MATH3/4/68181: EXTREME VALUES
FIRST SEMESTER
ANSWERS TO IN CLASS TEST

ANSWER TO QUESTION 1 i) If there are norming constants a,, > 0, b,, and a nondegenerate
G such that the cdf of a normalized version of M, converges to G, i.e.

I%(M%;b"gx>:zm@%x+b@-+aw) (1)

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if G*(x) =
G(ax + b) for some a > 0, b and all x) as one of the following three classes:

I : A(x)=exp{—exp(—2a)}, xz e R;

0 if x <0,
I @alw) = { exp{—z7%} ifz>0

for some a > 0;

exp{—(—z)*} ifx <0,
I \I'a(‘”):{1p{ e if >0

for some o > 0.

(3 marks)

ii) The necessary and sufficient conditions for the three extreme value distributions are:

L= F(ttay(t)
I Tyt R
V(6 >0st. lim —

1— F(tx)

= exp(—z), zeN,

117 : U)(F):Ooand %%\Iorél_im:,ﬁvia, x>0,
1-F F)—t
III : w(F) < coand lim (W) =tr) _ o oy

t0 1—F(w(F)—1t) ’

(3 marks)

iii) First, suppose that G belongs to the max domain of attraction of the Gumbel extreme value
distribution. Then, there must exist a strictly positive function say h(t) such that
1 -G (t+ zh(t))

lim =e

t—w(G) 1—-G(t)

—X

for every x € (—o0,00). But

4

Ca-p@eane) _ o [1-{1-n-G@ranm))
= 11m 3

tW (F) 1—-F(t) t—w(F) 1_ {1 n-c (t)]2}




1= {130 -G+ o)}

= Qﬁw{ 1_{M%U—G@W} }
. {HG@+xM®W}4
T oun | 1-GOP

L 1—G(t+zh(t)®
‘tlti?m{ -G }

— 6—8:5

for every z € (—o00,00), assuming w(F') = w(G). So, it follows that F also belongs to the max
domain of attraction of the Gumbel extreme value distribution with

lim P (J\/[n_bn < :1:) = exp [— exp(—8x)]

n—00 a

for some suitable norming constants a,, > 0 and b,,.

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme value
distribution. Then, there must exist a § > 0 such that

for every x > 0. But

, [1—G(tx)2}4
= 1i 5
me | =G )
L [1-G(ta)\®
= A 1—G(t)}

for every « > 0. So, it follows that F' also belongs to the max domain of attraction of the Fréchet
extreme value distribution with

lim P <]\4n—bn < x) = exp (71,—85)

n—00 anp
for some suitable norming constants a,, > 0 and b,.

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme value
distribution. Then, there must exist a § > 0 such that

lim 1-G(w(G) —tx) _ B
t=0 1 —G(w(G) —t)
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for every x > 0. But But

o Lo F () —ta) 1—{1—[1—G( (F)—tﬂc)]2 2k

tlo 1 —F(w(F)—t) t10 1_{1_[1_ 2}3

1-{1-301 -G (w(F) - t2)]*}

- 1tii%l{l{lia[l G (w(F) — ]}}

_ lim{[l_G —m2}4
e

- n {i‘_%% )

t—o00
_ 88

for every = < 0, assuming w(F') = w(G). So, it follows that F' also belongs to the max domain of
attraction of the Weibull extreme value distribution with

lim P (JWnanbn < a:) = exp (—(—x)sﬁ>

n—oo

for some suitable norming constants a,, > 0 and b,.

(4 marks)
ANSWER TO QUESTION 2 i) Note that w(F') = oco. Then
_ _ —2 -2
ttoo 1 — F(t) ttoo 1 — 14 (t) ttoo \ ¢
. So, the cdf F(z) =1 — 272 belongs to the Fréchet domain of attraction.
(2 marks)
ii) Note that w(F) = oo. Then
lim 1—F(t+zg(t)) ~ lim 1—1+exp(—t—xzg(t))
tFoo 1—F(t) tfoo 1—1+exp(—t)
e (ot — (1)
tfoo exp (—t)
= limexp (—ag(t))
= exp(—x)
if g(t) = 1. So, the pdf f(z) = exp(—x) belongs to the Gumbel domain of attraction.
(2 marks)



iii) Note that w(F) =1 and

Pr(X =1) Pr(X =

)

=1.

1— F(1-1)

1

| oo

o=

1
1 F(0)

Hence, there can be no sequences a, > 0 and b, such that (M, —b,) /a, has a non-degenerate

limiting distribution.

(2 marks)
iv) Note that w(F) = co. Then
lim 1— F(tx) _ 1 —exp (—(tx)?)  lim 1—1+ (tz)™2 — lim (tz)~2 _
ttoo 1 — F(t) tto 1 —exp (—t_Q) oo 1 —141¢2 R
. So, the cdf F(x) = exp (—z~2) belongs to the Fréchet domain of attraction.
(2 marks)

v) Note that w(F') = oco. Then

L= F(t+ag(t))

i
oo 1- F(2)

_ oy Lo exp{—exp (=t —29(t))}
tfoo 1 —exp{—exp(—t)}
— lim 1—1+exp(—t—zg(t))
tfoo 1—1+exp(—t)
et ag()
tfoo exp (—t)
= limexp (1 — g(0)

= exp(—=x)

if g(t) = 1. So, the cdf F(z) = exp {— exp(—z)} belongs to the Gumbel domain of attraction.

(2 marks)

ANSWER TO QUESTION 3 i) The cdf of YV is

Fy(y) =

for y > 0.

Pr(Y <y)

1-Pr(Y >vy)

1 —Pr(min (X1,...,Xn) > v)
1—Pr(Xi>9..., Xm > )
1-Pr(X;>y) - Pr(X,, >vy)

(=)
()




(2 marks)

ii) The corresponding pdf is

fr(y) = (b — y>m_1 :

b—al\b—a
for y > 0.
(2 marks)
UNSEEN
iii) The nth moment of Y can be calculated as
b m [(b—y\" !
EY"™) = "
(Y") ayb_a<b_a> dy
b
= mb—a) ™ [ (b)) (b )" dy
—m b~ (n n—k k m+k—1
= mb-a) [ (1) -
¢ k=0
-m S N\ n—k k b k+m—1
= mb-a Y (1)t [ty
k=0 @
_ s (1 ek, | (=)
_ o\ m S N\ n—k o k(b_a)k+m
= m(b—a) ;(k)b (-1) -
_ (M) ek k(b —a)*
N mg%(k:)b (=1) kE+m
So,
1 k
_ 1—k k(b—a)
E(Y)=m>» b*(-1) -
k=0
and
2
_ 2\ ok, k0 —a)"
Var ( )—m;:%(k)b (—1) T (Y)
(2 marks)

iv) Setting




gives

VaR,(Y) =b— (b—a)(1 —p)¥/™.

v) The expected shortfall is

ES,(Y)

(2 marks)
;/Op(b—(b—a)(l 0)'/™) do
)1+L/m]P
21) bv+(b-a (11+)1/m ]
0
1 (1 p)1+1/m 1
p bp+(b=a) 1+1/m 1
(2 marks)



