N L VR G B
=0 g(w(F)—t) lzg(w(F)—tz) g(w(F)—1)
() — )
t=0 g(w(F)—1t)

So, it follows that F' also belongs to the max domain of attraction of the Weibull extreme value
distribution with

nll)néo Pr {an (Mn - bn) < SU} = €xp {_(_l,)a}

for some suitable norming constants a,, > 0 and b,,.

(4 marks)

ANSWER TO QUESTION 2 i) Note that w(F') = oco. Then

po Lo FEtay®) o 1—[1—exp (=t — ()]
tho  1—F(t) ttoo 1 —[1—exp(—t)



2o (- ay()
too 2exp (—t)

= exp (—a7(t))
= exp(—z)

if v(t) = 1. So, the exponentiated exponential cdf F(z) = [1 — exp(—x)]? belongs to the Gumbel
domain of attraction.

(2 marks)

ii) Note that w(F') = oo. Then

 {i—exp(=2(t+ay(1)}
g Lo F 4oy (@) L 054 0.5{1 —exp(=2(t+ y(t))}?
T 1-F() e {l-exp(=20))
0.5+ 0.5 {1 — exp (—2t)}?
_{1—exp(=2(t+ ()}

1
~ lm 05405
t=o0 | L —exp(=20)}
0.5+ 0.5
o o o 2
_ oy L e (220 4+ av(1))

t=00 1—{1—exp(—2t)}°

— lm 1—{1—-2exp(—2(t+2v(t)))}
{300 1—{1—2exp(—2t)}

— lm 2exp (=2 (t + zv(t)))

oo 2 exp (—2t)

= Jim exp (=2z7(t))

= exp(—z)

{1—exp(—20)}?
1-0.54-0.5{1—exp(—2x)}

if y(t) = 0.5. So, the exponentiated exponential geometric cdf F(z) = > belongs

to the Gumbel domain of attraction.

(2 marks)
iii) For the geometric distribution,

SO

Pr(X=k) _ p(l—p*!' _
1—Fk—1)  (1—pkt P

Hence, there can be no sequences a, > 0 and b, such that (M, — b,)/a, has a non-degenerate
limiting distribution.



iv) Note that w(F)

= 0o. Then

L= F(t+ag(t))

lim

t—00 1— F(t)

(2 marks)

32
-2+ ag()
t—o00 1— (1)2(t)

—2® (t +2g(t)) 6 (t + 29(1)) (1+ 2 (1))

lim

t—o0 —2‘1)(t)d)(t)
@t eg(®) @t +og(t) (1+a9'(1)
o0 B(H)o(t)
Lo+ agt) (1+2g'(1))
e o(t)
2
. \/127? exp [— (t+ :;g(t)) ] (1 + zg (t))

tlggo 1 2

E

exp [ (t+ ng(t))Q] (1 + xg (t))

tlggo 2

[
tlg(r)lo exp lt; — 7@ + ng(t))z (1 + :Ug/ (t))

Jim exp {3 [(t+ 2g(0)? ~ ]} (14 29 (1)
Jim exp {—; [2tag(t) + 2?62 (0) } (1+29'®)
;L'2 X

imen{-o- 1)

if g(t) = 1/t. So, F belongs to the Gumbel domain of attraction.

v) Note that w(F') = oo. Then

lim

tToo

1— F (t+zg(t))

(2 marks)

_ oy Lo exp{—exp (=t — 29(t))}

1- F(1)

tfoo 1 —exp{—exp(—t)}
1oLt rglt)

too 1—1+exp(—t)
e ()

oo exp (—t)
= gm exp (—t — xg(t))
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= exp(—z)

if g(t) = 1. So, the cdf F(z) = exp {—exp(—z)} belongs to the Gumbel domain of attraction.

(2 marks)
ANSWER TO QUESTION 3 i) The cdf of YV is
Fy(y) = Pr(Y <y)
= Pr(max (Xi,...,X,) <)
= Pr(Xi <y Xa <)
= Pr(Xi<y)---Pr(Xo<vy)
-G G)]
= 1-(= 1— (=
) )
K aq o
- p-th
)
(2 marks)
ii) The corresponding pdf is
Ca K\¢ a—1
=i - (5]
for y > K.
(2 marks)
iii) The nth moment of Y can be calculated as
oo K\¢ a—1
EY") = aozK“/ ynet {1 - ( ] dy
K Y
oo n—a— K
= aaK“/ K"l 1—2)" lxo‘_l—(l—x)_%_ldw
K a
1
= Oan/ 227N (1 — 2) ™%
0
— oK"B (a, 1- ")
a
provided that n < a, where we have set x =1 — (K/y)“. So,
1
E(Y)=aKB (a,l—).
a
(3 marks)



Var(Y) =aK*B (

a,l ——
a

2) — o’K?B? (

a,l ——
a

N

(3 marks)



