MATHG68181: EXTREME VALUES
FIRST SEMESTER
ANSWERS TO IN CLASS TEST

ANSWER TO QUESTION 1 If there are norming constants a,, > 0, b, and a nondegenerate
G such that the cdf of a normalized version of M, converges to G, i.e.

Pr (Jw"a;bn < :B) = F" (apx + by) = G(x) (1)

as n — oo then G must be of the same type as (cdfs G and G* are of the same type if G*(x) =
G(ax + b) for some a > 0, b and all x) as one of the following three classes:

I : A(x)=exp{—exp(—2)}, x e R

0 if z <0,
I 2a(@) _{ exp{—z~%} ifz>0

for some o > 0;

exp{—(—x)*} ifx <0,
HI ‘I’a(ﬁ):{lp{ ) if >0

for some o > 0.

The necessary and sufficient conditions for the three extreme value distributions are:

1— F (t+ 29(t))

I It £ i = =
v(t) >0s tT;I(rll?) = F @) exp(—x), z € R,
1-F(t
IT : w(F)= o0 and }%gl_;(;):x_a, x>0,
1-F(w(F)—-t
III : w(F)< oo and lim (W) =t2) _ o oy

tlo 1 —F(w(F)—t)

First, suppose that G belongs to the max domain of attraction of the Gumbel extreme value
distribution. Then, there must exist a strictly positive function, say h(t), such that
1 -G (t+ zh(t))

I — exp(—
swe) 1 G() exp(=7)

for every x € (—o0,00). But, using L’Hopital’s rule, we note that

1— F(t+zh(t))

tﬁf&) 1— F(t)
— m (1420 (1) f (¢ +2h())

tmw(F) f(t)
— lim (142 (1)) {~log 1 = G (¢t + ah(t)]}? g (¢ + wh(1))
o {~log 1 G0} g(1)
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. (1+2h () g (t +2h(t)) {log [1— G (t + zh(t)] }2
t=w(G) g(t) log [1 — G(t)]

. (1+2h' (1)) g (t + 2h(1)) { 1—a@  (1reh ) g+ ah() }2
o) 0] 1= G (i + zh(D)) )

- (1+2h' (1) g (t+zh( )){ (1) (1+2h'(1)) g (¢ + wh ))}
t-w() g(t) (1+2h'(8)) g (t+ah(t)) g(t)

- (1 +ah (t)) g (t + zh(t))
t—w(G) g(t)

1_
lim G (t + zh(t))
t—w(G) 1-G(t)
= exp(—z)
for every z € (—o0,00). So, it follows that F' also belongs to the max domain of attraction of the
Gumbel extreme value distribution with

HILIgO Pr{a, (M, —b,) <z} =exp{—exp(—z)}

for some suitable norming constants a,, > 0 and b,.

Second, suppose that G belongs to the max domain of attraction of the Fréchet extreme value
distribution. Then, there must exist a 8 > 0, such that

lim 1= Gltz) Gltz) =z
t—oo 1 — G(t)
for every = > 0. But, using L’Hopital’s rule, we note that
lim 1— F(tx) — lim xf(tz)
t—oo 1 — F(t) t—o00 f(t)
o o{-lo[l - G(tw)
tmoe {—log[l = G(1)]}
G(t

¥ g(te)
Q(t
]

f

i 70 (11—l
t=oo g(t) | log[l—G(t)]
zg(tz) G(t) zg(tz)
S O beeo }
— lim xg(tw){ g(t) xg(tx) 2
t=ooo g(t) Llazg(tz) g(t)
— lim xg(tx)
t=oo g(t)
— tim 1—G(tx)
s 1—G(t)
= P

for every « > 0. So, it follows that F' also belongs to the max domain of attraction of the Fréchet
extreme value distribution with

lim Pr{a, (M, —b,) <z} =exp (—m*ﬁ)

n—oo
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for some suitable norming constants a,, > 0 and b,.

Third, suppose that G belongs to the max domain of attraction of the Weibull extreme value
distribution. Then, there must exist a o > 0, such that
1-Gw(G) —tx)

lim =z

t=0 1 — G(w(G) —t)

a

for every = > 0. But, using L’Hopital’s rule, we note that

lim 1—F(w(F) —tx) — lim zf(w(F) — tx)

t—0 1 — F(w(F) —1) t—0 f(w(F)—1t)
i ¥ {—log[l — G(w(F) — tx)]
=0 {—log[l — G(w(F) — tx)
(

1 g(w(F) — ta)
1} g(w(F) — 1)

g P9(w(F) — t) {log [1 — G(w(F) — tzx)] }2
-0 g(w(F)—t) | log[l — G(w(F) —t)]

iy P9 (F) — t) { 1 — Gw(F) —t) zg(w(F) —t:n)}2
t=0 g(w(F)—1t) 1—-G(w(F)—tx) gw(F)—t)

— lim xg(w(F)—tw){ gw(F) —t) zg(w(F) tw)}"
=0 g(w(F) —t) lzg(w(F) —tz) gw(F)—1)

_ oy () — t2)
t—=0 g(w(F) —1t)

So, it follows that F' also belongs to the max domain of attraction of the Weibull extreme value
distribution with

lim Pr{a, (M, —b,) <z} =exp{—(—x)"}

n—oo

for some suitable norming constants a,, > 0 and b,.

ANSWER TO QUESTION 2 i) Note that w(F') = co and take v(¢) = 1. Then

1—F(t 1—[1— —t— )% 2 —t—
i Lo EUED) 1o lmew ool g 2ew(Cton)
ttoo 1 — F(t) ttoo 1 —[1 — exp (—t)] too  2exp (—t)

. So, the exponentiated exponential cdf F(z) = [1 — exp(—z)]? belongs to the Gumbel domain of
attraction.

ii) Note that w(F) = oo. Then

{1t —exp(=2(t+ay(1)}
b Lo F@4ay(®) L 054 05{1 —exp(=2(t+ zy(1))}?
oo 1— F(t) =00 L {1-ew (—2t)}?
0.5+ 0.5{1 — exp (—2t)}*




{1 —exp (=2 (t + zy())}?

]_i
— lim 05405
e {l-emn(-20)]
0.540.5

1 —exp (2t ()
t—00 1—{1—exp(—2t)}°
— m 1—{1—2exp(=2(t+zv(t)))}
t—00 1—{1—-2exp(—2t)}
2exp (=2 (t + zv(t)))

= lim

00 2 exp (—2t)
— i exp (~2091(t)
= exp(—x)

{1—exp(=20)}?
1-0.54-0.5{1—exp(—2z)

if v(t) = 0.5. So, the exponentiated exponential geometric cdf F(z) = P belongs

to the Gumbel domain of attraction.

iii) Note that w(F') = oo. Then

1_{1 [< )exp(( <t+m<t>)>}
2

g Lo FE o) 1—0.5exp (=2 (t 4+ zy(t)))]?
t—00 1—F(t) t—00 1_{1_ (0.5)% exp (—4t) }
[1—0.5exp (—2t)]°
(0.5)% exp (4 (t +a7(t)))
o 1= 05exp (=2 (t+ 2y ()]
t—o0 (0.5)2 exp (—4t)

[1—0.5exp (—2t)]?
exp (=4 (t + z7(t)))

_ gy L= 05exp (=2(t + e ()]
t—00 exp (—4t)

[1—0.5exp (—2t))*
exp (—4ay(1))
_ iy [ 0Bexp (=2(t+ zy(1))]?

t—o00 1

[1—0.5exp (—2t))?
exp (—4xy(t))
= lim 1- 0]2

t—o00 1
[1 -0
= lim exp (—4z7(1)
= exp(—z)

—1_ (1—0.5)? exp(—4x)

if v(t) = 1/4. So, the exponential-negative binomial distribution cdf F(z) = 105 oxp(_20)°

belongs to the Gumbel domain of attraction.



iv) For the degenerate distribution,

1, ifk=2,
p(k) = { 0, if k#£ 2.
So,
1, ifk>2,
HM_{Q1M<Z
and
1/1, if k=2,
Pr(X=k) ] 0/1, if2<k<3,
1-F(k-1) ] 0/0, ifk >3,
0/1, if k<2.

Hence, there can be no sequences a, > 0 and b, such that (M, — b,)/a, has a non-degenerate
limiting distribution.

v) For the Poisson distribution,

Pr(X = k) 2k /!
1-Fk—1)  $2,2/j
1
1+ 3772 RI277F /50

The term in the denominator of the last term can be rewritten as
s 2J 72\ 2
> <2 (7) =%
e+ D(E+2) - (k+J) ~ o \k 1-2/k

(when k > 2) and the bound tends to 0 as kK — oo and so it follows that py/(1 — F(k —1)) — 1.
Hence, there can be no sequences a, > 0 and b, such that (M, — b,)/a, has a non-degenerate
limiting distribution.

ANSWER TO QUESTION 3 i) The cdf of M = max(X,Y, 7) is
Fy(m) = Pr(X <m,Y <m,Z <m)
= 1-Pr(X >m)—Pr(Y >m) —Pr(Z >m)+Pr(X >m,Y >m)
+Pr(X>m,Z>m)+Pr(Y >m,Z>m)—Pr(X >m,Y >m,Z >m)

:1P+m2b+ﬂ2b+?}au+ﬂz

+U+mr?+u+mr”—b+%Tyﬂ

ii) Differentiating Fjs(m) with respect to m gives the pdf of M as

hﬂm)::{L+?]8+[L+?Iﬁ+[y+?yﬁ—2u+mrs
—2[1+m] 7 =21 +m]
+3 [1+3;n}_3,



iii) The nth moment of M can be calculated as

0o -3 00 -3
E(M") = / m"{1+7ﬂ dm—l—/ m”[1+m] dm
0

oo
+ m”[1+2} dm — 2/ "1+ m] 3 dm
0
o0

-2 m™ [1+m] % dm
0

_2/00 "L+ m] " dm

+3/ {14—] 3dm

1
= 2”+1/ (1 —x)"dx + 2”“/ (1 — z)"dx
0 0

1 1
—1—22"“/ (1 — z)"dx —/ (1 — z)"dx
0

—2/ "(1—2z)"dx
_2/ 1— n . ndx
—n—1 1
+3 ( ) / (1 — 2)"dx
2 0

= 22"B(2—-n,n+1)+22"B(2—-n,n+1)
+22"B(2—n,n+1)—-2B(2—n,n+1)
—2B(2—n,n+1)
—2B(2—n,n+1)

2(2) "B masn)

iv) The cdf of L = min(X,Y, 7) is
Fr(l) = 1-Pr(L>1)
= 1—Pr(X>lY>l,Z>l)
3l
= 1—-|1
i 2}

v) Differentiating F,(I) with respect to [ gives the pdf of L as

ro-s(3) i+ 2]

vi) The nth moment of L can be calculated as

E(") = 2(;’)/0m5”{1+?;l]_3dz



