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Preface

This monograph attempts to describe in an organized manner the central ideas and results of
probabilistic extreme-value theory and related models stemming from the pioneering contri-
butions of E. J. Gumbel in the early forties of this century. The exposition is unencumbered
by excessive mathematical details and almost no proofs are provided. It is a book about
extreme-value distributions — both univariate and multivariate — and their applications,
supplemented by an up-to-date extensive bibliography, aimed mainly at a novice in the field;
hopefully a specialist may find therein some useful information as well.

By laying bare the main structure of the theory of extreme value distributions and its
applications, including the assumptions and conclusions, deficiencies and advantages, it is
our intention that the volume will serve as a useful, balanced and critical introduction
and simultaneously a guide to the literature. We have tried to keep the language and
notation sufficiently familiar and simple to make it accessible for scientists with a modest
probabilistic background. As always, as it is the case for books on probability, statistics and
in particular on distribution theory, the ill-defined quality of “mathematical sophistication”
and the ability to connect empirical statements with rigorous mathematical deductions are
desirable prerequisites. In our opinion, the extreme value theory — as described in this book
-— is a most important and successful example of applicability of mathematics to modern
engineering, empirical and environmental problems of great significance, and it is our hope
that we also were somewhat successful in conveying the message.

The authors express their thanks to Professors N. D. Singpurwalla and J. A. Tawn for
their useful comments and to the editors at the Imperial College Press for their most helpful
assistance and efficient handling of the manuscript.

Samuel Kotz, Washington, D.C., U.S.A.
Saralees Nadarajah, Nottingham, U.K.

September, 1999
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Chapter 1

Univariate Extreme Value
Distributions

1.1 Historical Survey

Probabilistic extreme value theory is a curious and fascinating blend of an enormous va-
riety of applications involving natural phenomena such as rainfall, floods, wind gusts, air
pollution, and corrosion, and delicate advanced mathematical results on point processes and
regularly varying functions. This area of research thus attracted initially the interests of
theoretical probabilists as well as engineers and hydrologists, and only relatively recently of
the mainstream statisticians. For a number of years it was closely related to the activities
of E. J. Gumbel, a colorful personality, whose life and activities were affected by pre-World
War II upheavals.

The following pages are addressed not only or primarily to professionals in the field of
statistical distributions and statistical inference but to that much larger audience which is
interested in the topics without willing or being able to devote more than a limited amount
of time to considering them.

Probabilistic extreme value theory, first of all, deals with the stochastic behaviour of
the maximum and the minimum of i.i.d. random variables. The distributional properties
of extremes (maximum and minimum), extreme and intermediate order statistics, and ex-
ceedances over (below) high (low) thresholds are determined by the upper and lower tails of
the underlying distribution.

Conversely, the tail of the underlying distribution function or functional parameters
thereof may be evaluated by means of statistical procedures based on extreme and inter-
mediate order statistics or exceedances over high thresholds. Focussing our attention on the
tails has the advantage that certain parametric statistical models, specifically tailored for
that part of the distribution, can be introduced.

Historically, work on extreme value problems may be traced back to as early as 1709
when Nicolas Bernouilli discussed the mean largest distance from the origin given n points
lying at random on a straight line of a fixed length ¢ [see Gumbel (1958)].

Extreme value theory has originated mainly from the needs of astronomers in utilizing
or rejecting outlying observations. The early papers by Fuller (1914) and Griffith (1920) on
the subject were specialized both in fields of applications and in methods of mathematical
analysis (see below). A systematic development of the general theory may be regarded as
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2 Extreme Value Distributions

having started with the paper by von Bortkiewicz (1922) that dealt with the distribution
of range in random samples from a normal distribution. The importance of the paper by
Bortkiewicz is inherent by the fact that the concept of distribution of largest value was
clearly introduced in it for the first time. (In his classical book, E. J. Gumbel (1958) devotes
a chapter to the memory of L. von Bortkiewicz.) In the very next year von Mises (1923)
evaluated the expected value of this distribution, and Dodd (1923) calculated its median,
also discussing some nonnormal parent distributions. Of more direct relevance is a paper
by Fréchet (1927) in which asymptotic distributions of largest values are considered. In the
following year Fisher and Tippett (1928) published results of an independent inquiry into the
same problem. While Fréchet (1927) had identified one possible limit distribution for the
largest order statistic, Fisher and Tippett (1928) showed that extreme limit distributions
can only be one of three types. Tippett (1925) had earlier studied the exact cumulative
distribution function and moments of the largest order statistic and of the sample range
from a normal population. Von Mises (1936) presented some simple and useful sufficient
conditions for the weak convergence of the largest order statistic to each of the three types
of limit distributions given earlier by Fisher and Tippett (1928). We shall discuss von Mises’
conditions in a subsequent section. In 1943, Gnedenko presented a rigorous foundation
for the extreme value theory and provided necessary and sufficient conditions for the weak
convergence of the extreme order statistics.

Mejzler (1949), Marcus and Pinsky (1969) (unaware of Mejzler’s result) and de Haan
(1970) (1971) refined the work of Gnedenko. An important but much neglected work of Jun-
cosa (1949) extends Gnedenko's results to the case of not necessarily identically distributed
independent random variables. Although of strong theoretical interest, Juncosa’s results do
not seem to have much practical utility. The fact that asymptotic distributions of a very
general nature can occur does not furnish much guidance for practical applications.

The theoretical developments of the 1920s and mid 1930s were followed in the late 1930s
and 1940s by a number of papers dealing with practical applications of extreme value statis-
tics in distributions of human lifetimes, radioactive emissions [Gumbel (1937a,b), strength
of materials [Weibull (1939)], flood analysis [Gumbel (1941, 1944, 1945, 1949a), Rantz and
Riggs (1949)], seismic analysis [Nordquist (1945)], and rainfall analysis [Potter (1949)] to
mention a few examples. From the application point of view, Gumbel made several signif-
icant contributions to the extreme value analysis; most of them are detailed in his book-
length account of statistics of extremes [Gumbel (1958)]. See the sections on Applications
for more details.

Gumbel was the first to call the attention of engineers and statisticians to possible appli-
cations of the formal “extreme-value” theory to certain distributions which had previously
been treated empirically. The first type of problem treated in this manner in the USA had
to do with meteorological phenomena — annual flood flows, precipitation maxima, etc. This
occurred in 1941.

In essence, all the statistical models proposed in the study of fracture take as a starting
point Griffith’s theory (already alluded to above), which states that the difference between
the calculated strengths of materials and those actually observed resides in the fact that
there exist flaws in the body which weaken it.

The first writer to realize the connection between specimen strength and distribution of
extreme values seems to be F. T. Peirce (1926) of the British Cotton Industry Association.
The application of essentially the same ideas to the study of the strength of materials was
carried out by the well-known Swedish physicist and engineer, W. Weibull (1939).
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The Russian physicists, Frenkel and Kontorova (1943), were the next to study these
problems. Another important neglected early publication related to extreme value analysis
of the distribution of feasible strengths of rubbers is due to S. Kase (1953).

A comprehensive bibliography of literature on extreme value distributions and their ap-
plications can easily be constructed to contain over 1,000 items at the time of this writing
(1999). While this extensive literature serves as a testimony to the great vitality and appli-
cability of the extreme value distributions and processes, it also unfortunately reflects on the
lack of coordination between researchers and the inevitable duplication (or even triplication)
of results appearing in a wide range of diverse publications.

There are several excellent books that deal with the asymptotic theory of extremes and
their statistical applications. We cite a few known to us (without in any way dispraising
those that are not mentioned). David (1981) and Arnold, Balakrishnan, and Nagaraja (1992)
provide a compact account of the asymptotic theory of extremes; Galambos (1978, 1987),
Resnick (1987), and Leadbetter, Lindgren, and Rootzén (1983) present elaborate treatments
of this topic. Reiss (1989) discussed various convergence concepts and rates of convergence
associated with extremes (and also with order statistics). Castillo (1988) has successfully
updated Gumbel (1958) and presented many statistical applications of extreme value the-
ory with emphasis on engineering. Harter (1978) prepared an authoritative bibliography
of extreme value theory which is still of substantial scientific value. Beirlant, Teugels and
Vynekier (1996) provide a lucid practical analysis of extreme values with emphasis on actu-
arial applications.

1.2 The Three Types of Extreme Value Distributions

Extreme value distributions are usually considered to comprise the following three families:
Type 1, (Gumbel-type distribution):

Pr[X < z] = exp[—e®#/7] (1.1

Type 2, (Fréchet-type distribution):

0, T <,

Pr[X <] = oo {_ (z;u>_5} s (1.2)

Type 3, (Weibull-type distribution):

Pr[X < 1] = o {‘ <“;x>§} e (1.3)

0 >N

where 1, 0(> 0) and £(> 0) are parameters.

The corresponding distributions of (—X) are also called extreme value distributions.
{Observe that Fréchet and Weibull distributions are related by a simple change of sign.)

Of these families of distributions, type 1 is the most commonly referred to in discussions
of extreme values. Indeed some authors call (1.1) the extreme value distributions. In view of
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this, and the fact that distributions (1.2} and (1.3) can be transformed to type 1 distributions
by the simple transformations

Z=log(X-p), Z=-logp-X),

respectively, we will, for the greater part of this chapter, confine ourselves to discussion of
type 1 distributions. We note that type 3 distribution of (—X) is a Weibull distribution.

Type 1 distributions are also sometimes called, in earlier writings, doubly exponential
distributions, on account of the functional form of (1.1).

The term “extreme value” is attached to these distributions because they can be obtained
as limiting distributions {as n — o0) of the greatest value among n independent random
variables each having the same continuous distribution. By replacing X by —X, limiting
distributions of least values are obtained.

Although the distributions are known as extreme value, it is to be borne in mind that
they do not represent distributions of all kinds of extreme values (e.g., in samples of finite
size), and they can be used empirically (without an extreme value model).

The three types of distributions in (1.1)-(1.3) may all be represented as members of a
single family of generalized distributions with cumulative distribution function

-1/¢
Pr[XS:c]=[1+£<m;'u>] , 1+§<x—;—£)>0, —o<€<oo, o>0.(14)

For £ > 0, the distribution (1.4} is of the same form as (1.2). For £ < 0, the distribution
(1.4) becomes of the same form as (1.3). Finally, when £ — 0o or —o0, the distribution (1.4}
becomes the same form as the type 1 extreme value distribution in (1.1). For this reason the
distribution function in (1.4) is known as the generalized extreme value distribution and is
also sometimes referred to as the von Mises type exztreme value distribution or the von Mises—
Jenkinson type distribution. We shall discuss this generalized family in a separate section.
Occasionally we shall use slightly different, but of ceurse equivalent parametrizations.

1.3 Limiting Distributions and Domain of Attraction

Extreme value distributions were obtained as limiting distributions of greatest (or least)
values in random samples of increasing size. To obtain a nondegenerate limiting distribution,
it is necessary to “reduce” the actual greatest value by applying a linear transformation with
coefficients which depend on the sample size. This process is analogous to standardization
though not restricted to this particular sequence of linear transformations.

If X1,Xs,...,X, are independent random variables with common probability density
function

Py, () =f(z), i=12...,n,
then the cumulative distribution function of X}, = max(Xy, Xs,...,X,) is
Fx,(z) = [F(2)]",

where
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As n tends to infinity, it is clear that for any fixed value of &

1 if F(z)=1,
lim Fx;. ((E) =
e 0 ifF(z)<1,

which is a degenerate distribution. If there is a limiting distribution of interest, we must
find it as the limiting distribution of some sequence of transformed “reduced” values, such
as (@, X}, + b,) where a,, b, may depend on n but not on z.

To distinguish the limiting cumulative distribution of the “reduced” greatest value from
F(z), we will denote it by G(z). Then since the greatest of Nn values X3, X, ..., Xn, is
also the greatest of the N values

ma‘x(X(j—l)n+17X(j—l)n+2a e 7Xjn) ) ] = 17 2) (RS Na
it follows that G(x) must satisfy the equation
[G@)NY = Glayz +by) - (1.5)

This equation was obtained by Fréchet (1927) and also by Fisher and Tippett (1928). It
is sometimes called the stability postulate.

Type 1 distributions are obtained by taking ay = 1; types 2 and 3 by taking ay # 1. In
this latter case

T =anz = by if z=by(1—an)?,

and from (1.5) it follows that G(by(1 — ay)~!) must equal to 1 or 0. Type 2 corresponds to
1, and type 3 to 0. We shall briefly sketch the derivation of the type 1 distribution (ay = 1).
Equation (1.5) is now

[GE@)NY = g(z +by). (1.6)
Since G(z + by) must also satisfy (1.5)
([G@)"M = [G(z + bn)]M = Gz + by + byr) . (1.7)
Also from (1.5)
[C(2)MM = Gz + by) (1.8)

and from (1.7) and (1.8) we have
by + by = byu s

whence
b, =oclogN, with ¢ a constant . (1.9

Taking logarithms of (1.6) twice and inserting the value of by from (1.9), we have (noting
that G < 1)
log N + log {—log G(z)} = log {—log G(z + o log N)}. (1.10)

Denote

h(z) = log {—log G(z)}.
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Hence from (1.10) we have
z

h(z) = h(0) (1.11)

Since h(z) decreases as « increases, ¢ > 0. From (1.11),

~log G(z) = exp [_%”(O)]

- o (_’”;“),

G(z) = exp[—e (=—1/7]

where u = o log (— log G(0)). Hence

in agreement with (1.1). For derivations of types 2 and 3, interested readers may refer to
Galambos (1978, 1987).

As already mentioned earlier, Gnedenko (1943) established certain correspondences be-
tween the parent distribution [F(z)] and the type to which the limiting distribution belongs.
It should be noted that the conditions relate essentially to the behavior of F'(z) for high
(low) values of z if the limiting distribution of greatest (least) values is to be considered. It
is possible for greatest and least values, corresponding to the same parent distribution, to
have different limiting distributions.

The conditions established by Gnedenko can be summarized as follows:

For the type 1 distribution: Defining X, by the equation

F(Xa) =,
the condition is
'}ll;{.lo n[(l — F(Xl-n—l + y(th(ne)-x — Xl_"—l)))] =eVY, (1.12)
For the type 2 distribution:
. 1-F(x) k
lim ——— = = . 1.1
zl»nc}ol—F(ca:) <, ¢c>0,k>0 (1.13)
For the type 3 distribution:
T el e ) B P ) (1.14)

0~ 1—F(z+w)

where F(w) =1, F(z) < 1 for z < w.

Gnedenko also showed that these conditions are necessary, as well as sufficient, and
that there are no other distributions satisfying the stability postulate. Among distributions
satisfying the type 1 condition (22.13) are normal, exponential and logistic; the type 2
condition (22.14) is satisfied by Cauchy; the type 3 condition is satisfied by nondegenerate
distributions with range of variation bounded above.

Gnedenko’s (1943) results have been generalized by numerous authors. Results for order
statistics of fixed and increasing rank were obtained by Smirnov (1952) who — in his ex-
tremely valuable theoretical paper — completely characterized the limiting types and their
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domains of attraction. Generalizations for the maximum term have been made by Juncosa
(1949) who dropped the assumption of a common distribution, Watson (1954) who proved
that under mild restrictions the limiting distribution of the maximum term of a stationary
sequence of m-dependent random variables is the same as in the independent case, Berman
(1962) who studied exchangeable random variables and samples of random size, and Harris
(1970) who extended the classical theory by introducing a model from reliability theory.
Weinstein (1973) generalized the basic result of Gnedenko dealing with the asymptotic dis-
tribution of the exponential case with the initial distribution

Vigy=1-¢" (z>0)

[Gnedenko’s (1943) result is for v = 1]. Jeruchim (1976) has warned that the additional
parameter ¥ must be treated cautiously in applications.

Gnedenko’s derivations resulted in further investigations as to validity of the law of large
numbers for maxima and the relative stability of maxima. Green (1975) derived sufficient
conditions for the consistent estimation of parameters based on extremes for very broad
families of distributions.

There are numerous extensions of limit theorems for extremes in general settings. For a
most recent discussion see Silvestrov and Teugels (1998)* and the references therein. The
results require advanced tools such as Skorokhod topology J, U-compactness, etc. which are
beyond the scope of this monograph. So far these results are solely of theoretical interest.

The necessary and sufficient conditions in (1.12)—(1.14) are often difficult to verify. In
such instances the following sufficient conditions established by von Mises (1936) may be
useful (though they are applicable only for absolutely continuous parent distributions):

As mentioned above, we start with underlying common distribution function F. Let
Xi,..., X, beiid. random variables with the distribution F'. Let X;., < --- < X,,., be the
corresponding order statistics. Then:

(Xnm — bs)/a, converges in distribution to some nondegenerate limiting distribution G
for some choice of constants a, > 0, b, € R if and only if for any integer k the random
vector

(Xnmitim = bn)/an)iy
converges in distribution to G*) having Lebesgue density

k

Can)[[G'(=)/C(z:) x> >m,

g(k)(xla"-yxk) = i=1

0 otherwise .

In this case we say that F is in the domain of attraction of G and the notation F € D(G)
is by now universally acceptable.

There is a multitude of papers in which necessary and sufficient conditions for F to be
in the domain of attraction of G are provided.

Among these, the sufficient conditions due to von Mises (1936) are widely studied to this
day and are easily applicable.

*Silvestrov, D. S. and Teugels, J. L. (1998), Limit theorems for extremes with random sample size,
Adv. Appl. Prob. 30, 777-800.
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Recall that G must be of one of the following types, where o > 0:

Gh,o(z) 1= exp (—37%), x>0, (Fréchet),
Goa(z) = exp (—(—x)%), z <0, (reversed Weibull) and
Gs(z) := exp (—e™%), z€R, (Gumbel distribution) .

Assume that F possesses a positive derivative f on [2o, w(F')] where 2o < w(F) and w(F)
is sup{z € R for which F(z) < 1}. Then, according to von Mises, in order that F' € D(Gy,a)
it is sufficient that w(F) = oo (i.e. forallz € R, F(z) < 1), and lim,_,oo zf(z)/[1—F(z)] = o,
with the very same « as in the definition of Gy 4.

A more recent necessary and sufficient condition due to Galambos (1987) and Worms
(1998) is based on the additive excess property:

There exists a mapping ¢ from ]—oo, s(P)[ (where s(P) = sup{z € R;1 — F(z) > 0})
into R, such that for all z € R;:

tlir{}))[l —F(t+g®)z))/[1 - F@)] =e".
It was Worms (1998) who replaced Galambos’ (1987) condition z € R (which has no proba-

bilistic meaning) by the condition z € R,.
For F € D(G,, o) it is sufficient that

lim W 2@ _

w(F) < o0 and ,
(F) sw(F) 1— F(z)

{(namely F(z) < 1 only on a finite set; recall the definition of Ga ).
For F € D(Gj3) the von Mises condition is a bit more involved. In the original version
it is:

w(F) w(F)
/ (1- Fu))du<oo  and %ir(%f(x)/ (1 - F(w)du/(1 - F@))? =1.
Falk and Marohn (1993) suggested the following strengthening of this condition: Suppose F
has a positive derivative f on (zg, w(F)) such that for some ¢ € (0, 00),

f(z)

— = C

z—ljur}(lF) 1- F(z)
Since (1 - F(z)) = —f(z) and [*((1 - F(w))du) = —(1 - F(z)),

/(=)

m(l ) F( ) =c implies m f(x)

s du=1
zow(F) Jx (1 - F(z))2

by the ’Hopital rule.
Consider the normal density ¢ and the corresponding distribution function ® (not an
extreme value distribution). For this density it is easy to verify that

o T —2@) _
) '
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Thus @ satisfies the original von Mises condition but not the Falk and Marohn (1993)
modification.

On the other hand, there are examples of distributions for which the original, but not the
modified condition, are satisfied. Falk and Marohn (1993) provided an alternative (equiv-
alent) formulation of von Mises conditions via the generalized Pareto distributions (GPD)
rather than the extreme value distributions. They take the distribution functions

W(z) =1+ log (G(zx))
which yield the three classes of distributions:
Wia(z) =1—27%, z>1
Waul(z) =1 - (—z)*, z € [-1,0]

and
Ws(z) =1 - exp(-2), z>0.

Note that G{z) must satisfy

@ | =

<G@) < 1.

The choice of the normalizing constants ay and by > 0 — to be denoted from now on
by a, and b, — are as follows:
For the type 1 distribution:

w= i (1 B %> ’ (1.15)

For the type 2 distribution:

a, =0,
(1.16)
by = F1 (1 - l)
n
For the type 3 distribution:
a, = F~}(1),
(1.17)

by = F-1(1) — F-1 (1 - %) .

Analogous results for the limiting distributions of the sample minimum can be stated in a
straightforward manner. Another line of development is the characterization of convergence
in terms of moments. Clough and Kotz (1965) suggested using the mean and standard
deviation of the distribution as scaling constants in place of b, and a,,. This is valid, provided
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the rescaled mean and variance themselves converge to the mean and variance of the limiting
distribution. Conditions for that were given by Pickands (1968).

With Fx(z;pu, o) denoting the extreme value distribution for the sample minimum with
the cdf given by

Fx(z;u,0) =1~ exp {—e® MW/} >0, LER,

and Gx(z;a,b,c) denoting the three-parameter Weibull distribution with the cdf

G b,0) ifz<e,
x\Z;a,0,¢) =
R (a7 ifz>c,

for a, b > 0 and ¢ € R, Davidovich (1992) established some bounds for the difference between
the two cdf’s. Namely,

e ¢ ifr<e,
b 2e7?
Fx {zb+c - = Gx(z;a,b,¢) < 5 ife<z<c+2b,
a—
et ifz>c+2b.
If Y1,Y,,..., are independent variables, each having the exponential distribution
Priy <y]=1-¢€9, y >0, (1.18)
and if L is the zero-truncated Poisson variable
A 1 111
P - ECUTN gy (1.19)

U
then the random variable defined by

X =max(Yy,...,Y1)
has the extreme value distribution with cdf
Pr(X < z) = (" - 1) exp {A(1 — ™)} = cexp[-re™?]. (1.20)

In connection with the asymptotic nature of extreme value distributions (and densities),
the following recent result by Beirlant and Devroye (1999) may be of relevance.

Let X,...,X, be an iid. sample drawn from a density f (with cdf F) on the real
line. The basic tenet of the classical extreme-value distributional theory is that Y, =
max(Xy,...,X,) is in the domain of attraction of an extreme value distribution and a few
results on the rate of convergence of the distribution of Y,, to its limit distribution in uniform
metric and total variation distance are available (de Haan and Resnick (1996)).

Various methods have been developed to test whether a sequence of i.i.d. observations
belongs to the domain of attraction of one of the three distributions (see Castillo (1986),
Marohn (1998) and Alves and Gomes (1996) for the Gumbel type; Tiku and Singh (1981)
and Shapiro and Brain (1987) for the Weibull type).
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However, the general problem of designing an estimate fy, of the density of Y, (re-
spectively the cdf of V,) that is consistent in total variation is unsolvable. Specifically,
Beirlant and Devroye (1999) showed that there exists a unimodal infinitely many times
differential density such that

inf E{|fa(2) — gn(2)[}dz > 4_15;

here g, = nfF™! is the density of Y,,. Thus a universally consistent density estimator does
not exist. Hence to study rates of convergences of Y,, to its limit distribution, both tail and
smoothness conditions are required.

Angus (1993) considered asymptotic analysis of bootstrap distributions for the extremes
from an i.i.d. sample. In contrast to the case of almost sure convergence to a fixed (normal)
distribution in the case of the sample mean (a finite variance case), the bootstrap distribution
of an extreme tends in distribution to a random probability measure.

1.4 Distribution Function and Moments of Type 1
Distribution
Corresponding to type 1 distribution (1.1) is the probability density function:
px(z) = o~le B/ oxp [—e~ @) (1.21)
We reiterate that
—log {—log Fx(z; p, @)} = (z — p) /o
and the cdf would be linear if drawn on graph paper on which the percentage scale were
doubly logarithmic. The empirical cdf would then be approximately linear. Specially pre-
pared probability graph paper for this purpose is commercially available. We shall discuss
applications of this graph paper in the section on statistical inference.
If g =0 and o = 1, or equivalently, the distribution is of Y = (X — u)/o, we have the
standard form
py(y) = exp[~y —e7¥]. (1.22)
Since, the variable Z = exp [~(X — 1£)/0] = ™Y has the exponential distribution
pz(z)=e7, z2>40,
it follows that
E[efX-W/) = E(Z7") = T(1 — t)
for t < 1. The moment generating function of X is
EleX] = *T(1 — at), olt] <1, (1.23)

and the cumulant generating function is

U(t) = pt — logT(1 - ot) . (1.24)
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Thus, the first order cumulant
h(X)=EX)=p—oy(l)=p+7o
= p+0.577220, (1.25)
where 7 is Euler’s constant, and the higher cumulants are
ki(X) = (—o)ypt (1), i>2, (1.26)

where (-) is the digamma function.
The variance is:

1
Var(X) = awzaz = 1.644930> (1.27a)

and
std. dev.(X) = 1.28255¢0 . (1.27b)

The moment ratios are

ad(X) = Bi(X) ~ 1.29857,
(1.28)

We emphasize that u and o are (purely) location and scale parameters, respectively.
All distributions (1.21) have the same shape.
The distribution is unimodal. Its mode is at X = y and there are points of inflection at

1
X =pxolog [-2-(3 + \/5)] ~ =+ 0.962420 . (1.29)
From (1.1) for 0 < p < 1, the pth quantile defined by F(X,) = p becomes

X, =p—olog(—logp). (1.30)

From (1.30) we immediately obtain the lower quartile, median, and upper quartile to be

X0.25 =u-—- 0326630’, (131)
Xos50 = p+ 0.366110, (1.32)
X0_75 =u + 1245900', (133)

respectively.

Quantiles of the distribution are easy to compute from (1.30). They are of special im-
portance in applications of extreme value distributions. Most of the standard distribution
(1.22) is contained in the interval (—2,7). For the type 1 distribution function we find the
probability between p — 20 and p + 7o to be 0.998. That is 99.8% of the distribution lies
between Mean —2.0094 x (standard deviation) and Mean + 5.0078 x (standard deviation).

Table 1.1 gives standardized percentile points (i.e. for a type 1 extreme value distribution
with expected value zero and standard deviation 1, corresponding to o = v/6/7 = 0.77970;
= —v0 = —0.45006).

The positive skewness of the distribution is clearly indicated by these values. See Fig. 1.1.
We must emphasize that often type 1 is chosen without further investigation for practi-
cal (ease of fitting) as well as theoretical reasons. Cohen (1982) shows that perhaps this
preference for type 1 may sometimes be misguided (see the Appendix).
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Figure 1.1: Standard type 1 probability density function (1.21).

Table 1.1: Standardized percentiles for type 1 extreme value distribution.

o Percentiles
0.0005 —2.0325
0.0001 —1.9569
0.005 -1.7501
0.01 —1.6408
0.05 —1.3055
0.1 —1.1004
0.9 1.3046
0.95 1.8658
0.99 3.1367
0.9975 4.2205
0.999 4.9355

1.5 Order Statistics, Record Values and
Characterizations

If Yy <Y <Y, are the order statistics corresponding to n independent random variables
each having the standard type 1 extreme value distribution, then the probability density
function of Y(1 <7 < n) is

n! = (M =T\ g pitrey
PY;(?J)=(—T-_—1)!(—”—_T—)!§(—1)J< j )e Gtrle™ -0 <y<oo. (1.34)

From (1.34) the kth moment of ¥/ can be written as

n—r

B0 = gy 0 () ke ), (1.35)
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where

g(c) = / yrev e dy

o0

= (—-1)* /_Oc(logu)ke"“‘ du (with u = e™Y). (1.36)

The functions g((-) and g»(-) required for the expressions of the first two moments of order

statistics are 'y rQ)
91(0) == + c

1
p loge = z('y + logc) (1.37)

and

g2(c) = % {%2 + (v + logC)z} ; (1.38)

as above (here v is Euler’s constant).
Proceeding similarly the product moment of Y, and Y] (1 < r < s < n) can be shown
to be

n!
(r—=1Ds—r—1ln—s)

EFer ()

i=0 j=0

Xdr+i,s—r—i+7j), (1.39)

EY,Y]] =

where the function ¢ is the double integral
0oy
o(t,u) = / / zye® eV dz dy t,u>0. (1.40)
—00 J —o00

Lieblein (1953) derived an explicit expression for the ¢ function in (1.40) in terms of Spence’s
function which has been tabulated by Abramowitz and Stegun (1965) and other handbooks.

Balakrishnan and Chan (1992a) presented tables of means, variances and covariances of
all order statistics for sample sizes n = 1(1)15(5)30. Complete tables for all sample sizes up
to 30 have also been prepared by Balakrishnan and Chan (1992¢). Mahmoud and Ragab
(1975) and Provasi (1987) have provided further discussions on order statistics.

Suppose that Y;,Y2,... is a sequence of i.i.d. standard type 1 extreme value random
variables and that Y1) = Y1, Yi(3), ... are the corresponding lower record values. That is,
L(l)=1land L{n) = min{j : j > L(n — 1), Y; < Yym-ny} for n = 2,3,..., {Ym}32; form
the lower record value sequence. Then the density function of Yz, n > 1, is given by

P ®) = o= By )} pr ()

1

— —e YV
= e We®

(n—1)! ’

—00 <Y <00. (1.41)

This is the density function of the so-called log-gamma population when the shape parameter
k = n. It will be discussed below in the section on Related Distributions.
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Thus, forn=1,2,...,

1
ElYyml=7- = var(Ym) = & - Z 2 (1.42)

and 1
E(Yini1) = E(Yem) — o

n

1
E(Yimne1) = E(Yim) — ZE (see below) . (1.42a)

p=m

The joint density function of Yz(m) and Yz, 1 < m < n, is given by

1 m—1 Dy (Y1)
PYyimy Vi (U1, ¥2) = T p— 1)!{_103FY(?J1)} lm
x {—log Fy(y) + log Fy (y1)}* ™ 'py (v2)
= 1 —myl(evyz _ e~y1)n—m—le~y26~e"‘2 ,

(m -1 n—-—m—1)!

—00 <Yy <Y1 <00 (143)
Upon writing the joint density of Yy(m) and Yi(n), 1 <m < n, in (1.43) as
(n— 1)'
(m—=1(n—m-—1)

1 " g
—nya ¢
X e 1)!6 ‘e )

Yy Vi (y1,2) = e_m(yl_yZ)(l - 5_(”1_V2))"_m_1

—00 <Yy < Y1 < 00, (1.44)

we observe that Yi(m) — Yi() and Yy, for (1 < m < n) are statistically independent. As a

result, we get
n—1 1

2
cov(Yiimy, Yiqm)) = var(Yem) = - S

5 (1.45)
i—1

These properties are similar to those of order statistics arising from standard exponential
random variables. In fact, it follows from (1.44) that Yy(m) — Yi() is distributed as the
(n—m)th-order statistic in a sample of size n—1 from the standard exponential distribution,
$a8Y Zn_mn—1- For the special case when m = 1, we then have Y1) — Yr(n) = Y1 — Yi(n) =
Zn—1m—1. Suppose that Xi’:]- is the ith-order statistic in a random sample of size j from
a distribution F(-). If the distribution function of (X, — a;)/b; converges weakly to a
nondegenerate distribution function G(-) as j — oo for sequences of constants a; and positive
bj, then Nagaraja (1982) showed that the joint distribution function of (Xj_;, ., — a@;)/b;
1 <4 < n, converges to that of Xy, 1 <i<n.

Recurrence relations for the single and product moments of the lower record values were
obtained by Ahsanullah (1994). A useful result is the following:

Forn>1 and r=0,1,2,...,

™ T r + 1 T o
E(XL?,}H )= (XL(n)) - ——E(XL(")) (compare with (1.42a)).
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As mentioned earlier, X has a type 1 extreme value distribution if and only if e* has a
Weibull distribution, and e*/? has an exponential distribution, and exp {(X — p)/o} has a
standard exponential distribution.

Some characterization theorems for exponential distributions may also be used for type 1
extreme value distributions, simply by applying them to e*/?, or exp {{X — u)/c}. Dubey
(1966) characterized this distribution by the property that Y, = min(X;, X»,...,X,) is a
type 1 random variable if and only if X;, X5, ..., X, are independent identically distributed
type 1 random variables.

Sethuraman (1965) has obtained revealing structural characterizations of all three types
of extreme value distributions, in terms of “complete confounding” of random variables.
If X and Y are independent and the distributions of Z, given Z = X, and Z given Z =Y are
the same [e.g., Z might be equal to min(X,Y’) as in the case described in Sethuraman (1965)],
they are said to completely confound each other with respect to the third. Sethuraman showed
that if all pairs from the variables X, Y and Z completely confound each other with respect
to the third and if Y, Z have the same distributions as a; X + b, a2X + by, respectively [with
(a1,b1) # (ag, b2)], then the distribution of X is one of the three extreme value (minimum)
distributions (provided we limit ourselves to the cases when Pr[X > Y] > 0; Pr[Y > X] > 0,
etc.). The type of distribution depends on the values of ay, a, by, bs.

There are a number of characterizations of the type 1 distribution in the framework
of extreme value theory. The most prominent one is that the type 1 distribution is the
only maz-stable probability distribution function with the entire real line as its support;
see e.g. Theorem 1.4.1 in Leadbetter, Lindgren, and Rootzén (1983). The concept of max-
stability is of special usefulness especially for the multivariate extreme value distributions;
see Chap. 3. In addition to the characterizations of the type 1 distribution itself, there are
several characterization results available for the maximal domain of attraction of the type 1
distribution; de Haan (1970) is a good imitial source of information on this as well as on
characterizations for type 2 and type 3 distributions.

Tikhov (1991) has characterized the extreme value distributions by the limiting infor-
mation quantity associated with the maximum likelihood estimator based on a multiply
censored sample.

1.6 Generation, Tables, Probability Paper,
Plots and Goodness of Fit

Collection of tables cited below are of more than just historical interest.
The following tables are included in Gumbel (1953):

(a) Values of the standard cumulative distribution function, F = exp (—e™¥), and prob-

ability density function, exp (—y — e7¥), to seven decimal places for y = —3(0.1)
— 2.4(0.05)0.00(0.1)4.0(0.2)8.0(0.5)17.0.
(b) The inverse of the cumulative distribution function (percentiles), y = — log (— log F')

to five decimal places for

F = 0.0001(0.0001)0.0050(0.0001)0.988(0.0001)0.9994(0.00001)0.99999.
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In Owen’s tables (1962) there is a similar table, to four decimal places for

F = 0.0001(0.0001)0.0010(0.0010)0.0100(0.005)0.100(0.010)0.90(0.005)
0.990(0.001)0.999(0.0001)1 — 10*M7 1 — 1/2. 10747,

The special interest in very high value of F', by both Gumbel (1953) and Owen (1962), is
associated with the genesis of the distribution.
From (1.1) it follows that

—log (—logPr[X < z]) = (z — p)/o. (1.46)

As it has already been pointed out, but repeated here due to practical importance, if
the cumulative observed relative frequency F, — equal to (number of observations less than
or equal to z)/(total number of observations) — is calculated, and — log (— log ;) plotted
against x, an approximately straight line relation should be obtained, with slope ¢~! and
intersecting the horizontal (z) axis at ¢ = p. In using graph paper with a vertical scale
that gives — log (— log F;) directly, it is not necessary to refer to tables of logarithms. Such
graph paper is sometimes called extreme value probability paper or Gumbel paper. Equally it
is also common to use such paper with the z-axis vertical, and for practical purposes it is
sometimes convenient to have the —log (— log #') marked not with F,, but with the “return
period” (1 — F,)!; see e.g. Gumbel (1949a) and Kimball (1960). Such a paper is called
extreme probability paper.

Evidently, pseudorandom numbers from the standard type 1 distribution may be gener-
ated easily either through the inverse cdf method along with an efficient uniform random
generator or through the relationship with the exponential distribution along with an ef-
ficient exponential random generator. Sibuya (1967) has discussed the latter. Landwehr,
Matalas, and Wallis (1979) have advocated the use of the Lewis-Goodman-Miller algorithm
for generating pseudorandom numbers from the uniform distribution for this purpose. In a
similar manner, the Fréchet distribution can be generated from the Pareto distribution and
the Weibull from the power function distribution.

Due to the prominence and significance of the extreme value distributions, considerable
work has been done with regard to testing whether an extreme value distribution is appropri-
ate for the data at hand. The book by D’Agostino and Stephens (1986) provides an elaborate
account of various goodness-of-fit tests developed for the extreme value distributions.

Consider type 1 extreme value distribution:

PrlY 2 y] = F(y;p,0) = 1 — exp [—exp (%)] ,  —oo<y<oo,

where (11, 0) = (location, scale) parameter.
As already mentioned on several occasions, taking the logarithm we obtain the linear
relationship

y=p+oln[-In(l - F(y; u,0))]

for plotting the observed data on type 1 extreme value (or Gumbel) paper.
If y;, 1 = 1,...,n, is a set of ordered observations and p;, 1 = 1,...,n, is a set of
plotting positions given by a plotting method, then the plotted points, (y;, In[—1n (1 — p;)],
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i=1,...,n) should be approximately distributed on a straight line on a type 1 extreme value
probability paper (provided the data reasonably fit a type 1 extreme value distribution).

Shimokawa and Liao (1999) examined three plotting methods, the so-called graphical
plotting techniques (GPT):

(a) Median ranks. Here p; is defined by

% =i (?) /m #71(1 — )" gt
1]

(b) Mean ranks:

P

(c) Symmetrical sample cdf ranks:

1—0.5
bi = .
n

The authors combine the least square method (LSM) and the plotting procedure to
estimate p and o. Specifically let ¢; = In[—In (1~p;)] and p and o be obtained by minimizing

T= Z(yi — i~ c;)? for given y; and ¢;,
=1
yielding

L [Z(y 9 e 5)] / [Zj(q - 6)2] ,

where

[e1)

1 n 1 n
_(n> ;clv y—(ﬂ);y«.

Monte—Carlo simulation was used to obtain critical values for the Kolmogorov—Smirnov
statistics (K-S), Cramér—von Mises statistics (C-M) and the Anderson—Darling (A-D) statis-
tics for goodness-of-fit tests when population parameters are estimated from complete sam-
ples by graphical plotting techniques.

10 sets of samples for each sample size of 3(1)20, 25(5)50 and 60(10)100 were generated.
The power was investigated for the 3 GPTs and for maximum likelihood estimator (MLE).
The simulation provided power results using 10? repetitions for each sample size of 5, 10, 25
and 40.

Let:

(a) o1 < 3 < --- < 2, be order statistics for a sample of size n from a population defined
by a continuous cdf F(z).
{(b) Fo(x;8) be a specified family of models that contain a set of parameters 6.
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A goodness-of-fit test is used to test the null hypothesis
Hy : F(z) = Fo(z;6).
The K-S statistic for a goodness-of-fit test is based on

Dy = max 4],

where ) .
Z i—
&= |:;l— — Fo(z:;0), Fo(zs; 0) — — ] .
The C-M statistic is represented by:

n

wi=>" [Fo(zi;ﬁ) -

i=1

i—0.5]° L]
n 12n°
A computational formula of the A-D statistic is:

2= =3 2 (g 0) + In (1 = Filanin-is0)] — .

=1

Since, in practice, Fy(z;#) often depends on unknown parameters, it must be modified to
Fy(z; é) by using parameter estimates. Then, the K-S, C-M and A-D statistics are modified
to Dy, W2, A2, respectively.

Conclusions of the study by Shimokawa and Liao (1999) as applied to type 1 distribution
are:

(a) Among the three GPTs, the symmetrical ranks give more powerful results than the
median and mean ranks for the K-S, C-M and A-D statistics. Symmetrical ranks
provide more powerful results than the MLE for the K-S and A-D statistics. For the
C-M statistic, the MLE provides more powerful results than the three GPTs.

(b) Generally, the A-D statistic coupled with the symmetrical ranks and the least square
method of estimation (LSM) is most powerful among the competitors in this study
and is recommended for practical use.

One of the easiest goodness-of-fit tests is the “correlation coefficient” test for the type 1
extreme value distribution. This test is based on the product-moment correlation between
the sample order statistics and their expected values. Since E[X]] = p + cE[Y;], one may
as well use the correlation between the sample order statistics X and the expected values
of standard order statistics E[Y/], for the type 1 extreme value distribution. Naturally large
values (close to 1) of this correlation will support the assumption of the type 1 extreme value
distribution for the data at hand. Smith and Bain (1976) discussed this test and presented
tables of critical points; tables were also provided by these authors for the case when the
available sample is Type-II censored. A more extensive table of points for n(1 — R?), where
— R is the sample correlation coefficient, has been constructed by Stephens (1986). Kinnison
(1989) discussed the same correlation test for the type 1 extreme value distribution and
presented tables of smoothed values of the percentage points of R (in the case of complete
samples) for n = 5(5)30(10)100, 200.
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As aptly mentioned by Lockhart and Spinelli (1990) even though the correlation test
is simple to use and has an intuitive appeal, its power properties are undesirable. Indeed,
McLaren and Lockhart (1987) have shown that the correlation test has asymptotic efficiency
equal to 0 relative to K-S, C-M and A-D tests discussed above.

Earlier, Stephens (1977) presented goodness-of-fit tests based on empirical distribution
function statistics W2, U? and A? given by

w? = Z {Fx(xg) - 22; 1 }2 + 1—;—,; (1.47)
(cf. above), z )
U? =W2—n{%ZFX(X{)—%} (1.48)
and . 1
AP = —— Z(Zi — D[log Fy(X;) + log {1 — Fx(X;_; 1)} —n (1.49)
(cf. above). 1

This author discusses the asymptotic percentage points of these three statistics for the
three cases when one or both of the parameters u and o need to be estimated from the
data (using the MLEs). He also suggested slight modifications of these statistics in order to
enable the usage of the asymptotic percentage points in case of small sample sizes.

Along similar lines, Chandra, Singpurwalla and Stephens (1981) considered the K-S
statistics D+, D~ and D and the Kuiper statistic V given by:

Dt =mlax{%—-FX(X{)} . (1.50)
D = max {FX(X{) _t ; 1} ) (1.51)
D = max(D*, D") (1.52)
and
V=D*+D. (1.53)

They determined some percentage points of these statistics for the three cases when one or
both of the parameters p and o need to be estimated from the data (using the MLEs). A
stabilized probability plot proposed by Michael (1983) is to plot

- 1/2
S, = —;sin_l {FX <X’ “)} (1.54)

g

2 . <¢—0.5>W
ri = —sin _ .
i n

In this way the unequal variance problem of the plotted points can be avoided, since S; in
(1.54) have approximately equal variance, as the asymptotic variance of /n.S; is the constant
(1/7?). A goodness-of-fit statistic that arises naturally from the stabilized probability plot is

Dy, = max|r; - S;|. (1.55)

with respect to
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Kimber (1985) presented critical values for the statistic Dy in (1.55) for selected choices of n.
Van Montfort (1973) dealt with testing goodness-of-fit for the type 1 distribution of largest
extremes, where Pr(X < z) = exp (—z — p)/o with unknown location parameter p (—o0 <
4 < +00) and scale parameter o (0 < o < 00). The proposed test is intended to have a high
power against the alternative distribution, Pr(log (X —v) < z) = exp (— exp (—(z — p)/7)),
where v is the lower bound of the support of X. The statistic is a function of standardized
spacings. Critical values and power are approximated by means of Monte—Carlo methods.

Tsujitani, Ohta and Kase (1980) proposed a test based on the sample entropy, presented
its critical points for some sample sizes determined through Monte—Carlo simulations, and
showed that it has desirable power properties compared with some of the tests mentioned
above. Oztiirk (1986) considered the Shapiro-Wilk W test and presented some percentage
points determined through Monte-Carlo simulations (see below). A modification of the W
statistic has been considered by Oztiirk and Korukoglu (1988) in which the test statistic has
been obtained as the ratio of two linear estimators of the parameter. These authors have
determined percentage points of this statistic through Monte—Carlo simulations and have
also shown by means of an empirical comparative study that this test possesses good power
properties.

With the normalized spacings

X —X]
Z, = —*“—, i=r+1,... n—s—1,
" E(Y) - E(Y)
where Y are order statistics from the standard distribution, and
Z}=r+l Zj

* __
Zi - Zi+l Z. !
j=r+1 43

Lockhart et al. (1986b) focus on the A-D statistic

t=r+1,...,n—s—2, (1.56)

A= —-(n—-r1-5-2)

n—s—2
1

- > (@i —1){log Z; + log (1 - Z_,_;_,)} (1.57)

n—r—=s .
i=r+41

discussed above and compare its performance with the S-statistic introduced by Mann,
Scheuer and Fertig (1973) and the Z* statistic introduced by Tiku and Singh (1981). Here,
T =1- Z}, where

n—r-—s . .
7t — if n—7r—siseven
t= 2 (1.58)
T+u;_s_—_l ifn—r—sisodd ,
and
n—s—2
7= : :
— ZZ (1.59)
i=r+1

In agreement with the more recent conclusions of Shimokawa and Liao (1999), Lockhart et al.
(1986b), based on their comparative study, recommend overall the A? test, and they also
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mentioned that while the Z* test gives good power in many situations, it may occasionally
be inconsistent.

Hasofer and Wang (1992) proposed a statistic to test the hypothesis that a sample comes
from a distribution in the domain of attraction of the type 1 distribution. It is based on the
top k order statistics and is a generalization of the well-known Shapiro-Wilk goodness-of-fit
statistic (WW). The critical region of the test and its power against the alternative that the
sample comes from a distribution in another domain of attraction are studied theoretically
and by simulation.

Suppose that F(x) is in the domain of attraction of the Gumbel distribution; i.e. there
are two sequences {a,} and {b,} such that

le Fa(anz + b,) = exp {~exp{~z}}, —00 <z < 00.

Let X1 > -+ 2 Xy 2 - -+ > Xna be the order statistics of a sample of size n from F(z)
and Z;, = (Xin — bn)/an. Consider now the random vector Z7, = (Zin,. .., Zkn), where k
is a fixed number. It has been shown that as n — oo, the random vector Zj, converges
in distribution to the limit random vector U] = (U, ..., Uy), where the U;’s have the joint
density function A(uy,...,us) = exp{—exp{—ux} — SF  w;}, w3 > --- > ur. Hasofer
and Wang (1992) showed that under the null hypothesis that the joint distribution of Zj is

h(uy, ..., ux), the above-mentioned classical goodness-of-fit criterion
kX - X
W= ( : k)
(k-1) |:Z(Xi - )_()2]
=1

proposed by Shapiro and Wilk (1965) for testing normality is, in this case, a simple function
of the so-called Greenwood statistic G, introduced over 50 years ago (Greenwood (1946))
based on differences of order statistics. (See also Moran (1947), (1953).) The authors have
shown that the distribution of W for this model shifts to the left for the Fréchet (Type 2)
distributions and towards the right for the Weibull (Type 3) distributions.

Utilizing Kimball’s (1956) simplified linear estimators j and & to be discussed in the next
section, Aly and Shayib (1992) proposed the statistic

=3 (B8 g [t (1= )]}

i=1

(Yo (1-5) b

for testing the validity of the type 1 extreme value distribution for the minimum. They deter-
mined the critical points of M, for selected sample sizes through Monte Carlo simulations.
Aly and Shayib (1992) also compared the power of this test with some other tests including
the A? test in (1.57). From their brief power study it seems that the M, test outperforms
the A® test for skewed alternatives; however, in the case of symmetric alternatives, the A%
test seems to be considerably better than the M, test.

Tiago de Oliveira (1981) discussed the statistical choice among the different extreme value
models. Vogel (1986) discussed further the probability plot and the associated correlation
coefficient test. Cohen (1986, 1988) presented detailed critical discussions on the large-sample
theory for fitting extreme value distributions to maxima.
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1.7 Methods of Inference

This section is rather lengthy. We follow E. J. Gumbel’s (1958) dictum that “no distribu-
tion should be stated without an explanation of how the parameters are estimated even at
the risk that the methods used will not stand up to the present rigorous requirements of
mathematically minded statisticians”.

Let X1,Xs,..., X, be a random sample of size n from the type 1 extreme value distri-
bution in (1.21). Then as Downton (1966) has shown, the Cramér-Rao lower bounds of
variances of unbiased estimators of x4 and o are given by

{1+6(1 —7)?r~%}o®n"! = 1.108670°n" !,

(1.61)
620?01 = 0.6079302n 1,

respectively.
As has already been mentioned, if Z has a Weibull distribution with probability density
function

c—1
c({z— —[(z—p)/0]®
pz(z) = - (TN> e [E—miel” Z2> W, (1.62)

then log (Z — u) has a type 1 extreme value distribution. Consequently, if u is known, the
methods of estimation discussed in this section for the type 1 extreme value distribution can
also be used for estimating the parameters o and ¢ of the Weibull distribution (1.62) and
vice versa.

1.7.1 Moment Estimation

This is one of the most popular methods of estimating parameters. Let X and S denote
the sample mean and the sample standard deviation. Then using Egs. (1.25) and (1.27), we
simply obtain the moment estimates of y and o as

iy

b= —7‘_—65’ and d=X -7
= X — 0.4500418 (1.63)

(see Lowery and Nash (1970), Landwehr et al. (1979)).
Tiago de Oliveira (1963) has shown that

2 (2 A2
var(fi) ~ i—z {% + %(ﬂZ -1) - %’Y /31} (1.64)

and that )
var(G) = %(ﬁg -1), (1.65)

where 3, and 3, are the coeflicients of skewness and kurtosis as given in (1.28). Substituting
for their values, we get
N 1.167807 1.102

and  var(§) ~
n n

var(f) (1.66)
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A comparison of the variance formulas in (1.66) with the Cramér-Rao lower bounds in (1.61)
readily reveals that the moment estimator fi has about 95% efficiency while the moment
estimator ¢ has only about 55% efficiency. The estimators i and & are both y/n-consistent;
ie. v/n (i —p) and v/n (& — o) are bounded in probability.

Tiago de Oliveira (1963) has shown that the joint asymptotic distribution of & and & is
bivariate normal with mean vector (u,o)’, variances as given in (1.65) and the correlation
coefficient given by

. 72|yBy — 396y — 1)/2n)/6
M {m2/6 4 43(B - 1)/4 — w(yV/B) /BBy — D]V
Using this asymptotic result, asymptotic confidence regions for (u, o) can easily be con-
structed.
Christopeit (1994) showed that the method of moments provides consistent estimates of
the parameters of extreme value distributions, and used it for estimation of the distribution of
earthquake magnitudes in the middle Rhein region. The method of mixed moments (MIX)

uses the first moment of the type 1 distribution and the first moment of its logarithmic
version. {See Jain and Singh (1987).)

~0.123. (1.67)

1.7.2 Simple Linear Estimation

Noting that the likelihood equations for x and o do not admit explicit solutions and hence
need to be solved by numerical iterative methods, Kimball (1956) suggested a simple modi-
fication to the equation for o (based on the equation for 4) that makes it easier to solve the
resulting equation. The equation for ¢ given by

i Xie_X"/&

F=X-= (1.68)
i=1
used in conjunction with the equation for y given by

f_ 5 15~ xo
p=—clog {n;e } (1.69)

can be rewritten as

S Qs s
=X =Y Xe Xi-m)/e
& n; e
1 .
= - le i) .
X+ > Xilog Fy(X:) (1.70)

i=1

where as above FX(Xi) is the estimated cumulative distribution function. Replacing
log Fx(X]) in (1.70) with the expected value of log Fx(X]), Kimball (1956) derived a sim-
plified linear estimator for u as

& :)_(+%§X{ (Z %) (171)

=1
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which may be approximated as

R - i—3
=X+ E X log <n+2%) . (1.72)
=1

i=

The estimator in (1.71) or in (1.72) is a linear function of the order statistics, and hence its
bias and mean square error can be determined easily from means, variances and covariances
of order statistics. Since the linear estimator in (1.72) is biased, Kimball (1956) presented a
table of corrective multipliers; from the table it appears that for n > 10 the estimator

6*(1+2.3n71)72 (1.73)

is very nearly unbiased. Furthermore a simplified linear estimator of p may then be ob-
tained as: ~
Estimator of u = X — v x (Estimator of ¢). (1.74)

Due to the linearity of the estimator of o, it is only natural to compare it with the best
linear unbiased estimator of ¢ and with its approximations proposed by Blom (1958) and
Weiss (1961). (See Tables below.)

Table 1.2: Efficiencies (%) of linear unbiased estimators of p for the extreme value
distribution.

n 2 3 5 6 0

Best linear 84.05 91.73 95.82 96.65 100.00
Blom’s approximation 84.05 91.72 95.68 96.45 100.00
Weiss’s approximation 84.05 91.73 95.82 96.63 -
Kimball’s approximation 84.05 91.71 95.82 96.63 -

Table 1.3: Efficiencies (%) of linear unbiased estimators of o for the extreme value
distribution.

n 2 3 5 6 o0

Best linear 42.70 58.79 72.96 76.78 100.00
Blom’s approximation 42.70 57.47 70.47 74.07 100.00
‘Weiss’s approximation 42.70 58.00 71.04 7447 -
Kimball’s approximation 42.70 57.32 69.88 73.25 -

The location parameter u can be estimated with quite good accuracy using simple linear
functions of order statistics; however, the situation is unsatisfactory should one use such
simple linear functions of order statistics to estimate the scale parameter o. See Tables 1.2
and 1.3.
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For the case of Type II right-censored sample X], X3, ..., X} _, from the type 1 extreme
value distribution for minima with cdf Fy(z) = 1 — e=“™’", Bain (1972) suggested a
simple unbiased linear estimator for the scale parameter o. This estimator was subsequently
modified by Engelhardt and Bain (1973) to the form

R 1 n—s
5 — X - x! 1.7
5 nk;I =Xl (175)
where
1 n—s , ,
ks = — ;EIY, -v, (1.76)

and Y/ = (X] — p)/o are the order statistics from the standard type 1 extreme value distri-
bution for minima, while

n-—s forn —s<09n,
n forn—s=n, n<15,
r =
n—1 forn—s=n, 16<n<24,

[0.892n] -+ 1 forn—s=mn, n>25.

Bain (1972) determined exact values of k,,_, , for n = 5, 15, 20, 30, 60 and 100 and 7 infinite,
and (n —s)/n = 0.1(0.1)0.9 for integer n — s. Engelhardt and Bain (1973) gave exact values
of ky , for n = 2(1)35(5)100, n = 39, 49 and 59 and n infinite. Mann and Fertig (1975) also
provided exact values of k,,_, , for n = 25(5)60 and (n —s)/n = 0.1(0.1)1.0 for integer n —s.

Since o is a scale parameter and & is an unbiased estimator of ¢, improvement is possible
in terms of minimum mean-square-error estimator. The improvement in efficiency becomes
considerable when the censoring is heavy.

From the tables of Bain (1972) and Engelhardt and Bain (1973), it is evident that the
estimator & in (1.75) is highly efficient; for example when (n — s)/n < 0.7, the asymptotic
efficiency of & relative to the Cramér—Rao lower bound is at least 97.7%.

The estimator & in (1.75) may also be used to produce a simple linear unbiased estimator
for u, via the moment equation

X! = B(X)) = p+oB(Y)), (L.77)

f=X!—E(Y))5. (1.78)

Using the estimators & and ﬁ in Egs. (1.75) and (1.78), respectively, a simple linear unbiased
estimator for the pth quantile y, can be derived as

fp=fi+&log(~log(1—p)), O<p<l. (1.79)

_ Confidence intervals for the parameters 1 and o based on the linear unbiased estimators
i and & have also been discussed by Bain (1972) and Mann and Fertig (1975).
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As pertinently pointed out by Mann and Fertig (1975), for n — s < 0.90n,

61 S X X

o nkn_ o
n—sn ;)

is approximately a sum of weighted independent chi-square variables.

Thomas and Wilson (1972) also investigated point estimation for the scale and location
parameters of the extreme-value (type 1) distribution by linear functions of order statistics
from Type II progressively censored samples.

1.7.3 Best Linear Unbiased (Invariant) Estimation (BLUE)

Let X/, < X/, < -+ < X],_, be the available doubly Type-II censored sample from a
sample of size n where the smallest r and the largest s observations have been censored. De-
note

X = (X0 Xl gz, X0 ,)T,
=01 Dikprg;
p=(BY. ], BIY 3], E[Y, )"
and
% = ((cov(Y{,Y)))), r+1<i,j<n-—s.
Minimizing the generalized variance
(X —pl—op)"BH(X - pl — op),

we derive the best linear unbiased estimators (BLUES) of 4 and o as [see e.g. Balakrishnan
and Cohen (1991, pp. 80-81)]:

. { pIy 1p1Ts ™ - T, Tyt }
PTG WS ) - (W)

= nz_: wX! (1.80)

i=r+1
and

. 1T 1™ - 1T 11 Te!
(T ) (ATE ) - (uTE )

n—s

> b (1.81)
t=r41

In Table 1.4 the coefficients a; and b; are presented for n = 2(1) 7.

Observing that these estimators are minimum variance estimators in the class of all
linear unbiased estimators, Mann (1969) considered the larger class of all linear estimators
and derived improved estimators by minimizing the mean square error. These estimators are
termed the best linear invariant estimators (BLIEs) by Mann (1969); they are particularly
useful when either the sample size is very small or there is a substantial censoring in the
sample.
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Table 1.4: Coefficients for the BLUEs of y and o for complete samples.
(Balakrishnan and Cohen (1991))

n 7 a; b;

2 1 0.91637 —0.72135
2 2 0.08363 0.72135
3 1 0.65632 —0.63054
3 2 0.25571 0.25582
3 3 0.08797 0.37473
4 1 0.51100 —0.55862
4 2 0.26394 0.08590
4 3 0.15368 0.22392
4 4 0.07138 0.24880
5 1 0.41893 —0.50313
5 2 0.24628 0.00653
5 3 0.16761 0.13045
5 4 0.10882 0.18166
5 5 0.05835 0.18448
6 1 0.35545 —0.45927
6 2 0.22549 —-0.03599
6 3 0.16562 0.07320
6 4 0.12105 0.12672
6 5 0.08352 0.14953
6 6 0.04887 0.14581
7 1 0.30901 —0.42370
7 2 0.20626 —0.06070
7 3 0.15859 0.03619
7 4 0.12322 0.08734
7 5 0.09375 0.11487
7 6 0.06733 0.12586
7 7 0.04184 0.12014

Denoting the BLIEs of i and o by
pr= " aX, and o™= > bX]. (1.82)
i=r+1 i=r+1

Mann (1967a) in a Technical Report and Mann, Schafer and Singpurwalla (1974) in the by
now classical volume on Reliability have presented tables for various sample sizes and different
levels of censoring. In Table 1.5, the coefficients a} and b} are presented for n = 2(1)7 for
the case of complete samples (i.e. r = s =0).

Analysis of BLIEs reveals that while there is only a slight improvement in the estimation
of i, there is a significant gain in using the BLIE of ¢, particularly when n is small.
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Table 1.5: Coeflicients for the BLIEs of u and o for complete samples.
(Mann, Schafer and Singpurwalla (1974))

n i a} b;

2 1 0.88927 —0.42138
2 2 0.11073 0.42138
3 1 0.66794 —0.46890
3 2 0.25100 0.19024
3 3 0.08106 0.27867
4 1 0.52681 —0.45591
4 2 0.26151 0.07011
4 3 0.14734 0.18275
4 4 0.06434 0.20305
5 1 0.43359 —0.43126
5 2 0.24609 0.00560
5 3 0.16381 0.11182
5 4 0.10353 0.15571
5 5 0.05298 0.15813
6 1 0.36818 —0.40573
6 2 0.22649 -0.03180
6 3 0.16359 0.06467
6 4 0.11754 0.11195
6 5 0.07938 0.13210
6 6 0.04483 0.12881
7 1 0.31993 —0.38202
7 2 0.20783 —0.05472
7 3 0.15766 —0.03263
7 4 0.12097 0.07875
7 5 0.09079 0.10357
7 6 0.06409 0.11348
7 7 0.03874 0.10832

1.7.4 Asymptotic Best Linear Unbiased Estimation

Optimal linear estimation of the parameters 1 and o based on k selected order statistics,
using the theory of Ogawa (1951, 1952), has been discussed by a number of authors. Suppose
that 0 < A\ < Ay < -+ < A < 1 is the spacing that needs to be determined optimally, and
let Ag = 0 and Apyy = 1. X, is called the sample quantile of order X;, where n; = [nA;]+ 1.
Then it can be shown that the asymptotic variances and covariance of the BLUEs, fi* and
d*, based on the k selected sample quantiles are given by

0'2 K22
Var(i*) = = . — 2 1.
(i) = o Kn — K5 (1.83)
0'2 Ku
Var(3') = 2 1 1.84
) = Rk - K (189
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and ) K
ey 2. iz
Cov(i*, %) n Fnkn - K& (1.85)
In the equations above
ki {py(G) ~ py (Gen)l (1.86)
>\ - )\1 1 '
k
_ 2 {py(G9) = py (G HGipy (Gi) — Gimapy (Ginn)}
- Z : (1.87)
Ai — A
and -
{Gzpy - 1 lpy(Gi—-l)}z
Z , (1.88)
)\ - )\z 1

where G; = Fy''(\;) and the quantities

py(GO) 1 Gopy(GO) ) py(Gk-H) 3 Gk+1py(Gk+1)

vanish.

Appropriate functions involving Ky, K2y and K3 need to be optimized, subject to the
constraint 0 < A} < Ay < --- < Mg < 1 in order to determine the k optimal quantiles for the
asymptotic BLU estimation of the parameters u and o. Numerical results for this problem
have been provided by Hassanein (1965, 1968, 1969, 1972) and Chan and Kabir (1969). As
an example the optimal spacing (A, As, . .., Ax) that maximizes K, in (1.86) is presented in
Table 1.6 for kK = 1(1)7. These values provide the optimal sample quantiles to be used in a
sample of size n for the asymptotic BLU estimator of g (when o is known) since its variance
in this case is given by

o?

Var(i*) = KL

Tests of hypotheses about the equality of u’s from several extreme value populations
based on asymptotic BLU estimators are discussed by Hassanein and Saleh (1992).

(1.89)

Table 1.6: Optimal spacing for the asymptotic best linear unbiased estimator of u (when o
is known) for k = 1(1)7.

k AL A2 Az A4 As As A7
1 0.2032

2 0.0734 0.3615

3 0.0345 0.1701 0.4705

4 0.0190 0.0933 0.2581 0.5486

5 0.0115 0.0566 0.1566 0.3329 0.6069

6 0.0075 0.0369 0.1021 0.2171 0.3958 0.6521

7 0.0052 0.0254 0.0703 0.1494 0.2723 0.4487 0.6880
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1.7.5 Maxzimum Likelithood Estimation

Maximum likelihood estimation of extreme values distributions is a subject to which numer-
ous studies are devoted. This method will be efficient in any of the following cases:

(i) The distribution is of Gumbel type (type 1) with coeflicients of location and dispersion
unknown;

(i) The distribution is of Fréchet (type 2) or of Weibull (type 3) type, with known pa-
rameter of location (in that case, for a type 2 distribution, log (X; — A) has a type 1
distribution, or equivalently —log(A— X;) for a type 3 distribution (z = A being in both
cases the origin of the distribution), and unknown parameters of shape and dispersion;

(iii) The distribution is of Fréchet (type 2) type, with three parameters (location, shape
and dispersion) unknown;

(iv) The distribution is of Weibull (type 3) type, with three parameters (location, shape
and dispersion) unknown, k being restricted to be > 2.

The main difficulties thus appear for the Weibull distribution with unknown shape pa-
rameter.

Below we shall discuss exclusively the maximum likelihood estimation for the type 1
(Gumbel) extreme value distribution.

Gumbel (1958) argued over forty years ago — that the method of maximum likelihood
estimation (MLE) was very complicated and required numerical work normally prohibitive
in that time for routine use and favored the method of moments (MOM). Lettenmaier and
Burges (1982) showed some 25 years later that the MLE method gave better parameter
estimates than those by the MOM method, especially for large return periods and small
sample sizes.

A Fortran 77-Program GEMPAK developed by Al Abbasi and Fahmi (1991) estimated
parameters of type 1, type 3 and the so-called mixture upper earthquake magnitude ex-
tremal asymptotic distributions by means of the maximum likelihood method with numerical
maximization utilizing the Newton—Raphson procedure. The subprogram calculates return
periods at magnitude classes regarded as risky.

Complete Data Case

Based on a random sample X3, X5,...,X,, the maximum likelihood estimators u and o
satisfy the equations
3 el ~ (1.90)
i=1
and
n
X - p)(1 - e XY =g (1.91)

el
The asymptotic variances of & and & are given by the Cramér-Rao lower bounds in (1.61).
The asymptotic correlation coeflicient between [ and & is

2 -1/2
1+ —— = 0. . 1.92
{ +a(1—'y)2} 0.313 (1.92)
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Equation (1.90) can be rewritten as

1o 5
j=—glog [ =) e X/, 1.9
i aog(n;e ) (1.93)
this, when used in Eq. (1.91), yields the following equation for 4:
i Xe X0
i e

It is necessary to solve (1.94) by an iterative method for &; Eq. (1.93) will then give 4. If &
is large compared to X;'s, then the right-hand side of (1.94) is approximately

X{1—”_1-52}. (1.95)

n X

6=X (1.94)

This will provide an approximate solution to (1.94) which can be used as an initial guess
for the iterative method to solve Eq. (1.94).
The asymptotic confidence intervals at significance level o are given by

(£52) -2 (552) (522) + (a7} (557

2
S ———loga,
n

~ 2 ~ ~ ~ 2
(“—“) — 0.84556 <-"———’1> (u) +1.82367 <” - ”) < -2 loga.
o2 g o g n

Evidently, these are ellipses in the (i, ) plane. For the estimator

ie.

fip = o — log (—logp)o
of the pth percentile of the distribution, the asymptotic variance is
o? 6 9
— [1 + F{l — v — log (—logp)} } .

Tiago de Oliveira (1972) has shown that the best asymptotic point predictor of the maximum
of (the next) m observations is

f+ (v + logm)o

with the asymptotic variance
a? 6
— 1+ —={1+ ¥ 2.
- [ +7r2{ + ogm}]

If the scale parameter o is known, the maximum likelihood estimator of 4 is obtained from

(1.90) to be
1 n
f = —olog {;L— Ze‘x"/”} . (1.96)
i=1
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This estimator is not unbiased. In fact Kimball (1956) has shown that (when o is known)

1 1
Eljjs] =u+ody+logn—1—=—.-.— 1.
el = 1 {Y Og 1 B . 1} (1.97)

and . ) )
Ay_ 2% 4 L1
Var(fiy,) =¢ {F 1 A 1)2} . (1.98)

While fi;), is a biased estimator of , e~M1¢/7 is an unbiased estimator of e /%, This is so
because e~*/% has an exponential distribution with expected value e=#/7.

Posner (1965), when applying the extreme value theory to error-free communication,
estimated the parameters 1 and o for the complete sample case by the maximum likelihood
theory and justified its use on the basis of its asymptotic properties. Observing that the
asymptotic theory needs not be valid for Posner’s sample size (n = 30), Gumbel and Mustafi
(1966) showed that in fact a modified method of moments gives better results for Posner’s
data.

Censored Case

Suppose that the available sample is a doubly Type-II censored sample X, ;, X/ ,,,..., X}, _,.
Then the log-likelihood function based on this censored sample is

logL = logn! — logr! — logs! — Z Y/ - Z e

i=r+1 i=r+1
—(n—r—s)logo +rlog Fy(Y,,) + slog{1— Fy(Y,_))}, (1.99)
where Y/ = (X] — p)/o are the order statistics from the standard type 1 extreme value

distribution with density (1.22) and Fy (y) is the corresponding cdf. From (1.99), we obtain
the likelihood equations for 4 and o to be

dlogL 1 -y, Py( Y1) Py (Yas)
- l(n—r—g e~ Y +s 7 =0 (1.100
Ou o { )= 1;1 1‘+1) 1- Fy( Yo o) ( )

and

610511 {:ZY’ SKL’E“Y‘!—(TL—T—S)

i=r+1 i=r41

Py (Y1) Py (Yo )
S YA o Ack.nz LRI VCRNND 4 ASL o
RV 1- Fy(Ya_,)

Harter and Moore (1968a) and Harter (1970) have discussed the numerical solution of the
above likelihood equations. The asymptotic variance—covariance matrix of the maximum
likelihood estimates, ji and &, determined from Egs. (1.100) and (1.101) is given by [Harter
{1970, pp. 127-128)]:

=0. (1.101)

g |Vu Vi (1.102)
n 1/12 ‘/22



34 Extreme Value Distributions

where ((V;;)) is the inverse of the matrix (V%)) with

Vil=l-g -q@+qlogg —(1—q)log(l—q),

V= —(1-q —gq) = 2{I'(; —logq1) — I"(1; ~log (1 — g))}
—~T"(2; —logg1) ~ T"(2; — log (1 — g2)) + 2{I"(2; — log 1)
—T'(2; —log (1 — g2))} — a1 log g1 log (— log q1)

x {2+ log (~logq1)} + (1 ~ g2) log (1 — g2) log {—log (1 ~ )}

log {—~1log (1 — ¢2)}
g2

x [z + log {~ log (1 — g2)} + log (1 - »)
and

V12 — V21
= ~I"(2; ~log g1) + I"(2; —log (1 — g2)) + g1 log (1) log (— log ¢1)
— (1 — g2) log (1 — g2) log {—log (1 — ¢2)}

- (qlz - 1) log?(1 — g2)log {—1log (1 — g=)} .

In the equations above:

@ =r1/n, ¢ =s/n, T(p;a) = [, et?1dt, ['(p; a) = (d/dw)T(u; @)u—p-

Harter (1970) has tabulated the values of Vi3, Vi and Vay for ¢; = 0.0(0.1)0.9 and
g = 0.0(0.1)(0.9 — q,).

Phien (1991) has discussed further the maximum likelihood estimation of the parame-
ters i and o based on censored samples. He carried out an extensive simulation study and
observed the following concerning the effects of Type I censoring on the estimation of param-
eters and quantiles of the type 1 extreme value distribution using the maximum likelihood
method: (a) light censoring on the right may be useful in reducing the bias in estimating
the parameters; (b) the bias in estimating the parameters and quantiles is very small; (c) for
complete samples the MLE of u overestimates y, while the MLE of o underestimates o
slightly; and (d) censoring introduces an increase in the variances of the estimates.

For the distribution

Fy(z) = e—e—(@-p)fo ,

with X; and X, as the left- and right-censoring time points and with r lowest and s largest
observations censored (doubly Type-1 censored data), the likelihood function is proportional

n-—s

{Fx (X} ] px(X){1 - Fx (X)) (1.101a)

i=r+1
In this case that 7 and s are random variables while X; and X, are fixed. The log-likelihood
function is

n—s
log L = const — (n —r — s) logo — Z {YV;+e ¥} —rd+slogg.
i=r+1
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Here
d=e",
g=1-— e " ,
X,
Y = K , and similarly for Y, and Y;.
o

The maximum likelihood estimators of 1 and o satisfy the equations

e mgmo md TgEe-Teo
where

G=P+P+P and H=Q+Q+Q,
with

P=n——r—-s—§Yi+§Yie_Yi, Qz—(n—r—S)—%ie‘Yi,

i=r+1 i=r+1 i=r+41

B =rdy,
Ql = Td7
P = se¥r(1 - q)Y; ’

q

se Y (1 —

o = "1-9

q

Phien (1991) recommended solving these equations using Newton’s iterative process. Simu-
lations carried out by Bugaighis (1991) show the ML estimator for ¢ to have a slight edge
over the BLU, particularly for very small (n < 10) samples and heavy censorship. However,
this slight advantage of the ML estimator of ¢ dissipates with increasing the sample size.
This is particularly noticeable in the case of moderate to light censorship. The situation
is reversed when it comes to estimating the location parameter u. In this case, the BLU
estimator of p is the more efficient of the two. Recall that similar results were reported
by Mann et al. (1974), when considering moderate forms of Type II censorship. (Type II
censorship is considered moderate when, in reliability terminology, at least 50% of the tested
items are actually observed to fail.) Evidently, further investigations are desirable.

An alternative approach was taken by Balakrishnan and Varadan (1991), who approxi-
mated the likelihood equations by using appropriate linear functions and derived approzimate
maximum likelihood estimators of 1 and ¢. They derived these estimators for the type 1
extreme value distribution for the minimum. [The estimators for the type 1 extreme value
distribution for the maximum in (1.21) can be obtained simply by interchanging r and s
and replacing u by —p and X by —X],_;.,.] A simulation study, Balakrishnan and Varadan
{1991), demonstrates that their estimators are as efficient as the maximum likelihood esti-
mators, BLU estimators, and BLI estimators (even for samples of size as small as 10).

Estimators of this type based on multiply Type-II censored samples have also been dis-
cussed by Balakrishnan, Gupta, and Panchapakesan (1992) and Fei, Kong, and Tang (1994),
among others.
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1.7.6 Method of Probability- Weighted Moments (PWM)

Another method popular in extreme value investigations (especially in environmental sci-
ences) is the PWM method. Landwehr, Matalas and Wallis (1979) proposed this method of
estimation of the parameters 1 and ¢ based on probability-weighted moments defined as:

My = E[X{1-F(X)}¥], k=012,....

An unbiased estimator of M is given by

. 1 n (n—l)
M(k)=;ZXi’—n’j—l k=0,1,2,....
i=1 k

(")

By making use of the explicit expressions of M) and My, equating them to sample
estimators My and M(;y and solving for the parameters y and o, these authors derived the
probability-weighted moments estimators to be

Mg — 2M,

10g2 and ﬂ = M(Q) — ’yﬁ' .

=
They compared the performance of these estimators with the moment estimators and the
maximum likelihood estimators in terms of bias and the mean square error. Their extensive
simulation study indicated that this method of estimation is simple and also highly efficient
(in terms of the efficiency relative to the maximum likelihood estimates). See Table 1.7.

Table 1.7: Bias, mean square error and relative efficiency of the moment estimators, PWM

estimators, and ML estimators u and o based on a complete sample of size n. (Landwehr
et al. (1979))

o p
Method n Bias MSE Relative Efficiency Bias MSE Relative Efficiency
M 5 018 0.37 0.83 —0.10 0.49 0.97

PWM 0.15 0.34 1 —0.08 0.49 1

ML 0.00 044 0.74 0.01 0.48 1.05

M 9 0.11 0.30 0.74 —-0.06 0.36 0.96

PWM 0.09 0.26 1 —-0.04 0.36 1

M 49 0.02 0.14 0.60 —0.01 0.15 0.96

PWM 0.02 0.11 1 0.00 0.15 1

ML 0.00 0.13 0.77 0.00 0.15 1.00

More details on this method, its drawbacks and advantages, are given in Chap. 2, in
the section dealing with estimation of parameters in the case of generalized extreme value
distributions.
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1.7.7 Ranked Set Estimation

Bhoj (1997), Barnett and Moore (1997) and Barnett (1999) investigated ranked set sample
design for various distributions including the type 1 extreme value distribution with the cdf

or(55%) o [ [ (57)]

Consider X(1), X(2),-..,X(n), the order statistics of a sample of size n, and let Uy =
(X4 — p)/o. Define o; = E(Uyy) and v; = Var(Uy)). Suppose the ranked set sample
T1(1), T2(2), - - - » Tn(n) i Obtained as the set of smallest, second smallest, up to largest, ob-
served values in n conceptual samples 2y, Zi2, ..., T (¢ = 1,2,...,n) under the assumption
that correct ordering has taken place (incorrect ordering can also be allowed for; see Barnett
and Moore (1997)). We shall use the ranked set sample for estimation of 4 and 0. The usual
estimator of E(X) is the ranked set sample mean

= 1<
==Y Xy 1102
X n a X,(i) (110 a)

which is known to be unbiased, with variance o2 3~ v;/n?.
We have:

Var(X) = % - o? Z(ai —a)?/n?

(which confirms the fact that the ranked set sample mean X , cannot be less efficient than
the sample mean, X). The relative efficiency is then:

X, X) = Var(X)/Var(®) = {1~ Y (s ~ @)%0? /nag(}_l . (1.103)

There is no reason why, as in (1.102a), we should adopt equal weights for each X;;y. Optimally
chosen weights should (by definition) provide a gain in efficiency of estimation of E(X).
Barnett and Moore (1997) obtained the ranked set best linear unbiased estimators (ranked
set BLUES) of p and o in G{(z — p)/0} and hence of E(X). The BLUEs of x and o are of

the form:
w=) X
o* = Z 7. Xigi) for some ; and 7; which depend on o; and v; .

For the type 1 extreme value distribution, the reduced variable U = (X — u)/o has the
mean v (Euler’s constant) and variance 72/6. Hence

px =p+yo
ok =n%/6 (cf. Sec. 1.2).

Barnett (1999) found, inter alia, that the relative efficiencies e(X, X) in the case of the
Gumbel type 1 distributions are as follows:

n 2 3 4 5 6 8 10 15 20

e(f,)?) 141 1.79 215 250 2.83 3.47 4.08 5.53 9.59

The efficiency gains are thus 150%, 250%, 450% and 860% for n = 5, 10, 15 and 20 respec-
tively!



38 Extreme Value Distributions

1.7.8 Conditional Method

The conditional method of inference for location and scale parameters, first suggested by
Fisher (1934) and discussed in detail by Lawless (1982), has been used effectively for the
type 1 extreme value distribution by Lawless (1973, 1978) and Viveros and Balakrishnan
(1994). These developments are described here for the type 1 extreme value distribution for
minimum with the cdf 1 — e=¢® ™7,

Suppose that X{ < X} < ... < X| _, is the available Type-II right-censored sample. The

joint density function of X = (X{, X},...,X/,_,) is

ol T zh— zi— ?
om0 n () o
’ i=1

where F(-) and p(-) are the cdf and pdf of the standard form of the type 1 extreme value
distribution for minimum given by

Fy(y)=1—e* and  py(y) =e¥e™. (1.105)

The joint density in (1.104) preserves the location-scale structure since from (1.104) the
standardized variables, (X{ ~ p)/o, ..., (X} _, — u)/o have a joint distribution functionally
independent of 4 and o. Suppose that g and 6 are the maximum likelihood estimates of i
and o (or some equivariant estimators like BLUEs or BLIEs) which jointly maximize the
likelihood of (i, o) that is proportional to (1.104). Then, Z; = (& — p)/o and Z, = 6/c
are the pivotal quantities so that their joint density involves neither p nor o. With A4; =
(X]-mp)/e i=12,....,n—3), A= (A, A,,...,A,) forms an ancillary statistic, and
inferences for u and ¢ may thus be based on the joint distribution of Z; and Z, conditional
on the observed value a of A.

Using p(z1, 22|a), Lawless (1973, 1978) applied algebraic manipulations and numerical
integration techniques to determine the marginal conditional densities p(z|a) and p(z;|a)
that can be used to carry out individual inferences on the parameters.

Viveros and Balakrishnan (1994) have developed a similar conditional method of inference
based on Type-II progressively censored data when one or more surviving items may be
removed from the life-test (or progressively censored) at the time of each failure occurring
prior to the termination of the experiment. The complete sample case or the Type-II right-
censored sample case are, of course, special cases of this scheme.

—8

1.7.9 Tolerance Limits

Dasgupta and Bhaumik (1995) proposed the following direct approach to construction of
tolerance limits for extreme value distributions.
(1) Consider type 3 distribution:

3
exp(—(w_ﬂ>) , T < B ¢and o >0
F(z) = g

1 T2 U

(a negatively skewed distribution}
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It is required to determine x(1)d(y, €, o), where ¢ is a positive function of u, ¢ and o, and
Z(y) = min(z1, . .., T,), where ;’s are i.i.d. with distribution F, such that

PI(l)[PF{Y 2 (17(1)6(p,£7 0)} > ﬂ] =7

for preassigned probabilities 8 and . (Here Y is a future observation from F and we search
for a lower bound such that 1008% of the future observations will be above that bound with
a very high probability v.) Equivalently,

Plt - F(z)0(1,&,0)) = Bl =~
or
Plz@é(u, &,0) < F7Y(B) =y  (where 5=1-0)
or
Plzay > F7Y(B)/6(n, &, 0)) =1 .
Denoting G = 1 — F, we obtain
G'FHB)/6(p,€,0)] =1~
or
FIFT'(B)/8(m,€,0)] =1 — (1—m)/™.
Thus
§(u,€,0) = F7YB)/FH (1 = (L—y)"™).
Since for the type 3 distribution

FYy) =2 =p~a(-logy)"

we have
p—o(—log§)"/¢
~a[~log {1~ (L -/}

The next step is, of course, to estimate the parameters u, o and &.
2) Similar arguments for the type 1 distribution (positively skewed) with the infinite
range:

8(u,€,0) = m

F(z) = exp[—e (5%, ~0<z<00,0>0,u€R,
show that

F'y)=p—oclog(—logy) and
8(u,0) = F7Y(B)/FH 1= (1 —n)");
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thus, in this case,

_ p— alog (—log B)
B = o Tog T Tog (1= (1~ 7))}’

and xy0(u*, 0*) serves as an approximate lower tolerance limit where u* and o* are some
consistent estimators of x4 and o.
3) For a type 2 distribution

07 < U

1
- 3
€xp (_<x M) )7 mZﬂ'v €>0)0>O)
(2

there exists no finite lower bound for the variable. Here an upper §-content tolerance limit is
required. One requires an upper bound such that a large percentage of future observations
will be below that bound with high probability (for example, an excessive concentration
of ozone causes rise in global temperature — the so-called “greenhouse effect”). We thus
consider upper tolerance of the type

:l:(n)(5 .
where z(n) = max(z1,...,%,) and § > 0. We need to have
Py [Pe{Y < 20} > B8] =7,

where, as before, Y is a future observation from F; namely at least 1008% of the future
observations would be below z(,)d with a high probability -.
Similar arguments show that

Py [F(zm)d) 2 B =
or
Px(n)[w(") < F—l(ﬂ)/(s] =1—-7
and

§(p, @,0) = F(8)/F7H[(1 - )'/"). (1.106)
Since for a type 2 distribution

Fl(y) =y +o(~logy)™*
and
p+o(=logf)~*
potol~3log (1 —m)]-¢’
Zmyo(p*, £*,0*) is an approximate upper tolerance limit where p*, £* and ¢* are sample
estimates of 4, £ and o respectively.
Observe that for the type 1 distribution we also have for the upper tolerance limit:

o(p, & 0) = (1.107)

p — olog (= logB)
p— alog(—2log(1—7))

6(u,0) =
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and the approximation is
.'E(n)(s(/,l,*, 0'*) .

A slightly different, more flexible approach, popular in engineering applications (using a more
common notation) is as follows: based on a complete sample (or Type-II censored sample)
observed from the distribution, the lower « tolerance limit for proportion 1 —«y is i + k1.6
satisfying the equation

Pr[Pr[X > g+ k6] > 1 -] =«a; (1.108)

similarly the upper o tolerance limit for proportion 1 — v is i + kyé satisfying the equation
PriPr(X < i+ kyé] > 1~7]=c. (1.109)

The constants k;, and k;; are referred to as the lower and upper tolerance factors respectively.
In the case of the type 1 extreme value distribution for the minima with the cdf

Fx(z)=1- g ,

Egs. (1.108) and (1.109) become

Pr [";"ML; < log [—log(l—’Y)]] —a (1.110)
and ) )
Pr [M;N +kU§ > log(——log’y)] =, (1.111)
respectively. Rewriting Egs. (1.110) and (1.111) as
Pr [% log [—log (1 — )] — H_‘;_l_f > k[,] =a (1.112)
and
Pr [g log (—logny) — “—;ﬁ < IcU] =a, (1.113)

we observe that kz and ky are the upper and lower 100% a points of the distributions of the
pivotal quantities

U A_
P1=5108[*10g(1—’7)]—ua4,

and

fg—p
Lal o} 1.114
3 (1.114)

Py = 2 log(~log) —
G

respectively. The distributions of these two pivotal quantities are not derivable explicitly

and their percentage points need to be determined either through Monte—Carlo simulations
or by approximations.

Mann and Fertig (1973) used the best linear invariant estimators to prepare tables of

tolerance factors for Type-II right-censored samples when n = 3(1)25 and n — s = 3(1)n,

where s is the number of largest observations censored in the sample. Thomas et al. (1970)
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presented tables that can be used to determine tolerance bounds for complete samples up to
size n = 120, and Billman et al. (1972) provide tables which can be used to determine toler-
ance bounds for samples of sizes n = 40(20)120 with 50% or 75% of the largest observations
censored. Johns and Lieberman (1966) presented tables that can be used to get tolerance
bounds for sample sizes n = 10, 15, 20, 30, 50 and 100 with Type-II right censoring at four
values of s (the number of observations censored) for each n. Using the efficient simplified
linear estimator given in Bain (1972), Mann et al. (1974) derived approximate tolerance
bounds based on an F-approximation. This F-approximation turns out to be quite effective
and can also be utilized with the best linear unbiased estimators y* and ¢*; in fact the ap-
proximation turns out to be adequate even in the case of moderate sample sizes with heavy
censoring.

An alternative F-approximation was proposed by Lawless (1975) for the lower « confi-
dence bound on the quantile X,,. It is based on the fact that, at least in the case when the
censoring in the sample is quite heavy, the estimators ﬁ and & are almost the same as the
maximum likelihood estimators fi and &. This F-approximation is also quite accurate over
a wide range of situations. Lawless noted that the quantity

7, = 2{olog (~log) ~ (i~ )} (L115)

is also a pivotal quantity, since Z, = {log(—log~)/Zs} — Z; where Z; = (i — p)/é and
Zy = & /o are pivotal quantities [cf. (1.114)] and can be used to construct tolerance bounds.
For example,

Pr[Z, > 2yol =a = Przy.0 + 4 < X, = a, (1.116)

and hence 2, o5+ ji becomes a lower « confidence bound on the quantile X,,. The percentage
points of the distribution of Z, in (1.115) therefore yield upper tolerance limits.

Mann and Fertig (1977) discussed the correction for small-sample bias in Hassanein’s
(1972) asymptotic best linear unbiased estimators of 42 and ¢ based on & optimally selected
quantiles. They presented tables of these bias-correction factors for complete samples of sizes
n = 20(1)40. These tables will allow one to obtain estimates based on the specified sets of
order statistics that are best linear unbiased estimates or best linear invariant estimates, and
can also be used to determine approximate confidence bounds on X, and the related tolerance
limits using the approximation approaches mentioned above. Using the conditional method
of inference (Sec. 1.7.8), Lawless (1975) has shown that the conditional tail probability of
the distribution of Z, in (1.115) is given by

Pr[Z, > z|a] = (n — s — 1)!Cp_s(a)

/°° grs2et Ny %Th(n — s)
o Tl (S et + sem iy

where a is the ancillary statistic described in Sec. 1.7.8, I';(p) is the incomplete gamma
function and

dt, (1.117)

h(t,z) = —logy e ** {E est + se“"“t} . (1.118)
=1

The integral in (1.117) is rather complex and needs to be evaluated numerically. The
normalizing constant C,_,(a) is determined numerically by using the condition that
Pr[Z, > —oo|a] = 1 (in which case h(f,2) = 00 and Thyy(n — s) = I'(n — s)). Once
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the percentage points of Z, are determined from (1.117) by numerical methods, tolerance
limits can be obtained as described above.

Gerisch, Struck and Wilke (1991) used a different approach and discussed the determi-
nation of one-sided tolerance limit factors for the exact extreme value distributions from a
normal parent distribution. In their opinion, one-sided tolerance limits for the asymptotic
extreme value distributions cannot be regarded as sufficient approximations of one-sided
tolerance limits for the corresponding ezact extreme value distributions.

A Remark on Prediction

A way of using extreme value theory is, after achieving confidence in a probabilistic model,
to use it for prediction of the extreme values which are supposed to occur, in the near or far
future. This is naturally of a substantial interest, when the problem is to build equipment
which has a limited life before failure, and when it is not possible to eliminate completely
the possibility of having it being destroyed by some exceptional events.

As Galambos (1981) convincingly demonstrated, this approach is, in most cases, highly
unreliable. In fact, very slight variations in the model, accounting for mutual dependence of
the random variables or their marginal distributions, may often have dramatic consequences
on the prediction of extremes. It seems that prediction of extremes is in general a risky field,
in which serious statisticians should be very cautious before taking responsibilities.

1.7.10 Minimum Distance Estimation of the Gumbel
Distribution for Minima

Consider the cdf
Go(z) =1— exp(—exp(z — p)/o); z>p, a>0. (1.119)

As indicated above the distribution Gy(z) plays a central role as a limiting distribution of
the minima m, of a sequence of i.i.d. random variables Y;, i < n, as n — oo. Let F,(-)
be the empirical cdf. The minimum distance estimators of (u,¢) minimize the unweighted
Cramér-von-Mises distance

(u*,0") = argm?in/_: (Fn(x) ~Go (z - "))2 dz.

If the minimum of the Cramér-von-Mises distance exists, p* and ¢* are called the mini-
mum distance (MD) estimators of the location and scale parameters respectively. They are

solutions of the equations
X — 1
2 ((552)-5) -
o 2

i<n

and



44 Extreme Value Distributions

with ko(z) = [*_ ygo(y)dy, where go is the density of Gy and constant cx = —(y + In2)/2.
(Here v denotes Euler’s constant.) Moreover, /n((u*, 0*) — (u,0)) — N(0,T*), where the
covariance matrix L* is given by

2 1.1801 —0.1758
Y=g (see, e.g., Dietrich and Husler (1996)).
—0.1758 0.7953

Dietrich and Husler (1996) have also shown that

ARE (p*, i) = 0.9395,
ARE (0%, 5) = 0.7644,

where (f1,6) are maximum likelihood (ML) estimators. Thus the MD location estimator
u4* is quite efficient but the MD scale estimator o* is less so. However, MD estimators are
robust and have bounded influence function; consequently the very extreme values have less
influence on the MD estimators as compared with the ML ones. In fact, Dietrich and Husler
(1996) have shown that the breakdown point of the MD estimator of the location parameter
is 0.5 and of the scale parameter is 0.2026. Thus it is expedient to use MD estimators if
there is suspicion that the data may be contaminated. (Compare with the section on Robust
Estimation in Chap. 2.)

1.8 Distributions Related to the Classical
Extremal Distributions

There is clearly a close connection between the three types of extremal distributions. The
standard type 1 extreme value distribution is a transitional limiting form between type 2
(Fréchet) and type 3 {(Weibull) distributions. Furthermore, a logarithmic transformation of
a Weibull random variable results in a type 1 extreme value random variable. Also, as noted
earlier, if Y is a standard type 1 extreme value random variable with density (1.22), then
e~Y has a standard exponential distribution.

A rather unexpected relation holds between the logistic and type 1 distributions. If two
independent random variables each have the same type 1 distribution, their difference has a
logistic distribution given by F(z) = 1—[1+ exp ((z—pu)/c)]~! with ¢ > 0. [Gumbel (1961)].
Gumbel (1962¢, d) has also studied the distribution of products and ratios of independent
variables having extreme value distributions. We shall return to this topic in the sequel.

1.8.1 Limiting Distributions of the rth Greatest (Least) Value

Limiting distributions of second, third, and so forth, greatest (or least) values may be re-
garded as being related to extreme value distributions. Gumbel (1958) has shown that under
the same conditions as those leading to the type 1 extreme value distribution, the limiting
distribution of the rth greatest value Y,,_,,; = (X},_,,; — p)/c has the standard form of
probability density function

oy () =r"[(r — ! exp[-ry —re7Y]. (1.120)

nortl
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100a% points of this distribution are given by Gumbel (1958) to five decimal places for
r = 1(1)15(5)50,
a = 0.005,0.01,0.025,0.05,0.1,0.25, 0.5, 0.75, 0.9, 0.95, 0.975, 0.99, 0.995 .

The moment-generating function of distribution (1.120) is

rI(r —¢)
I(r) ~

The cumulant-generating function is
tlogr + log'(r — t) — log I'(r),

and the cumulants are
k1 =logr —¢(r), (1.121)
ko= (-1)7gE0(r),  s>2.

It is important to note that the limiting distribution (1.120), which corresponds to a fixed
value of r, should be distinguished from distributions obtained by allowing r to vary with
n (usually in such a way that r/n is nearly constant) or keeping r constant but varying
the argument value. Borgman (1961), for example, has shown that if z, be defined by
Fx(z,) = 1—w/n, for given fixed w [where Fx(z) is the cdf of the population distribution],
then

lim Pr[X,_ . <z,]=1-[r-1" / tleidt . (1.122)
o

n—00

Note that the right-hand side of (1.122) can also be written in terms of a x? distribution, as
Pr[x2, > 2w).

1.8.2 The Asymptotic Distribution of Range

The asymptotic distribution of range is naturally closely connected with extreme value dis-
tributions. If both the greatest and least values have limiting distributions of type 1, then
[Gumbel (1947)] the limiting distribution of the range, R, is of the form

Pr[R <r] =2e"?K,(2¢7%), >0, (1.123)
with probability density function
pa(r) = 2" Ko(2e77/?) r>0,

where K, K, are modified Bessel functions of the second kind of orders zero, one, respec-
tively. Explicitly:

Ko(z) = - { In (lz> +7} Io(2) + (1,)22

D et
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where
G G2
Io(2) = 1+(1[)2+() +(3!)2+
and
Ki(z) = (y — log2 + logz)zm( )2v+1
1 1 2\ 2v-1 1
+;—gm(§) (S”_ﬂ)’
where

Note that K;(z) = —Kp(2).
Gumbel (1947) gave the values

E[R] = 2y = 1.15443
median R = 0.92860,
modal R = 0.50637 .

Also

2
var(R) = 3= 3.2899.

In Gumbel (1949b), there are tables of Pr(R < r] and pg(r) to seven decimal places for
r = —4.6(0.1) — 3.3(0.05)11.00(0.5)20.0,
and of percentile points R, to four decimal places for
a = 0.0002(0.0001)0.0010(0.001)0.010(0.01)0.95(0.001)0.998
and to three decimal places for
a = 0.0001, 0.999(0.0001)0.9999 .

Further details on the asymptotic distribution of range are given in Gumbel’s book (1958)
and in Galambos (1987).

1.8.3 Extremal Quotient

Let M, = max{Xy,...,X,} and m, = min{Xy,..., X,} where {X,, : n > 1} is a sequence
of 1.i.d. random variables.
The extremal quotient is defined by
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(see Gumbel and Herbach (1951)). Gumbel (1958) defined this quotient M, /m,, under the
assumption that m, < 0. One of the earlier uses is in climatology (Carnard (1946)). The
quotient is scale-invariant. Gumbel and Herbach (1951) derived the exact form of the cdf of
this statistic. The cdf Hj(g) of the extremal quotient is

1
(@) = W = ] [ expl-Ma+ 2dz = (1 - e,
0
where
Pr{M, < z] = Gu(z) converges to exp (—el®#n)/on) (for large n),

and A = exp (pn/on) is a function of the initial distribution and the size n of the sample
from which the quotient was drawn. The parameter A is dimensionless. For large A the
distribution function becomes

Hy(gq) = /\/0 exp (—A(z + 2%))dz.

The distribution of the extremal quotient rapidly becomes concentrated with increasing
sample size. The concentration is about the median, which is unity. In order to compensate
for this concentration, the difference ) — 1 is multiplied by u, and o,. Thus we have the
variable

T=(Q~1)log .

It was shown by Gumbel and Keeny (1950) that the distribution of 7 approaches the logistic
distribution as A tends to infinity; i.e. for all z,

}im P{r<z}=1/(1+¢e").

It should be noted, however, that while a logistic variate has all the moments, T has none
(since @ has none). Gumbel and Pickand (1967) traced the extremal quotient on logarithmic
normal paper for A = 2, 5, 10, 20, 100 and 492.7 (see Graph 1).

The curve for A = 1,000 is indistinguishable from that for A = 492.7. The distribution
function of the extremal quotient plots nearly as a straight line for large values of A, although
the moments of the extremal quotient do not exist.

The asymptotic distribution function when the initial distribution function is of exponen-
tial or Cauchy types were studied by Gumbel and Keeny (1950). Tables of the distribution
of “extremal quotient” were published by Gumbel and Pickands (1967).

Recently, Bakarat (1998) obtained necessary and sufficient conditions for the weak con-
vergence of sample extremal quotient of i.i.d. random variables as n — oo. For type 1
(Gumbel) and type 2 (Fréchet) limit distributions of M, and m, the extremal quotient @,
properly normalized, converges weakly to distribution function

Qg @, B) - Ji—o00)(a) + Tjo,00)(0)

where I4(-) is the indicator function of the set A and

QB =1 _/0 exp (—y — || Py*/*)dy
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Graph 1
Distribution function of the extremal quotient
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where a and 3 are positive constants appearing in the definitions of type 1 distributions:
(exp —y ) (y > 0); 1 — exp(—(—2)") (z < 0) and type 2 distributions: exp (—(—y)?)
(y < 0); 1 exp((—2)*) (z > 0).

Gumbel and Keeney (1950) proposed to estimate the parameter A by comparing the
expected proportion of the sample for which 1/2 < @ < 2, with the observed proportion.
However, unless A is extremely small, all of the sample will lie in this range with very high
probability. So the method is not always applicable.

The cumbersome nature of the distribution function makes it plain that even on a modern
computer, maximum likelihood estimation would not be easy. But since ¢ has no moments,
and the median is 1, independent of A, neither quantile nor moment methods will be appro-
priate. A further study of this basic statistic is desirable.

1.8.4 Log-Gamma Density

The standard log-gamma density function

1w
= ——e%¥° - < 00, > 1.124
pr(y) rw° 00 <y < oo K> 0 (1.124)
can be viewed as a generalization of the standard type 1 extreme value density.
Specifically, if Y has the density function in (1.124), for the case when & = 1 the variable
—Y is distributed as a standard type 1 extreme value random variable. We note that
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for integral values of «, density (1.124) is related to the density (1.120). The cumulative
distribution function corresponding to the density (1.124) is

Fy(y) =Iw(k), —c0o<y<oo, K£>0, (1.125)

where I;(x) is the incomplete gamma function ratio
!
It(n)=/or\—(n—)e_zz“_1dz, 0<t<oo,k>0.
For integral values of k, therefore, we have
k—1 iy
1—Fy(y)=e_eyz%, co<y<oo, K=1,2,... (1.126)

=0

(this well-known relation can easily be verified by successive differentiation). The moment-
generating function corresponding to the density (1.124) is

E[e™] = D(x +1)/T(x);
in particular, we have
ElY]=4(s) and var(Y)=19'(x). (1.127)

Since the digamma function ¢(x) ~ logk and ¢'(k) ~ 1/« for large «, Prentice (1974)
suggested a reparametrized log-gamma density function

K~1/2
Py (y) = %(Weﬁy*“”ﬁ, —0<y<oo, k>0 (1.128)

which tends to the standard normal density function as k — co. By introducing a locating
parameter p and a scale parameter ¢ in the density (1.124) we obtain a three-parameter
log-gamma density function as

px(z) = eMEm/oe=e™TT S0, 6> 0. (1.129)

ol'(k)
This is evidently a generalization of the type 1 extreme value density function (1.21). Law-
less (1980, 1982) has illustrated the usefulness of the three-parameter log-gamma density
(1.129) as a life-test model and discussed maximum likelihood estimation of the parameters.
Balakrishnan and Chan (1994a, b, ¢, d) have studied order statistics from this distribution
and also the BLU and, the asymptotic BLU estimations, as well as the maximum likelihood
estimation of the parameters based on complete and Type-II censored samples. Young and
Bakir (1987) have discussed the log-gamma regression model.

1.8.5 Smallest Extreme Value (SEV) Regression

SEV regression model has received special attention in reliability applications in particular in
accelerated life testing. This model uses the smallest extreme value distribution to describe
the variability in product’s (log)lifetime at a particular stress level and assumes a linear
relationship between (log)life and the transformed stress variable.
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Specifically the model states that for a given value z of independent (response) variable,
the r.v. Y follows a SEV distribution with parameter u(z) = v + 71 and scale parameter
o > 0. (Evidently v and +; are respectively the intercept and slope parameters.)

Hence,

Fle) = exp {%ﬂw) ~exp <y—<%+%_@)}

with
-0 <y<oo, —00 < 7y < 00, —co<m<oo and o>0.

Here, 7o, 71 and o are estimated from sample data which may include complete (as well as
censored) observations of Y. The ¢ quantile at a given value of «, say zp, is

Yo(xp) = p(zp) + {log[—log (1 ~ ¢)]}o,
=% +mzp +{log[~log (1 - g)l}o.

It is known that the location parameter u(zp) is also the 0.632 quantile of the SEV distri-
bution at zp (the so-called nominal (log)life of the product at zp).

As mentioned above, in accelerated life-testing applications, the SEV distribution is used
to describe the scatter in the product’s (log) lifetimes at a particular stress level. Further-
more, many accelerated live models which are of the form p(z) = y+71z express the nominal
(log)life u(z) as a linear function of a (possibly transformed) stress variable z. For example,
the inverse power law states that z = log (V) where V is the voltage. In the Arrhenius
relationship © = 1/T where T is the absolute Kelvin temperature. The scale parameter ¢ is
assumed constant for all z.

Doganaksoy and Schmee (1991) constructed and compared various approximations to
confidence intervals for the SEV distribution simple linear regression model under time cen-
soring. Intervals based on the asymptotic normality of MLE are “anti-conservative” and
caution is needed in using them. On the other hand, uncorrected likelihood ratio intervals
are remarkably accurate in situations with heavy censoring.

Distributions related to the generalized extreme value distributions are discussed at the
end of Sec. 2.

1.9 Applications of the Classical Extreme
Value Distributions

The range of applications of extreme value distributions is extremely (no pun intended) wide,
and it is a daunting task to list all of them without subjecting our readers to a boring experi-
ence. We appeal to their patience, curiosity and perseverance to carefully review the next few
pages. To highlight the applications we just indicate such diverse areas as break frequency
of paper, horse racing, network design, queues in supermarkets, synthetic membranes, sizes
of bush fires, not to mention the obvious topics such as high temperatures, earthquakes,
risk management, winds, floods, ozone concentration, insurance and more recently, financial
matters. The list below, being a substantially updated (and in a sense condensed) version
of Section 14 of the Chapter on Extreme Value Distributions in Johnson, Kotz and Balakr-
ishnan’s book on Continuous Univariate Distribution (J. Wiley, 1995) attempts to provide
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a meaningful and hopefully coherent picture. Additional applications are mentioned in the
section on generalized extreme value distributions and in the second part of the monograph
dealing with the multivariate extreme value distributions. Unavoidable coloring of choice by
personal taste may have done injustice — omitting worthwhile contributions.

As mentioned earlier, E. J. Gumbel played a pioneering role during the 40s and 50s in
bringing out several interesting applications for the extreme value data and developing sound
statistical methodology. We shall briefly describe below some outstanding applied papers in
a more or less chronological order.

Probably the first paper that described an application of extreme values in flood flows was
by Fuller (1914). Griffith (1920) brought out an application while discussing the phenomena
of rupture and flow in solids. Next, Gumbel (1937a, b) used the extreme value distribution
to model radioactive emissions and human lifetimes. The use of the distribution to model the
rupture in solids was discussed by Weibull (1939). Weibull effectively advocated the use of
reversed type 3 distributions which have now become widely known as Weibull distributions.

Gumbel (1941) applied the distribution to analyzing data on flood flows, and in subse-
quent works he continued his discussion on the plotting of flood discharges, estimation of
flood levels, and forecast of floods [Gumbel (1944, 1945, 1949a)]. The application to study
earthquake magnitudes was pointed out by Nordquist (1945). Velz (1947) used the distribu-
tion to model microorganism survival times. Epstein (1948) applied the theory of extreme
values to problems involving fracture data. Rantz and Riggs (1949) illustrated an applica-
tion while analyzing the magnitude and frequency of floods in the Columbia River Basin
measured in the course of a U.S. Geological Survey. An interesting new application of the
extreme value distribution was used by Potter (1949) to study rainfall data. Weibull (1949)
emphasized the role of extreme value distributions to represent fatigue failures in solids and
advocated once again the use of the Weibull distribution in place of the type 1 extreme value
distribution.

In meteorology, the popularity of the type 1 distribution is due mainly for the following
six reasons:

(1) The EV1 distribution results from an initial (unlimited) distribution of exponential
type which converges to an exponential function;

(2) under certain assumptions, the extreme values in a sample follow this distribution;
(3) it is simple and has only two parameters;

(4) from a statistical viewpoint, it may be preferable to apply even when the sample
size is small;

(5) because it is available in closed form, it is easier to determine the extreme value for
a specified value of probability or return period; and

(6) in a Monte Carlo study, the EV1 random variables can be easily generated.

The so-called Gumbel method has been applied successfully to both regular-type events
(e.g., temperature and vapor pressure) and irregular-type events (e.g., rainfall and wind).
Thom (1954) emphasized that the sparse sampling in time of extreme events obscures much
of the information in a rainfall process. Methods of analysis of extreme hydrological events
have changed gradually since the publication of Gumbel {1941) on asymptotic theory dealing
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with flood discharges by streams. Until quite recently basic assumptions of the theory were
that the frequency distribution of extremes within successive intervals remains constant and
that observed extremes may be viewed as being independent samples from a homogeneous
population.

Gumbel (1954, 1958) presented consolidated accounts of the statistical theory of extreme
values and several practical applications. These works may be studied in conjunction with
his later works [Gumbel (1962a, b)] to gain a deeper understanding and better knowledge of
extreme value distributions.

Longuet-Higgins (1952) contribution is one of the earliest works on heights of sea waves
in the framework of extreme value analysis. Thom (1954) (mentioned above) applied the
distribution while discussing the frequency of maximum wind speeds. Numerous papers by
Thom scattered in diverse publications on wind and waves applications appeared in the late
’60s and early '70s. Aziz (1955, 1956) applied the extreme value theory to an analysis of
maximum pit depth data for aluminum. Kimball (1955) — mentioned above — explained
several practical applications of the theory of extreme values and also described some aspects
of the statistical problems associated with them. Jenkinson (1955) followed Potter (1949) by
applying the extreme value distribution to model the annual maximum or minimum values
of some meteorological elements. Lieblein and Zelen (1956) carried out an extensive study
related to inference based on the extreme value distribution and applied their methods to
investigate the fatigue life of deep-grove ball bearings. Eldredge (1957) discussed an analysis
of corrosion pitting by extreme value statistics and applied it to oil well tubing caliper
surveys. King (1959) summarized developments on extreme value theory and explained their
implications to reliability analysis. Metcalfe and Smith (1964) investigated applications to
glass fibers. Clough and Kotz (1965) presented some queuing model applications for the
extreme value distributions. Posner (1965) — mentioned above — detailed an application of
the extreme value theory to communication engineering; see also the comments by Gumbel
and Mustafi (1966) on this paper. In a series of reports Simiu and Filliben (1975, 1976)
and Simiu et al. (1978) used extensively the extreme value distributions in the statistical
analysis of extreme winds. Regional flood frequency analysis based on the type 1 (Gumbel)
distribution using Bayesian estimation was carried in 1971 by Cunnane and Nash (1974).

Shen et al. (1980) applied the distributions for predictions of flood. Watabe and Kitagawa
(1980) demonstrated an application while discussing the expectancy of maximum earthquake
motions in Japan. Qkubo and Narita (1980) used the extreme value distribution to model
the data on extreme winds in Japan. Wantz and Sinclair (1981) carried out a similar anal-
ysis on the distribution of extreme winds in the Bonneville power service area. Metcalfe
and Mawdsley (1981) applied extreme value distribution to estimate extreme low flows for
pumped storage reservoir designs. The use of the distribution in regional flood frequency
estimation and network design was illustrated by Greis and Wood (1981). Roldan-Canas,
Garcia-Guzman, and Losada-Villasante (1982) constructed a stochastic extreme value model
for wind occurrence. A comprehensive application of the extreme value distribution in
rainfall analysis was provided by Rasheed et al. (1983). Henery (1984) presented an in-
triguing application of the extreme value model in predicting the results of horse races.
While Pericchi and Rodriguez-Iturbe (1985) used the extreme value distribution in a statis-
tical analysis of floods, Burton and Makropoulos (1985) applied it in an analysis of seismic
risk of circum-Pacific earthquakes. The usefulness of this distribution to model time-to-
failure data in reliability studies has been discussed by Canfield (1975) and Canfield and
Borgman (1975).
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A two-component extreme value distribution was proposed by Rossi et al. (1986} for flood
frequency analysis; also see the comments on this paper by Beran et al. (1986) and Rossi’s
(1986) subsequent reply. J. A. Smith (1987), Jain and Singh (1987), and Ahmad, et al. (1988)
provided further discussions on the application of the type 1 extreme value distribution for
flood frequency analysis. Achcar et al. (1987) discussed the advantages of transforming
a survival data to a type 1 extreme value distribution form before analyzing it. Nissan
(1988) demonstrated an early application of the type 1 distribution in estimating insurance
premiums. The role of statistics of extremes in climatological problems was discussed by
Buishand (1989). A seminal paper by Smith (1989) is devoted to trend detection in ground
level ozone.

Cockrum et al. (1990) and Taylor (1991) applied the extreme value distributions in
modelling and simulation involving product lammability testing. Wiggins (1991) displayed
an earlier application in stock markets. A mixture of extreme value distributions was used by
Fahmi and Abbasi (1991) to study earthquake magnitudes in Iraq and conterminous regions.
Tawn (1992) discussed the estimation of probabilities of extreme sea levels, while Hall (1992)
discussed further on flood frequency analysis. Tawn’s numerous pioneering applications
are discussed in the sections on generalized extreme value distribution and multivariate
extreme value distributions. Bai et al. (1992) demonstrated an application of the extreme
value distribution in predicting the upper percentiles that are of interest in environmental
quality data.

Hopke and Paatero (1993) discussed the extreme value estimation in the study of air-
borne particles. Kanda (1993) considered an empirical extreme value distribution to model
maximum load intensities of the earthquake ground motion, the wind speed, and the live
load in supermarkets. Goka (1993) applied the extreme value distribution to model ac-
celerated life-test data to tantalum capacitors for space use and to on-orbit data of single
event phenomenon of memory integrated circuits in the space radiation environment. Rajan
(1993) stressed on the importance of the extreme value theory by providing experimental
examples where significant deviations from the average microstructure exist in pertinent
materials physics (in particular pore size distributions in synthetic membranes). Scarf and
Laycock (1993) and Shibata (1993) have demonstrated applications of extreme value theory
in corrosion engineering. Applications of extreme values in insurance have been illustrated
by Teugels and Beirlant (1993) in their pioneering paper and a subsequent monograph co-
authored with Vynckier (1996). Diebold et al. (1999) provide a balanced assessment of the
use of extreme value theory in risk management.

Dasgupta and Bhatumik (1995) discussed lethal effects of the ozone depletion and com-
puted the upper and lower B-content confidence limits for an extreme value distribution
showing that these can be used to calculate the upper and lower tolerance limits to the
level of atmospheric ozone layer. Their methodology was described earlier in the section
on tolerance limits. They use the data of Pallister and Tuck (1983) as presented in Pyle
(1985) consisting of percentage deviation from midnight values of ozone concentration for a
diurnel cycle.

Sizes of bush fires observed in Australia in 1986-1987 reported by the Environmental
Protection Agency (EPA) were analyzed by Smith (1993). Both Fréchet and Gumbel type
distributions were fitted. Only fires that burned an area of 1 hectare or more were recorded.
Thus 75 recorded fires should be viewed as the largest observations from a sample of a
large size.
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The data for annual maximal winds for Jacksonville, Florida (stored in the file em-
jwind.dat) was recorded by Changery (1982) (and discussed in Kinnison (1985)) for the
years 1950-1979. The range of the data is maximal wind speed between 34-74 mph (in
the years 1959 and 1964 respectively) with a pronounced mode of 42 mph. The data was
subdivided into tropical and non-tropical storm years with seven observations in the latter.
The Gumbel model yielded MLE estimators

(u,0) = (43.6,6.7) for the tropical
and
(4,0) = (44.1,9.0) non-tropical storm data.

Viewing the tropical maximum annual wind speeds as randomly left-censored by non-tropical
ones, Reiss and Thomas (1997) observed that the distribution is now shifted to the left and
tropical wind speeds are now better described by a Fréchet density indicating a heavier upper
tail, which may mislead forecast of catastrophic tropical storms.

Some most recent applications as of this writing include:

(1) Transforming point rainfall into areal rainfall to obtain relationships known in meteo-
rology as intensity-duration frequency curves (Sivapalan and Bloschl (1998)) (type 1
distribution),

(2) extreme occurrences in Germany’s stock index (Broussard and Booth (1998)),
(3) behavior of solar proton peak fluxers (Xapsos et al. (1998)) (type 2 distribution),

(4) probabilities of grant freak waves in areas surrounding Japan’s seacoast (Yasuda and
Mori (1997)),

(5) discussion of pitfalls and opportunities in the use of extreme value theory in risk
management (Diebold et al. (1999)).

A more detailed list of the most recent application is provided by Nadarajah (2000). Pro-
ceedings of the Gaithersburg (MD, U.S.A.) Conference edited by J. Galambos et al. (1994)
and the Conference on Stochastic and Statistical Methods in Hydrology and Environmental
Engineering edited by K. W. Hisel (1994) constitute a most valuable collection of inves-
tigations devoted to applied aspects of extreme value analysis. The book by Embrechts
et al. (1997) is an excellent source for theory and applications in insurance and finance —
the currently most glamorous fields of extreme value analysis. Data examples provided in
Castillo (1988) are most valuable for applications.

Appendix to Chapter 1

A. Some Comments on Gnedenko’s Results

For the readers — experts in probability theory — we note that Gnedenko’s condition for
the type 2 extreme value distribution discussed in section 1 is equivalent to the condition
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that the sum S, = X; + .-+ + X,, belongs to the domain of attraction of a stable law with
characteristic exponent a, where 0 < a < 2, with the characteristic function given by:

$(u) = exp (iyu — clul*{1+iB(t/|t|)w(u,a)}),  where
w(u,a) =tan(ma/2) fora#1, w(u,a) = (2/m)log(u) fora=1.

Here v, ¢ and 3 are appropriate constants.
(Recall that a necessary condition for type 1 limiting distribution is that, for any ¢ > 0,

lim { (;_‘TIT&))) } —0  provided zp = max{t; F(£) < 1} = 00.)

The Poisson distribution satisfies neither lim,.,o{(1 — F(z))/(1 — F(cz))} = 0, ¢ > 0,
nor the condition lim; o {(1 ~ F())/(1 — F(cx))} = c*, i.e. it does not belong to the
domain of attraction of an extreme value distribution. The same is true for some other
discrete distributions. See Anderson (1970) who discusses conditions for a class of discrete
distributions.

For a normally distributed sequence, X;, Xs,..., X, of ii.d. random variables N(0, 1)
with ¥, = max{X;}, ¢ = 1,...,n, we have (see, e.g., Cramér (1946), p. 475).

lim P[y/2logn{Y, — \/2logn + ((log logn + log4r)/21/2logn)} < z] = e
n—oo
The result implies that
li_{n {Y, — v/2logn} =0 in probability.

(This is an example of the so-called stability of {Y,.} sequence.)

The interrelation between the respective domains of attraction of Y,, Z, =
min(Xy,..., X;) and S, was investigated in detail by Rosengard (1962) and Tiago de Oliveira
(1962), among others. In the case when Var(X;) < oo, Y, Z, and S, are asymptotically
independent.

For many well-known distributions (including the normal), the limiting distribution of
P{(Y, — bn)/an < 2} = F™{a,z + by,), is of type 1. (Here, as usual, Y, = max; X;, where
X1, ..., X, are independent random variables with a common c.d.f. F.) This property is
sometimes used as a theoretical justification for the adoption of type 1 rather than types 2
or 3. However, for the case of normal extremes, in which F' = &, the distribution function of
a standard normal variable, Fisher and Tippett (1928) showed empirically that the type 3
approximation is closer to ®™(z) than the (limiting) type 1 approximation.

It should also emphasized that a priori there is no reason to believe that empirical
distributions ought to have tails such that the distribution of normed maxima should converge
to some stable type. In fact, maxima can have any distribution and, for the same underlying
distribution, the distribution of maxima for a certain sample size may be completely different
from that for some other sizes.

In fact, Green (1976) has showed that tails of distributions do not have to be such that the
maxima of the random variables they govern will approach some stable limiting distribution.
(This “anti-extreme-value” sentiment has not, however, deterred applied researchers from
applying the theory described in this book to a multitude of types of empirical data.)
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Fisher and Tippett (1928) called the approximation of the form
exp {—(—Az + B)*} Az < B,
Pu(@) =10 Az>B, A<0

1 Az > B, A>0,

where A, B and k are sequences of parameters depending only on n and Ak > 0, the
penultimate approximation.

Cohen (1982a) provided bounds on sup,, |®"(z) — P,(z)| for special choices of k, A and B
and their relation to a, and b, and shows that the sup is O(a%). He also proves rigorously
that the penultimate approximations provides substantially better approximations than the
type 1 approximation A{(z — b,)/a,} where A(z) = exp(—e™®), even for small n. Cohen’s
(1982) proof is very delicate and involves several refined inequalities.

Hall (1980) in an equally important paper shows essentially that approximations to ®"(z)
based on inequalities for the normal tail function are much closer than the penultimate
approximation. Thus if the X;’s are indeed independent and identically normally distributed
and if » is known, then Hall (1980) provides better estimates of the distribution of ¥, =
max;{X;} than the approximations based on extreme value theory. However, in practice we
are very often uncertain of the normality, the independence and also the value of n. Since
the three limit laws apply to a large class of initial distributions, and quite often in certain
dependent cases, extreme value theory approximations are more robust than the alternatives
suggested by Hall (1980).

In a subsequent paper [Cohen (1982b)] the author extended the above result and reached
the somewhat controversial conclusion that there are very good theoretical reasons in certain
statistical situations for fitting type 2 and type 3 extreme-value distributions to the observed
extremes, even if it is suspected that the limiting form is type 1, unless the amount of data
available is small. Similar, independent results were obtained by Gomes (1984).

The speed of convergence of F™(a,z + b,) (with optimal normalizing constants ay,, b,)
towards the type 1 extreme value distribution A(z) has been evaluated by Hall (1979). He
showed that there exist contains Cy, Cy (independent of n) such that

Cy
logn’

Cy
logn

< sup |F™(anz + bn) — A(z)] <

This result shows that in the normal case, convergence to Gumbel’s A type 1 extreme
value distribution is rather slow. This phenomenon occurs frequently enough to become a
drawback to a careless use of extreme value distributions when it is known that they are
generated by small samples.

Cheng et al. (1998) investigated almost sure convergence in extreme-value theory. Let
G(-) be one of the extreme-value distributions and as usual Y, = max X;, where X; (i =
1,2,...,n) are independent random variables with a common cdf F'.

Assume F' € D(G), i.e. there exist a, > 0 and b, € R such that

P{(Y, —bn)/an) <z} = G(z), forzeR.

Let 1(_oq(-) denote the indicator function of the set (—o0,z] and S(G)=:
{z : 0 < G(z) < 1}, the support of G. Obviously 1(—coq ((Yn — bn)/as) does not converge
almost surely for any z € S(G).
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P<¢ lim sup 0p=1.
N‘“’OZES(G)

Barakat (1997) discussed continuation of weak convergence of suitably normalized extremes
from a finite interval [a,b] to the whole real line. The weak convergence of the extremes
to a limiting type is, in some sense, stronger than what could be expected. It was shown
by Pickands (1968), that if (Y, — b,)/a, did converge to a limiting extreme value distribu-
tion, then the moments of (Y, — b,)/an, provided they exist, converge to the corresponding
moments of the limiting distribution.

Lucené (1994) investigated the speed of convergence of the distribution of normalized
maximum of a sample of i.i.d. random variables to its asymptotic distribution measuring the
difference on the double log-scale graph paper. The convergence to the asymptotic distribu-
tion may not be uniform on this scale and the difference between the actual and asymptotic
distributions, on the probability plotting paper, may be a logarithmic, power, or even an
exponential function in the upper tail when the latter distribution is of Gumbel type 1, but
that difference is at most logarithmic in the upper tail for type 2 and 3 distributions.

Gnedenko's (1943) results were generalized by Smirnov (1949). For every k (1 < k < n)
denote by Xy, the r.v. that assumes the kth value in descending order of magnitude among
the values assumed by Xi,...,X,. (For example X1, = max(X;,...,X,).)

Smirnov (1949) has shown that the class of all proper limit distributions for normalized
r.v. X, consists of the following:

The same authors also proved that:

10g N Z Y—coa)((Ya = bn)/an) — G(2)| =

0 ifx <0,

Doz k) = k-1

exp (—z™%) Zm’m/s! fe>0;
5=0

k—1
exp (—|z[%) Y |z|*/s!  if 2 <0,

U, (z; k) = s=0
L 1 ifz>0;

where a > 0.

The limit distributions for the maximal term are obtained by putting k = 1. Smirnov has
shown that the domain of attraction of any cdf above does not depend on k, i.e. it coincides
with the domain of attraction of the corresponding cdf which is obtained by putting k = 1.

Mejzler and Weissman (1969) generalized Smirnov’s result for the case where the initial
r.v.’s are not necessarily identically distributed.

Galambos (1978) has shown that exchangeability plays an important role for extreme
values. He has extended Smirnov’s result to the case of exchangeable variables. A typical
non-trivial example of exchangeable sequence are random spacings:

If X, Xy,..., is a sequence of i.i.d. r.v. uniformly distributed on [0,1], if 0 = Xé") <
X{") < < X,(b"_)l < X{™ =1 are the order statistics corresponding to 0,1, X3,..., X1,
then the random spacings of order n are defined by
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8™ =xM_xrY =120,

and the maximal uniform spacing M}, is defined by
M, = max 8™ .

The study of spacings has been the object of many publications (see, e.g., Pyke (1965),
for general references). Levy (1939) has obtained its limit distribution:

lim P(nM}/logn < z) = exp(e™®).
n—oo

This result has been extended by a number of authors in the early ’80s.

If Xi, Xa, ... are ii.d. random variables, Y, = max(Xy, ..., X,), and if N(n) is a positive
integer valued random variable, independent of X3, X, ..., it is of interest to evaluate the
distribution of Y.

If it is assumed that N(n)/n — 7, n — oo, where 7 is a (positive) random variable,
and if there exist sequences a, > 0 and b, such that (Y, — b,)/a. converges weakly to a
nondegenerate distribution function H(-) (belonging to one of the three basic types) then,
as n — 00,

+oo
li_{n P((YNm) —bn)/an < z) = H¥(z)dP(r <vy).
n o0 0

Extensions can be made to the kth extremes in a similar manner. First results in this
field have been obtained, among others, by Barndorfi-Nielsen (1964).

Finally it should be noted that the maximum deviation between density estimates and
the density has (when the density is smooth enough) a limiting type 1 (Gumbel) distribution.

In view of the importance of the limiting distributions discovered by Gnedenko, we con-
clude these comments by providing a summary and several examples of determining from
the limiting type of an extremal distribution the given the initial distribution (the so-called
“domain of attraction” introduced in Sec. 1.3).

Summary of Univariate Extreme Value Limiting Distributions
For Maxima (Standardized Form)
Gumbel (Type 1) Hi(z) = exp[—exp (—z)F], —00 < Z < 00,

exp ((—z)7%) >0,
z<0

Fréchet (Type 2) Ha(z) =

x>0
Weibull (Type 3) Hs(z) =
exp [~{(~x)¥] z<0
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For Minima (Standardized Form)

Gumbel (Type 1) Lq(z) =1 — exp[—exp(—z)), —00 < T < 00,

1~ —(=z)7* >0,
Fréchet (Type 2) La(x) = exp (—(~z)7%) z

1 x>0
1- —zk >0
Weibull (Type 3) Ls(z) = exp (=a7) ‘
r<0.

(The Fréchet type is sometimes referred to as the Cauchy—Fréchet type.)

For the initial uniform distribution F(z) = z, 0 < z < 1, it follows immediately by
checking the validity of the condition presented in Sec. 1.3 that the limiting distribution for
maxima in this case is the type 3 (Weibull) distribution.

For the initial Cauchy distribution, F(z) = (1/2) + (arctanz/7), —o0 < T < o0, direct
calculations applied to the condition presented in Sec. 1.3 show that the limiting distribution
for the maxima in this case is the Fréchet distribution and by symmetry the same conclusion
holds for the minima.

Similarly, recalling that for an exponential cdf F(z) = 1 — exp(—z/X), =z > 0, the
percentiles z,_;/, are —alog (1/n) and z,_(me)-1 = alog (ne) respectively, after some simple
calculations we arrive at

nlg{)lo n{exp[—(logn — )]} =e™~.

This shows that the limiting distribution for maxima for the initial exponential distribution
is the type 1 (Gumbel) distribution. The fact that for the initial exponential distribution,
the limiting extreme value distribution is of type 1 is easily deduced from von Mises’ (1936)
sufficient conditions recalling that for this distribution the hazard rate r(z) = f(z)/1— F(z)
is constant. In Table A.1 we summarize the forms of limiting distributions for maxima and
minima, for seven most widely used continuous distributions.

Table A.1:

Initial Distribution  Limiting Distribution for Extremes

Maxima Minima
1. Exponential Type 1 (Gumbel) Type 3 (Weibull)
2. Gamma Type 1 (Gumbel) Type 3 (Weibull)
3. Normal Type 1 (Gumbel) Type 1 (Gumbel)
4. Log-normal Type 1 (Gumbel) Type 1 (Gumbel)
5. Uniform Type 3 (Weibull) Type 3 (Weibull)
6. Pareto Type 2 (Fréchet) Type 3 (Weibull)
7. Cauchy Type 2 (Fréchet) Type 2 (Fréchet)
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B. Dependent Variables

Buishand (1985), among others, investigated the limiting distribution of maxima. of sequences
of dependent random variables. He points out that the classical results related to type 1
Gumbel distribution remain valid if the sequence Xi, Xs,... is a mizring sequence. This
condition requires that: (1) the various terms in the sequence are “weakly dependent when
their separation is large”. For example in the mixing sequence

P(X1<CE,X2<.’E,X]C<I)——>P(X1<.Z‘,X2<$)'P(Xk<$)

as k — oo.

(2) P(Xjux > 7|X; > 1) = 0 as ¢ — oo for every k # 0 (the right tail asymptotic
independence). This implies no local clustering of exceedances of a high-level z. Details are
given in Galambos (1987, Chap. 3) and Leadbetter et al. (1983, Chap. 3). For sequences
of 1-dependent random variables namely for which the events {X; < z,... ,X; < z;} and
{Xj+x < Tjtis- .., Xn < Tp} are dependent for £ = 1 and are independent for k£ > 1, the
limiting distribution of ¥;, = max(Xj,. .., X,,) may not coincide with the Gumbel distribu-
tion.

Greig (1967) provides an illuminating example involving the normal distribution.

For m-dependent sequences (where the events are independent if they are separated by
more than m units), m > 1, it is possible that exceedances of high level z may occur in runs
and also the runs may occur in “bunches”. In that case the asymptotic Gumbel distribution
is also not valid. Specifically for the distribution of the maximum, the number of clusters
rather than the number of runs of individual exceedances has to be taken into account. (See,
e.g., Rootzeén (1978).) This is especially relevant for the extreme value distribution of rainfall
data (Buishand (1985); Marshall (1983)}).



Chapter 2

Generalized Extreme Value
Distributions

2.1 Basic Properties

The generalized extreme value (GEV) distribution was first introduced by Jenkinson (1955).
The cumulative distribution function of the generalized extreme value distributions is
given by

e WHEE-p/oN™VE oo g <y o/€ for € <0,
FX (Z) =

u—off<z <o for £ > 0; (2.1)

e.e—(m-u)/v

—00 << for £ =0.

The distribution above includes the type 2 distribution in Eq. (1.2) when £ > 0, the type 3
distribution in Eq. (1.3) when £ < 0, and the type 1 distribution in Eq. {1.1) when £ = 0.
The distribution is also referred to as the von Mises type extreme value distribution or the
von Mises—Jenkinson type distribution.

The density function corresponding to (2.1) is

1,
e~/ L {1 te (iv - n)} ¢
g c
g
_OO<ZSM_Z for £ < 0;

px(z) = (2.2)

u—%§z<oo for £ > 0;

SRS S
gme T Z g (amm/e —00 <z <0 for{ =0.
\ g
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The standard form of the generalized extreme value distributions has the cdf

1
e N oo <y < —1/6 forf <0

Fy(y) = —% <y<oo for £ > 0; (2.3)
e’ —00 <y < 00 foré =0
and the pdf
e‘(”fl’)f%(l + §y)_%_1 —00 <y < —% for € < 0;
py(y) = —% <y< o foré > 0; (2.4)
e eV —o<y<oo foré=0.

We shall often use the abbreviation GEV (u, 0, £).

The parameter £ is called the shape parameter and may be used to model a wide range of
tail behavior. The case £ > 0 is that of a polynomially decreasing tail function and therefore
corresponds to a long-tailed parent distribution. The case £ = 0 is that of an exponentially
decreasing tail, while £ < 0 is the case of a finite upper endpoint and is therefore short-tailed.

Maritz and Munroe (1967) studied order statistics from this generalized extreme value
distribution, and presented tables of means of order statistics from sample sizes 5 to 10 for
the choices of the shape parameter £ = —0.4(0.05)0.10. These authors have also discussed
the estimation of all three parameters by the use of order statistics.

There are a number of non-regular situations associated with & when & < —1 the
maximum likelihood estimates do not exist, when —1 < £ < —1/2 there may be problems,
and when £ > 1/2 the second and higher moments do not exist. A recent method proposed
by Castillo and Hadi (1997) circumvents some of these problems: it provides well-defined
estimates for all parameter values and performs well compared to any of the existing methods.
(Fortunately, the experience with real-world data suggests that the condition —1/2 < £ < 1/2
is almost always satisfied in practical applications — in particular in environmetrics.)

Suppose X1, Xy, ... are i.i.d. random variables with common cdf ¥ € D(G) where G is
GEV (u,0,€) for some u, o and £. Let M denote the ith largest of the first n random
variables, i = 1,2, ...,r. The limiting joint distribution for the r largest order statistics for
Ty 2Ty 2 2 Xy s

Qn n a.
1 2-3; r—l—s1——8,_2 o1
(e=7)" (= %)™
¥ 55 SENND DI = e i S CE)
$1=0 82=0 $p—1=0

Here v, = ~log G(2;;0,1,£) and {a,}, {b,} are normalizing constants. (The related problem
of the joint limiting distribution (n — r) smallest order statistics was also considered.)
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Practical applications of (2.5) proceed by assuming that n is sufficiently large for the
limit law to hold exactly. We can also express the joint density of (M,(Ll), MT(IZ), cey MT(LT)) in
the generalized form:

F@1, 25, .., 2) = 07" exp [_ {1+£ (%> }—1/6
_ (%H)ng {1+§(‘”%”>}} 26

valid over the range 7, > x3 > - -- > z, such that 1+§(z; —p)/o > 0for j=1,2,...,7. For
the asymptotic approximation of (2.5) to be valid, r has to be small by comparison to n. As
r increases, the rate of convergence of the limiting joint distribution decreases sharply. The
choice of 7 is therefore crucial. Wang (1995) proposed a method for selecting r based on a
suitable goodness-of-fit statistic.

From Egs. (2.3) and (2.4), we deduce the characterizing differential equation

(1+&y)py(y) = —Fy(y)/ log Fy (y) . (2.7)

Balakrishnan, Chan, and Ahsanullah (1993) have exploited the differential equation (2.7)
to establish recurrence relations satisfied by the single and the product moments of lower
record values. See also Ahsanullah (1994).

2.2 Statistical Inference (Classical Approach)

Ahsanullah and Holland (1994) have discussed the estimation of the location and scale
parameters of the generalized extreme value distribution (when ¢ is known) based on the
record values.

The maximum likelihood estimation of the parameters y, o and & have been studied by a
number of authors including Jenkinson (1969), Prescott and Walden (1980, 1983), Hosking
(1985), and Macleod (1989). Based on a complete sample of size n from the generalized
extreme value distribution (2.1), the Fisher expected information matrix is given by [Prescott
and Walden (1980)]:

[ logL] n
— 6H2 ] 02p7
8?log L]
BTt - - n-mwer g+,
6210gL- _ n 7r2 1 2 2q »
E[" 352 ] —g{?-i' <1—0.5772157+Z> _?—i_?}’
logL]  n
E [_ uos | =~ P T2 +O) (2.8)
PlogL] n _;,_,)
E[ o ] T3 (‘1 £)’
& log L] on {1-T@2+¢) E:l
E,: 500¢ | —0.—55|i1—0.5772157—l-——£___q_+_5 ,
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where )
p=(+eTa+2), g=T+o {vare+EE},
and, as above, ¢(-) is the digamma function (¢(r) = dlog I'(r)/dr).

As mentioned above, the regularity conditions are satisfied when £ > —1/2 and in this
case the asymptotic variances and covariances of the maximum likelihood estimators are
given by the elements of the inverse of the Fisher information matrix whose elements are
presented above.

Hosking (1985) has provided a FORTRAN subroutine MLEGEV that facilitates the
calculation of the maximum likelihood estimates of the parameters u, ¢ and & (by the
Newton—-Raphson method) and the variance—covariance matrix of the estimated parameters.
Macleod (1989) has suggested an adjustment that should be applied to Hosking’s algorithm.

Otten and van Montfort (1980) consider the generalized extreme-value distribution of
the form

exp[—(1—02)"%] 1/80<z< +4oo forf < 0;
Fx(z) =Pr(X <2) = —0<z2<1/0 forf>0;
exp [— exp (—2)] -0 <z< 400 forf=0.

(the parameter £ is replaced here by —#8).

Here z = (x—p)/0; pis a location parameter with —oo < p < +00; o is a scale parameter
with 0 < 0 < 400 and 0 is a shape parameter with —oo < 6 < +o0.

The inverse z = F~!(p) is given by:

p+ ol — exp(=0y)]/6, 6+#0
w+ oy, 6 =0, where y=—log[~log(p)], O<p<l.

Note that the e~'-point of this distribution is u for any ¢ and 6.
Given a sample of n observations Xi, Xs, ..., X, denote ¢t = 0z and

y=-0""log(1—t)=2(1+¢/2+t*/3+---) (for small t).

Then F(z) = exp|[~exp(—y)]. Observe that ¢t < 1 unless ¢ = p + o6 which is the finite
bound of the support of the distribution. The log (density) is given by

—log (o) — (1 - )y — exp (-y),
and the log(likelihood) is:

n
L= [~log(o) = (1—0)y; — exp(-u.)].
i=1
To maximize L, Otten and van Montfort (1980) utilized the vector of first derivatives L’
and the matrix of second derivatives L” with respect to the parameters. For numerical
calculations, for small ¢, series expansions of y and the derivatives ys and yg¢ are required.
We shall briefly sketch the procedure.
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Let y, = (y;u ya7yt9)' Here Yu = G(Iit)’ Yo = a(;it)’ Yo = 9(12_4) - % Then

0
(-14+86+e ¥y + | —-1/c
Y
is the contribution of an observation to L'.
Let 7; be the jth estimate of the parameter 7 = (u, 9, 6)T. Then, in the obvious notation,

7?]'4_1 = frj + (—L;I)_IL; s (288,)

and, in the case of convergence, the maximum likelihood estimator # = .. The anticipated
improvement when passing from #; to ;4 can break down if L” has negative eigenvalues.
The starting value mp is the ML-estimator of i and o for § = 0 (the type 1 extreme value
distribution).
A popular stopping rule is determined by:

Z[(i‘p)m — (&);)/[5(n) — 2]

with p = 0.01, 0.50, 0.99, Z, being the estimated p-point of the distribution, and stopping
at, e.g., 1078

Otten and van Montford (1988) recommended halving the first correction when L is not
well approximated by a second-degree polynomial in the neighborhood of 7.

Table of approximate values of (—L}) ™! was provided by Jenkinson (1969) and reproduced
in Flood Studies Report (1975). However, Otten and van Montfort recommended working
without approximations. As mentioned above, regularity conditions are satisfied for 8 < 1/2,
and in this case asymptotic variances and covariances are given by the elements of L"~!
(—E(L") exists only for § < 1/2). Details of application of the iterative procedure (2.8a) are
provided in a technical report by Prescott and Walden, University of Southampton, England
(1985), and in Prescott and Walden (1980) discussed above.

Hosking, Wallis, and Wood (1985) have also discussed the method of probability-weighted
moments (PWM) for the estimation of the parameters y, o and £. What the PWM estimators
would seem to have in their favor is that their evaluation is simple and guaranteed for £ in
the range [—1/2,1/2] whereas convergence of the maximum likelihood estimates is erratic
for £ close to —1/2. As described in Chap. 1 in this approach, one considers the moments

B = E[X{F(X)}Y], r=0,12,..., (2.9)
and sets up the necessary number of moment equations by using the sample statistics
1 (i—-1)0
b = — X!, =0,1,2,..., 2.10
r = ; (n—_l‘)—(rj i r=u012 (2.10)
which are unbiased estimators of the moments §,. One may instead use the simplified

estimates .

- 1
Brlpin) =~ le{,"Xf , (2.11)
where p; , is a plotting position [a distribution-free estimate of F'(X/)] that may be taken as
Pin=—2, O<a<l,

n
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or
L t-a Lot
Pin = ¥ 1—2a" 2 2’
For the generalized extreme value distribution. Hosking et al. (1985) derived
_ ra-¢
=+ ) o 2 <1, 0. 2.12
po=trn - 2{1-2G8 Y e e (2.12)
They used (2.12) to show the following relations between the simplified estimators needed
to determine an estimator of .
- o
ﬂo=ﬁo=u“g{1—r(1—f)}y (2.13)
PO o
26— Bo =261 —fo= —Er(l -6(1-2%, (2.14)
and R .
3—fo _30—fo_1-3 (2.15)
26-6 26-06 1-2

The exact solution for £ from Eq. (2.15) requires iterative methods. However, since the
function (1 — 3%)/(1 — 2°) is almost linear over the range of interest (—1/2 < £ < 1/2), the
(2.16)

following approximate low-order polynomial estimator is used:
~£ = 78590c + 2.9554¢%

where R R
26— fo In2
cC=—F——F— 7.
36— I3
The error due to using (2.16) is less than 0.0009 throughout the range —1/2 < £ < 1/2
(Hosking et al., 1985). Given £, the scale and location parameters can be estimated success-
. 28 — Bo)é . s & -
g OB g ra-g -1y (2.17)
ra-6(1-2v £
The PWM estimate of the bound is thus j — 6/€, where /i, & and £ are as in (2.16) and
(2.17). Note, however, that the use of PWM estimators does not guarantee that

fully as:

..,n, for é<0

Va:i, 1= 1,.

)

| Qo

z; < i —

,n, for £>O.

or .
&
T2 =5, Y,
£
Consequently, PWM (like the Method of Moments) have no built-in feature to ensure fea-

sibility and can yield non-feasible parameters estimates. For given p, o, £ and n, we are
interested in the probability that PWM estimators are not feasible and wish to compute
:)

i=1,...

P (maxa:i > — Z) =1-P (all z; from a sample of size n < é-—
(2.18)

=1_{p(x<p——§z>}n,
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where X ~ GEV (p,0,£). (We are assuming that £ is negative.) Simulations showed that
the probability (2.18) has the following properties: (1) for a fixed n, it decreases with £ and
(2) for a fixed £ it increases and then decreases as n — oo.

Consider the random vector (B, By, B2)T where realizations Go, 51, B2 are

1o I i1 e~ (i=1)(5—2)

= - i = - — J¥imn = 7 N7 aywim 219
bo n;:c A n;n~1x & n;(n—l)(n—z)m (2.19)
and 2., < -+ < &y, is the ordered sample. Then the upper bound i ~ &/ é is a realization
of the random variable

9(Bo, B1, By) = Bo + (2By — Bo)/(1 - 2),

where £ is given in (2.16).

We seek an estimate of the mean and the variance of g(By, B, Bz). The distribution of
g(Bo, By, B2) is quite involved and Dupuis (1996) obtained an approximation by means of
simulation in terms of a lognormal random variable.

While there is no analytical solution to Dupuis’ (1996) approximation (expressed in a
form of an integral), the integrand is well-behaved and numerical integration provides very
accurate results. Numerical results of Dupuis (1996) investigations show that nonfeasibility
is less than 1% for all n when £ > 0. Nonfeasibility is also low for large negative £ and it is
only for £ < —0.2 that we observe an appreciable nonfeasibility as high as 20%. Also, for a
fixed £, the probability of obtaining PWM estimates which are not feasible increases with n,
before eventually decreases to 0. The author strongly advises practitioners to use the more
numerically intensive and difficult maximum likelihood procedure to assure feasibility.

Chen and Balakrishnan (1995) also observed that the PWM method when estimating
parameters of the generalized extreme value distribution can lead to infeasible estimates (in
the sense that the estimated distribution has an upper bound and one or more of the data
values lie outside this bound). The authors propose a modification which alleviates this
problem except for small sample sizes (n = 15 or 25) when — based on their calculations —
probabilities of obtaining infeasible parameter estimates are almost always greater than 5%.

Hosking (1986) also noticed this problem and suggested the following ad hoc method to
overcome the difficulty.

Let x denote 1., or Zp.,; if the boundary condition is found to be violated by the PWM

estimators of the parameters, he recommends equating z to y — % and solving for £. This

leads to £ = In {(2b; — z)/(bo — z)}/In2 for the generalized extreme value distribution and
the other parameters are estimated as before. Recall that b, are defined in (2.10).

Using standard arguments, Hosking et al. (1985) have shown that the asymptotic var-
iance—covariance matrix of PWM estimates (f1, &, )T is given by

0'2?1)11 Uzwlz w13

S|

0'2’LU22 OWas ’ (220)
Wa3

where the w’s depend only on €. The asymptotic efficiency of the individual PWM estimators
and the overall efficiency are presented in Fig. 2.1 [from Hosking et al. (1985)].
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Figure 2.1: Asymptotic efficiency of PWM estimators of parameters of the GEV distribution:
R § ;== - fI; --- overall efficiency (ratio of the determinants of asymptotic
covariance matrices of ML and PWM estimators).

In defining partial probability-weighted moments, Wang (1990) discussed the estimation
of the parameters of the generalized extreme value distribution based on censored samples.
Prescott and Walden (1983) have discussed the maximum likelihood estimation of the pa-
rameters based on a doubly Type II censored sample X/,;,...,X}_, (where the smallest
r and the largest s observations are censored in a sample of size n) from the generalized
extreme value distribution (2.1). They have also presented expressions for the asymptotic
variance—covariance matrix of these MLEs.

T. E. Smith (1984) has discussed a choice probability characterization of generalized ex-
treme value models. Testing whether the shape parameter £ is zero in the generalized extreme
value distributions for the data at hand was addressed by Hosking (1984). Some goodness-of-
fit tests for the generalized extreme value distributions have been examined by Chowdhury
et al. (1991). They have calculated critical points for the Kolmogorov—Smirnov test for the
values of the shape parameter £ = —0.20(0.50)0.25 and the scale parameter o = 0.01,0.05
and 0.10. An excellent discussion on the models for exceedances over high thresholds by
Davison and Smith (1990) provides further insight into issues related to these distributions.
By using a predictive likelihood that approximates both Bayesian and maximum likelihood
predictive inference, Davison (1986) has applied it to the prediction of extremes by means
of the generalized extreme value distribution.

2.3 Bayesian Inference

The distribution function for the generalized extreme value family can be written as

C(2) = exp {— {1+g<Z;M>£VE}_ (2.21)

The parameters p and o are location and scale parameters and £ is a shape parameter
determining the weight of the tail of G and thus of the initial distribution function F of the
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series X1, X2, ..., Xn. Recall that as £ — 0, we have the Gumbel (type 1) model with

G(2) = exp [~ exp {—Z_;ﬁ}] .

Much of Bayesian modeling of extremes has focused on the latter family.

The series M, = max(X),...,X,) is often restricted in application to annual maximum
data while in fact the series X;, Xs,..., X, may contain other data informative about the
tail of F. This leads to the distribution of “threshold exceedances”

Vi=X,—ulXi>u

which is taken as
-1
H(y)=1-(1+£&y/3)7"%,

where ¢ = o + £(u — p) and g, o and £ are the GEV parameters. If the interest is in the
lower tail, we apply similar argument to the series

my, = min{Xy, Xs,..., Xn}

leading to the asymptotic distribution of minima of the form

G(z) =1— exp {* [1+§ (t”)];w} .

This model (which includes Weibull distribution in the case £ < 0) is often used for modeling
failure time data.

There are relatively few papers linking directly the themes of extreme value modeling
and Bayesian inference. In the reliability literature, there are substantially more references,
presumably because there are fewer conceptual problems in formulating assessment in this
context. (See Coles and Powell (1996) for a review.)

The difficulty in utilizing the Bayesian approach in extreme value problems is that the
value of additional prior information is likely to be substantial, while the plausibility of
formulating this kind of prior knowledge may be questionable for extremal behavior.

When applying Bayesian methodology we ought to strive to employ Bayesian procedures
as a means to incorporate genuine scientific belief in data analysis rather than use Bayesian
approach as simply as a formal technical inferential device. Nevertheless, it is the second
approach that is often taken in applications. Unfortunately, the model

PRNENER

admits in general no conjugate priors. In the restricted situation of a single parameter case:
location parameter {when £ = () or scale parameter, Engelund and Rackwitz (1992) obtained
conjugate priors. The drawback here is that ¢ is the most restrictive parameter. Ashour and
El-Adl (1980) considered the distribution of the minima

cer=-em {-froe ()] )
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in the case when £ — 0, i.e. when the data is left-censored. In this case the joint conjugate
prior is
G H D ex Y
fluo) =0 exp [‘— il __PLﬂ_>]
o o p

with parameters D, G, H and . Based on a simulated data example comparison between
Bayesian and maximum likelihood approaches in this case, one may conclude that Bayesian
estimators are more efficient but possess substantial bias.

Pickands (1994) suggested non-conjugate prior for the model {already mentioned above)

Hy)=1-(1+ {y/&)ll/g (which is the distribution of Y; = X; — u|X; > u)

given by f(,£) o< 11(550; (this is equivalent to specifying priors for log (&) and ¢ that are
independent and uniform on (—o0, 00)). Note, however, that & depends on the threshold «
chosen in Y; = X; — u|X; > u. Beirlant et al. (1999) recommend the so-called maximal data
information prior: 7(£,5) = Le~(+9),

Achcar et al. (1987) modeled a sequence of survival times 7}, T3, ..., T;, where Y has the
distribution of the minima:

oo (2]

T™ -1
— f A#£0
Y = X or #

logT for A=20

(the well-known Box-Cox transformation). Using the Jeffrey priors for x4 and o and an
improper uniform prior for the Box—Cox parameter A, they obtain the posterior marginal
distribution for A and assess the quality of the transformation by a simple probability plot.

Coles and Powell (1995) modified the Archcar et al. procedure (using their data).

In their study the maximum likelihood approach has failed due to clustering of data
close to the start of the experiment causing unboundedness of the likelihood function. In
principle, however Bayesian analysis is not affected by unboundedness — only complexity
of computations increases. Coles and Powell (1995) chose almost flat prior distribution;
marginal posterior distributions for y, o and £ are presented in Fig. 2.2.

Figure 2.2(c) shows that £ < —1 almost certainly. Skewness in the posterior densities
may indicate that the posterior mean is outside the parameter space, namely there is a value
of observed failure time t < i + &/ for at least one t. Coles and Powell (1995) chose an
estimator corresponding to the modes of the marginal distributions:

(i, 5,€) = (84.3,151.0, —1.77) .

Based on this estimator, the transformation

Y =1/¢log (1 —§<Z;—“))

ought to produce variables with standard Gumbel distribution for minima. Standardized
order statistics y(; calculated from the original order statistics t(;y show, by means of a
probability plot, that the GEV model is indeed adequate in this case.
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Figure 2.2: Posterior distributions of GEV parameters. (Coles and Powell (1995))

Predictive density function is quite appropriate for Bayesian analysis of extreme value
distributions since in many applications the role of an extreme value analysis is to characterize
the extremal behavior of the past history in order to be able to design against extreme
excursions of future values.

For the GEV, Davison (1986) provided approximation to predictive density function

k) = [ 1wi0)50l)as
(here z is historical data, y is a future observation and f(y|8) and f(6|z) are respectively,
the likelihood and posterior distribution of § given z).

Engelund and Rackwitz (1992) — already mentioned above — calculated the exact form
of predictive distributions for one-parametric cases of the general GEV model with the

distribution function
RN T
G(z) = exp —[1-{—5( )] .
a +

Specifically, let u be the location parameter in the extreme value Gumbel distribution

Fy(z|u) = exp[—exp[—alz —u)]].
Motivated by the fact that

n
r= Z exp (—ax;)
i=1
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is a sufficient statistics for this parameter (see e.g. Schrupp and Rackwitz (1984)), Engelund
and Rackwitz (1992) proposed the following family of priors:

f'(w) o< exp (pau)

where p is a constant. These priors are improper in the sense that they integrate to infinity.
They correspond to noninformative priors (see, e.g., Box and Tiao (1962)) when p = 0. Note
that even the first moment of these priors fails to exist. For type 1 (Gumbel) extreme value
distribution, the predictive density function with this prior is

fr(@) =(n +p)%exp [—oz] (1 i M)—n~l~l’

r
and the cdf
exp [—az]\""?
Fy(z) = (1 + 7> .
r
See the figures below.
1.00 AF
17— Distribution function 1.00 AF— Distribution function
"""" Predictive function, n=2 «e-eeee Predictive function, n=2
=== Predictive function, "’19, ---- Predictive function, n=10 .,."".-
0.50 0.50
0.00 3 R —— 3
Y=3.00 ~2.00 -1.00 0.00 1.00 2.00  3.00 U23.00 -2.00 —-1.00 0.00 1.00 2.00 3.00
(a) (b)

Predictive distribution function for the Gumbel distributions for two sets of parameters
(o, u,p) and n = 2,10. (a): (1.0, 0.0, 0.0); (b): (1.0, 0.0, 0.46).

It is seen that the predictive distribution function for the Gumbel distribution decreases
as the number of experiments increases even for large values of Fy(-). A similar behavior
can be observed for the Fréchet distribution. On the contrary, for the Weibull distribu-
tion of minima, the predictive distribution function increases as the number of experiments
increases.

Engelund and Rackwitz (1992) pointed out that this makes no sense if Gumbel (or
Fréchet) distributions are used to model loads, while a Weibull model is adopted for resistance
in structural reliability. They quote the well-known statement by Berger (1980):

“... even unanimously acclaimed noninformative priors (such as those for location
parameters or scale parameters) can lead to inferior decision rules.”

Using the least informative prior, these authors succeeded in showing that such a choice
corresponds to the value p = 0.46 and, in this case, the conjugate prior leads to a reasonable
predictive decision as far as a function of the number of observations is concerned.

Lingappaiah (1984) investigated predictive probabilities of extreme order statistics under
a sequential sampling scheme.
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Smith and Naylor (1987) chose priors for the family

oo ()

(the three-parameter Weibull distribution mentioned above) with £ < 0 in an arbitrary
manner so as to reflect a range of potential scientific hypotheses. The main purpose is
to demonstrate the computational feasibility — within various extreme value models — of
dealing with priors that may be analytically intractable but scientifically motivated.

Coles and Tawn (1996) express the opinion that it is unlikely that prior beliefs on extremal
behavior could adequately be elicited directly in terms of the GEV parameters. Even having
marginal priors for each parameter it is still unclear how to use them for construction of joint
priors. One ought always remember that long range extrapolation is sensitive to the weight
of the tail. These authors recommended eliciting prior information within a parametrization
which corresponds to a scale on which the expert has familiarity and within which a natural
dependence between the prior specifications is constructed. Starting from family (2.21) they
invert the equation, to obtain the 1-p quantile of the annual maximum distribution:

gp = p+ol-log(1—p)~¢ - 1)¢ (2.22)

and elicit prior information in terms of (g,,, Gp,, Gp,) for specified values of p; > ps > ps.
They choose the joint prior for g, of the form

3
f(qpu dpy» qps) o qsll_l €Xp (_ﬂlqpl) H(qpi - qpi~l)ai-1 exp {"ﬂi(qpi - qpivl)} . (2'23)
i=2

Substituting the quantile expression (2.22) into (2.23) and multiplying by the appropriate
Jacobian of the transformation

(qpli qu qps) - (I‘l'7 U, g)

leads to expression for the priors in terms of the GEV parameters. Multiplication by the
appropriate likelihood gives the posterior distribution of (#,0,€). It turns out that in an
example of extreme rainfall data (based on 54-year series of daily rainfall aggregates measured
at a location in the Southwest England), analytical calculations of the marginal distributions
are intractable. Nevertheless, the recently attained power and simplicity of Markov chain
Monte-Carlo (MCMC) techniques suggest that direct simulation from a Markov chain whose
equilibrium distribution is the prior 7 is straightforward. The authors’ analysis is based on
a Gibbs sampler, successively updating the individual parameters y, o and £ from the prior
m, conditionally on the current values of the other parameters. See Coles and Tawn (1996)
for details. The results are summarized in Fig. 2.3. The authors observed that marginally,
the location and scale parameter priors are almost non-informative: the prior for u is very
flat, whereas that for o resembles 1/0. The marginal prior for £ carries most information
since we are dealing here with a distribution possessing an infinite upper end point. There
is physical reasoning why the prior information for the location parameter should be highly
diffused relative to that of the other parameters: the location parameter tends to be strongly
dependent on localized site-specific characteristics which are difficult to calibrate without
reference to data. In contrast, the scale (and, especially, the shape) parameters are governed
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Figure 2.3: Univariate marginals of prior and posterior distributions of each of the GEV
parameters. (Coles and Tawn (1996))

mainly by regional characteristics of a rainfall process, about which prior information is more
easily assessed. (This reverses the situation from a likelihood-based analysis in which the
relative precision of estimation of the location parameter is much greater than that of the
scale or shape parameters.)

As to utility of Bayesian approach to the spatial modeling of extreme wind speeds, the
observations and investigations due to Coles and Powell (1996) revealed that Bayesian anal-
ysis is quite suitable for spatial data exploration since it is quite reasonable to adopt the
information acquired spatially as a prior belief, and, as data becomes available, we can either
reinforce our faith in the prior or to modify our beliefs, accordingly which is in a harmony
with the Bayesian paradigm. Their investigations of annual maximum wind speeds for 106
sites throughout the U.S.A. have shown that using the three-parameter GEV model relatively
few data were required to calculated the posterior distribution of the location parameter p,
while the scale and shape parameters o and £, respectively, necessitate much more data. As
already mentioned above for short data records (5-10 years) maximum likelihood estimators
are unreliable and possess low precision — having a tendency to oscillate as additional data
become available — while the corresponding Bayesian estimates seem to be quite consistent
with the estimates based on long-term data, having acceptable levels of precision and are
by far more stable, especially when dealing with the shape parameter £. As it has already
been mentioned this parameter affects significantly the long-term extrapolation. It should
be observed that for “complete” data records Bayesian estimators are not inconsistent with
maximum likelihood ones.

A special feature of Bayesian analysis of extreme-value data is related to the primary
concern about the behavior beyond the range of the observed data, namely here the prior
may fail to dominate data. Moreover, since the likelihood here is itself an asymptotic approx-
imation, an optimal procedure may not be necessarily to include more data in the likelihood
but perhaps to raise the threshold u in the distribution of “threshold exceedances”.

2.4 Robust Estimation

Again consider the GEV distribution function Hy involving a three-dimensional parameter

6= [/1’70'y£]»
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Ho = Hye(o) = oxp { -(1+ &;ﬂl)”“} :

here 1+ gﬂ;}j—/i > 0, ¢ > 0, but £ and p are arbitrary. (£ is the shape parameter which as
already mentioned above, in practice, usually lies in the range —1/2 < § < 1/2.} Both MLE
and PWME of this parameter 8 have unbounded influence function and hence provide poor
robustness behavior. For £ # 0, the score function

s(z; @) = (8/00) log he(z)

can easily be calculated explicitly. Here hg(z) is the density corresponding to Hoy.

Given an estimator of 8, T, = T,(%;,%2,...,Zn), it can be viewed as a functional
of the empirical distribution function H™ (which puts mass 1/n on each observation);
To(z1,- -, 2,) = T(H®™). The basic tool to assess robustness is the influence function
defined as:

T((1—e)Ho +eA,) — T(Ha)

E ?
where A, is a point mass at . The IF describes the effect of a small contamination €A, at
the point z on the estimate (standardized by the mass of the contamination). In fact, the
linear approximation eIF(z; T, Hp) measures the asymptotic bias of the estimator caused by
the contamination. A desirable robustness property for an estimator is that it has a bounded
IF. Such an estimator is called B-robust (bias-robust).

Dupuis and Field (1998) constructed Optimal Biased — Robust estimators (OBRE) and
compared them with Probability Weighted Moment Estimators (PWME) originated by
Hosking (1986).

Definition of OBRE is rather involved and is related to M-estimators, which are in turn
a generalization of the maximum likelihood estimators.

An M-estimator is the solution T, of the equation

Z "/)(xi; Tn) =0
i=1

[F(z; T, Hg) = %in%

for some function ¥ : X X R? — RP (p = 3 in the case of GEV distributions), X is the
space of observations, R is the space of parameters. There are several versions of the
OBRE differing in the way they bound the influence function (IF). Dupuis and Field used
the standardized OBRE for a given bound c (the robustness constant) on IF and the OBRE
is tmplicitly defined by

> p(2:50) =Y {s(2:;0) — a(6)}We(z:;0) = 0, (2.24)
i1 =1
where s(z; 8) is the score function and W,(z; @) is the weight function

We(z; 8) = min {1’ [[A(6){s(z,8) — a(0)}]] } 7

[|- || denotes the Euclidean norm. In turn, the p X p matrix A(@) and the p x 1 vector a(8)
are defined implicitly by

E{y(z; 0)¢(z; )"} = {A(@)TA(0)} 7,
Ey(z;68) = 0. (2.25)
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Dupuis and Field (1998) provided a detailed algorithm for OBRE estimation of parame-
ters of GEV distribution. The basic idea is to start with the score function and modify it in
such a manner that the influence function will be bounded and satisfy Eq. (2.25). Note that
[ s(z,0)W,(z, 0)dHe(z)

J We(z,0)dHe(z)

a(@) =

and
ATA = M,
where
My = /{s(x,e) —a(@)}{s(z,0) — a(@)} W,(z,0)F dHe(z), k=1,2.

The weight function W, multiplies the score function s(z;, @) and after subtracting a(8) it
has been made to satisfy (2.24) (the so-called Fisher consistency). The weights will always
be less than or equal to 1 and will be less than 1 when the norm of the appropriately
standardized score function exceeds the cutoff ¢. This downweights observations which are
not close to the working values of the parameters in the given score-function metric. For
observations which are consistent with the current values of @, the weights are one and the
score function is that of the maximum likelihood estimate. This ensures that the OBRE is
efficient, since it is as similar as possible to the MLE for the bulk of the data.

In a simulation experiment carried out by Dupuis and Field (1998), the most robust
estimator was at ¢ = /p and the most efficient (the maximum likelihood one) was obtained
at ¢ = 0o0. The constant ¢ acts as regulator between robustness and efficiency. The authors
also provide an illuminating example to illustrate the behavior of OBRE and contrast it
with the PWM estimator. The data consist of 40 annual maximum one-day rainfalls at
Fredericton, New Brunswick, Canada and correspond to the years 1951-1990. The estimates
with their asymptotic standard deviations are as follows:

Table 2.1:

Method 7 o 13

OBRE (c=4) 44.07(3.3) 15.29(2.9) —0.146(0.13)
PWME 45.3(24)  13.1(1.9)  0.10(0.13)

As can be seen, the estimates of y and o are quite similar for the two methods and lie
within 95% confidence intervals of the other estimate. On the other hand, the estimates
of ¢ differ substantially. It is also noteworthy that the sign of ¢ has changed, indicating
a lower bound of —146.8 for the OBRE and an upper bound of 85.7 for the PWME. If
we look at the weights assigned by OBRE, we see that the largest observation, 146.8, has a
weight of 0.00014, indicating that this observation is not well fitted by the GEV distribution.
This point is reinforced by the quantile—quantile plot using the OBR estimates, where 146.8
clearly lies some distance from the least-median-of-squares line drawn through the data. The
OBRE gives estimates very similar to the PWME when the data are well fitted by a GEV
distribution, but OBRE also provides a good indication of the lack of fit through the weights.
Also the OBRE tends to be more efficient than PWME for the model when £ > 0 and less
efficient when £ < 0 which corresponds to the situation in which the observations have an
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upper bound. There is loss of efficiency relative to the MLE; it becomes more pronounced
as £ becomes negative.

2.5 Zempléni’s Test of Hypothesis for the
GEYV Distribution

For testing the hypothesis that a cdf F' € GEV against the general alternative of F being
an arbitrary continuous cdf, Zempléni (1991) proposed the test statistic

6a(X) = Vivmipmax|Fu(s) - Fi(as + )], (2.26)
where

1 n
F.(z) = - ZI[OO,,](XI-), X =(Xy,...,X,) is the sample.
i=1

The motivation is that the GEV distribution fulfills the so-called max-stability property,
i.e. for any integer m there exist a,, by, such that

F(z) = F™amz + by) forallz e R.

To evaluate the maximum in (2.26), it is sufficient to consider the points X; and X
(t=1,...,n). Zempléni (1991) provided algorithms to optimize in b for a fixed a, and the
second step is to find the optimum value of a. Both algorithms have the same features: first
the optimal value is approximated by an iterative procedure and then the exact solution is
achieved via simple calculations. Zempléni also shows that:

Pr(¢.(X) >7r) < Pr (ﬁmin max_ |Un(z) — U2(z%)| > 7‘) ,
n ze{X1,.,Xn}

where U, denotes the empirical d.f. of the uniform sample. Note that U(z) = U?( /) for
the uniform distribution U; thus the value of a converges to 0.5 as n — oo. Based on this
result, Zempléni constructed (by simulation) critical values of the ¢, statistic (Table 2.2).

The Zempléni test is conservative. In the regular case (£ > —1), the rejection of the hy-
pothesis is less frequent than desired, but as the scale parameter increases the estimates be-
come more accurate. The distribution of ¢, depends on the shape parameter, implying that

Table 2.2: The quantiles of the estimator ¢,(-).

n=50 n=100 n=200 n=>500 n=1000

0.1 0.583 0.604 0.616 0.630 0.635
0.2 0.636 0.664 0.676 0.693 0.699
0.5 0.775 0.800 0.808 0.826 0.834
0.8 0.919 0.956 0.976 0.988 0.997
0.9 1.015 1.044 1.065 1.088 1.094
0.95 1.078 1.125 1.147 1.174 1.177
0.99 1.226 1.282 1.303 1.338 1.350
0.999 143 1.46 1.49 1.53 1.54
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the test is not similar with respect to £. It is also quite unlikely that ¢, has a distribution-free
limit.

The power of the test — as the calculations by Zempléni show — is adequate. The
results indicate a very strong dependence on the shape of the distribution. Distributions
with a shape similar to the GEV distribution need about five times more observations for a
high probability of the correct decision. But even then n = 500 is a large enough sample to
render a correct decision at the level o = 0.05 in only 50% of the samples. Fortunately, in
environmental applications samples of size 500 and larger are very often available. The test
is not consistent; there exists a distribution F' which is not GEV such that F(z) = F*(az+b)
for suitably selected a and b. Evidently, additional studies are required.

The test also needs an iterative estimation procedure, which can however be completed on
a PC for sample sizes of some hundreds in a few seconds. For larger samples faster computers
(or more effective languages) are helpful. By using a simple FORTRAN algorithm on a SUN
workstation, Zempléni was able in early nineties to analyze samples up to 5000 elements.
An interesting application of this test is discussed in Sec. 2.8.

2.6 Estimation of Tail Index of a Distribution

Techniques for drawing inferences about the tail behavior of a distribution are by now well
developed, and most of them are based on the extreme value limit distributions or related
families. These methods could roughly be divided into two types: procedures worked out by
Hill (1975), Pickands (1975), Weissman (1978), and others based on extreme order statistics
and procedures advocated by Smith and Weissman (1985), R. L. Smith (1987), and Davison
and Smith (1990) based on observations above a high threshold utilizing the generalized
Pareto distribution.
The distribution to be discussed is:

Ge() = exp — (1+£z) 7%,

where £ is a real parameter and z is such that 1+£z > 0. (For £ = 0, we interpret (1+£&x) /%
as e~*.) Compare with (2.21) in Sec. 2.3.

As stated above, this distribution is one of the extreme value distributions such that for
some constants a, > 0 and b, and some.£ € (—o0, 00):

{ma.x{Xl,Xz, . -7Xn} — bn

an

lim P

n—o0

< x} = Ge(x) (2.27)

for z € R.
The parameter £ (in the case when £ > 0) is often referred to as the tail-indez of a
distribution and is usually denoted by the letter v.* Much attention has been paid to its

2In this text the Greek letter v is used in several contexts:

(a) v denotes the Euler’s constant:

k+1 v 1
y = Z(_ﬁl_) /0(1+z—m)—0.57726.

(b) ~y denotes a particular quantile (0 < v < 1).

(c) v denotes (occasionally) the shape parameter of an extreme value distribution.

(d) 7 denotes the tail index of a generalized extreme values distribution (almost identical with c).
(e) v denotes parameters in a linear regression.
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estimation. It is based on the pioneering works of Pickands (1975) and Hill (1975) which
appeared almost simultaneously in the same journal. Let X ny < Xgny < -+ £ Xy be
ascending order statistics of X;,...,X,. For y € Rand 1 < k < [n/4], Pickands (1975)
proposed the estimate

X(n-—k,n) — X(n—2k,n)

4#) = (log2)~'log (2.28)

X(n—Zk,n) - X(n—4lc,n)

and proved its weak consistency. However, the Pickands estimator is very sensitive to the
choice of the intermediate order statistics which are used for estimation: even a small al-
teration of k can yield a considerable change in the estimate. Dekker and de Haan (1989)
provided a natural and general conditions under which \/E(’y,(f ) —+) is asymptotically normal.
Among these conditions are k = k(n) = co and k/n — 0 as n — oo.

For positive v we have the Hill (1975) estimator

kol
—-

H, =MV = log Xn—in) — 108 X(n—in)» (2.29)

x| =

Il
o

which uses k+ 1 upper order statistics; note that Pickands estimator uses X(n_gn), X(n-2kn)
and X(n_4k,n) only. Mason (1982) showed that M,(zl) is a weak consistent estimator provided
the sequence & = k(n) — oo and k(n)/n — 0 as n — oo. Deheuvels et al. (1988) showed
that MS" is a strong consistent estimate provided k(n) is such that k/log logn — co and
k(n)/n — 0 as n — co. They have proved asymptotical normality of \/IE(M,(.I) —~) with mean
0 and variance v*. Asymptotic normality of the Hill estimator was also studied by Beirlant
and Teugels (1989). For asymptotic normality to be valid some additional conditions are
needed. See, e.g., the comprehensive paper by Dekkers et al. (1989) and R. L. Smith (1987)
to be discussed below. Cheng and Pan (1995) showed that under certain assumptions on the
underlying distribution:

VRSN k0 ORI O
P(H, < z) = ®(z) + 3%/ +0( 1/2)

¢13

holds uniformly on z € R for k, satisfying
kn — 00 and k., = O(n%),

where € € (0,1).

{Here ®(2z) and ¢(x) are the c.d.f. and the density of the standard normal distribution
respectively.)

Marohn (1997) proved that the Hill estimator is asymptotically efficient in the sense of
Fisher and Wolfowitz and is asymptotically minimax. He also discusses joint estimation of
the scale parameter with the tail index.

Berred (1992) constructed from record values two estimators of 7 in case v > 0. Define,
as usual, sequences of record times and record values, 7(n) and X{n), by

(1) =1, r(n+1)=min{j: X; > X;m}, n2>1

and
X(Tl) =X,-(n), n>1.
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Berred’s (1992) estimators can then be written as
1
Rllc,n = E( lOgX(’)’L) - lOgX(TL - k))v

1 : .
R;, = Py Yy Z logX(n—i+1),

j=1
where the integers k = k(n) involved in R} , satisfy k(n) — oo and %") — 0 asn — oo and
in R}, 1 <k < nis fixed. Berred (1992) proved that both R} , and R, are consistent and
under very mild conditions are asymptotically normal. Qi (1998) extended Berred’s result
for v € R.

As it was stated earlier, the basic idea of Pickands is that the conditional distribution
function of X—p given X > u can be approximated by a generalized Pareto distribution
(GPD) and the shape parameter of this GPD is an estimator of ~.

Let X3,..., X, beii.d. random variables with continuous cdf F and let X, > -+ > Xy,
be their order statistics. Consider & upper extremes Xin,. .., Xgn. Let zg = {z: F(z) < 1}
be the upper end point of F.

Denote P Fu)
Ry = NS,

0<y<zg—u, u<xp (the conditional distribution function of X — u given X > u).
Let G(y; 0,7) be the generalized Pareto cdf G(y; 0,7) = 1 — (1 —yy/0)/7. A basic result
due to Pickands (1975) is:

lim sup |Fu(y) — G(y;0,7)| =0.

U0 Q< y<zo—Ut

This fact was utilized by R. L. Smith (1987) in proving the asymptotic normality of estimators
of v for the case v > —1/2.

Other estimators of vy are given by the so-called kernel estimators (Csorgo et al. (1985),
Beirlant et al. (1996)):

S _G/R)VK (k) log (X j41) — log (X))

G - :
K@t

, (2.30)

where K denotes a non-negative nonincreasing kernel defined on (0, 1). The Hill estimator is
obtained from CDM by taking K'(u) = 1(g,1)(u). Csorgd et al. (1985) derived the asymptotic
normality and the bias of the kernel estimators. In finding efficient estimators, the adaptive
choice of the number k of extreme order statistics used in the estimation procedure is of
specific interest. (This problem is similar to the choice of a bandwidth in nonparametric
density estimation methods.) In extreme value problems bias disappears for small values of
k. Due to high volatility of the estimators under consideration, the choices of the number of
order statistics to use in estimation is, however, difficult.

Beirlant et al. (1996) showed that tail index estimators can be considered as estimates
of the slope at the right upper tail of a Pareto quantile plot using weighted least squares
algorithms. They suggested algorithms for searching the order statistic to the right of which
one obtains an optimal linear fit of the quantile plot. The weighted least squares estimation
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method for the slope of the Pareto quantile plot leads back to the class of kernel estima-
tors C/DTi .

The estimators mentioned above all have one common property. When the number of
upper order statistics used in estimating <y is small, the variance of the estimator is large.
On the other hand, the use of large number of upper order statistics introduces bias in
estimation. The object is to balance bias and variance to arrive at an optimal choice of k.
The basic tool is the function

U(e) = int{y|F(y)™ 2 2.

De Hann (1984) has shown that for v > 0, F' € D(G,) (i.e. the limiting relation (2.27) is
may be, valid for F) if

Ultz)

e T )

(for all z > 0, namely U is regularly varying with index -y). This is a first-order regular
variation condition.

Dekkers and de Haan (1993) and de Haan and Stadtmiiller (1992) introduced second
order regular variation conditions, which are by far more complicated. All these conditions
imply that F' € D(G,) for an appropriate y and are explicitly given in Dekkers and de Haan
(1989). Dekkers et al. (1989) concentrated on estimation of v for general v € R. Their

estimate is

(M) _ a0 1M - 203
AM = gV 1~ 2T
2 MP — (M)

where M{" is the Hill estimator (2.29) and

k 1
MO = Z{logX(n iy — 108 X(n—tm)}

z~0

provided z*(F) = sup{z|F(z) < 1} > 0. (This can always be achieved by a simple shift.)
This estimator is known as the moment estimator.

With the second-order regularly varymg tail conditions one could determine for v > 0
aky = ko(n) such that for the estimator 4 ™ the asymptotic second moment of 'yﬁ ) v is
minimal and the corresponding estimator satisfies

VEo(309 —7) 5 N(b,1+4%)

where b denotes the asymptotic bias. [Dekkers and de Haan (1989).] An analogous result is
valid for the cases y < 0 and v = 0.
For generalized extreme value distribution

Gy(z) = exp — (1+72)77,

we have

Ut) = %{- log(1—t]"1 =1, 5 #0,

and for vy = 0: U(t) = ~log(—log (1 —¢71)) = logt — (2t) "1 +o(t™!) t — oc.
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In this case the optimal value ky(n), n — oo, is

4 2y7 (1+2m)~F
[4————(1 + )L+ )] (14 0(1)), O0<y<1

25
ko) = 4 [8(1 + 422y — )" n23(1 +o(1)), N> 1
[64/9]' n*3(1+ o(1)), v=0.

There are many equivalent forms of second-order regular variation; for v > 0 one of the
forms is that the function logU(t) — ylogt — logc or equivalently ¢t~ U(¢) — ¢ is regularly
varying with index —vp for some p > 0 and ¢ > 0.

{Check that for the GVE distribution (with v > 0)

log tTU(t)/c) = =yt — " + ot 2 +¢72),  t— o0

so that the above condition is fulfilled for ¢ = 1/ and p = min(1,v71).)

Comparing Pickands (1975) and Dekker et al. (1989) estimators, it becomes clear, upon
graphing the estimators for varying k, that the moment estimator behaves in a much more
stable way and conclusions can be drawn more easily. The moment estimator is based on an
average whereas the Pickands estimator uses only a few order statistics. Also, the moment
estimator uses the extreme order statistics whereas the Pickands estimator does not.

An averaged Pickards estimator:

VEL {zzzl Koo - x}

k Xn—k,n - Xn—Zk,n

has been suggested. However this estimator has asymptotic variance of the same order as
that of Pickands estimator and larger than the Dekkers et el moment estimator and its
behavior with k is as unstable as that of Pickands’.

Drees (1995) constructed a mixture of Pickands estimators and introduced a bias correc-
tion term which results in an estimator robust against an unsuitable choice of the fraction
of largest order statistics used in its formation.

2.7 Other Forms of Generalized Extreme
Value Distributions
Some forms of generalized and compound type 1 extreme value distributions have been con-

structed by Dubey (1969). He generalizes the distribution by introducing an extra parameter
7, defining the cdf by the equation

ag

_ !
TO €Xp {_l‘ “}=exp {_.’l} “}
o o

Pr[X < 1] = exp [—m exp {—I - “}] . (2.31)

However, since
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with ¢/ = p-+olog 7o, it can be seen that X still has an ordinary type 1 distribution discussed
in Chap. 1. This generalized distribution is, however, introduced only as an intermediate
step in the construction of a compound (convoluted) type 1 extreme value distribution, which
formally can be denoted as:

“Generalized” type 1 extreme value (u, o, 7)7 Gamma (p, 3).

Here 7 is supposed to have the pdf

P
p-(t) = e

I'(p) ’

The resulting compound distribution has the cdf

Pr[X < 1] = [%] Awtp_lexp [—t{ﬂ+aexp (—f;—“) }J dt
= [1+Uﬂ_1exp {—%}]_p :

This distribution can be regarded as a generalized logistic distribution originally cited by
Hald (1952). In fact it is often termed type 1 generalized logistic distribution. By considering
the cdf

t>0,p>0, >0.

PriX <z]=1- exp [—TU exp {a: ; M}] (2.32)
and using a similar gamma compounding, Balakrishnan and Leung (1988a) derived the cdf
z—u}]?
PriX <] =1—¢e P ®/ |58 ¢ exp {——— . (2.33)
o

This distribution has been termed a type 2 generalized logistic distribution. The type 1
and type 2 generalized logistic distributions are related by a simple negation of the random
variables. Balakrishnan and Leung (1988a) also considered the exponential-gamma density

function
px(3l7) = exp [—r exp {—x—}ﬁ}} exp {“L”;ﬂ} U;:H)v

—x <<, k>0,0>0, (2.34)

and compounded it with a gamma density function for 7 to derive the density function

I) = * ~te=(=mh/O) —k(z—p) * ﬂp-le—m
peta) = [ e AWTH ¢~
1 [Blep{—(z— /ol

oB(k,p) [1 + 8~ exp {—(z — p)/o}]=+?’

—0 <<, k>0,p>0,0>0.

The density function in {2.35) has been termed a type 4 generalized logistic density.
For the special case when p = &, the type 4 generalized logistic density function in (2.35)
becomes symmetric about = p and has been referred to as a type 3 generalized logistic
density. (There is indeed some confusion in the terminology!)

(2.35)
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A two-component mixture of extreme value distributions with the density function

e C L ek e

px(z) =~ t ;
—o<zr<o, O<a<l ¢>0, ¢ >0, (2.36)
and the cdf
Fx(z) =ae™® ™ 11 - """ _sw<z<oo, (2.37)

has also been used in some applied problems. The moment-generating function of this
distribution is

My () = ae®T(1 ~ ot) + (1 — ) T(1 — o*t), [t|max(s,0*) < 1. (2.38)
In particular, the mean and the variance are
E[X]) ={o(p—u*) + 1*} + v{alc — o*) + 0%} (2.39)
and )
var(X) = %{aa2 + (1 — )"} + ol — a){(p — p*) + (o — *)}*. (2.40)
Rossi et al. (1986) have made use of this two-component extreme value distribution for flood
frequency analysis; also see Beran et al. (1986) for additional comments.
Revfeim (1984a) introduced the following extension of the type 1 (Gumbel) extreme value
distribution:
Let the events occur in a Poisson process at a rate p. If the sizes of the events are
distributed independently of their occurrences and of each other (with distribution function

F(z)), then the maximum sizes within unit time interval have asymptotically the distribution
function

G(z) = (exp {—p[l = F(z)]} —e*)/(1 —e7").
For large p (say larger than 5), e~* is negligible and if F(z) = 1 — e~*/# (an exponential
distribution) then
G(z) ~ exp {—pe~2/¥} (2.41)

(an alternative parametric form of the Gumbel distribution usually written as
exp {—e~*==1}). The cumulants of distribution are

k1 =p(Inp+7)

Ky = Gop*

ks = 2(au® =~ 2.4044°

ke = =12t /60 (a negative quantity),

here v is the Euler constant (0.5772) and {, = > 4o, k™™ are the Riemann zeta functions.
Revfeim (1984Db) generalized the distribution (2.41) by assuming

Fiz)=1- e—f/ﬂii (§>k/k!

k=0 \H
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(a family of Gamma distributions).? In that case

Gi(z) = exp {—pe_z/“g (E)k / k!} . (2.42)

The raw moments of (2.42) are

1 i-1
E(X?) = i/ (p/T(3)) / (—Iny)™ ™" exp {—py (-In y)k/k!} dy  (243)
0 k=0
with y = e~2/4,

The integral is somewhat complicated for large ¢ and j having a singularity at y = 0. The
mean value s shows a near log-linear form for all ¢ and can be approximated by au(lnp+b)
with ¢ =1.00, =058 fori=1and a =1.13,b=1.82for i = 2.

Maximum likelihood estimators of y and p when the shape parameter ¢ is known are

given by
X Sy 1
ip=—|1+—= and p=—,
© ; < So) 14 3,
where .
i— Z,
SO = Z—I; 3 Sl = '_' )
! il
k=0
with

Scarf (1992) proposed a modification of GEV when the location parameter is of the form
u = pot?, o = opt? leading to a power law dependence of the mean of the GEV distribution
on time. (The observations here are pairs (z:,t), ¢ = 1,..., k, where z; is observed at time
t; independently of 2; at time ¢;.) We shall denote this distribution by GEV (ut?, o, €).

The second modification is when only the location parameter is a function of time to be
denoted by GEV (ut®, 5, £). For model 1, the log-likelihood is

n

(B, 10,5 x,t) = —nlogo — B logt; — (1 +€) Y yi— 9 e¥,
i=1

i=1

where y; = —%log{l +&(=zit7? - p)}, bxt P> pt+o,i=1,...,n

The likelihood equations have to be solved iteratively as in the case of the three-parameter
GEV distribution. Scarf (1992) described the procedure in detail. He also discussed PWM
estimation for his model. The difficulty here is that the power law parameter 3 cannot
be associated with any particular probability weighted moment of the distribution GEV
(ut?, otP, &) or GEV (ut?,0,¢). He, therefore, suggests finding the PWM estimator of the
distribution of the transformed variable Z = Xt~# which would allow to obtain estimates
of the variance-covariance matrix of (u,0,€) and also an estimate of the variance of 3 from
regression.

For Scarf’s model 2 if the observations can be presented in the form: z;; : j=1,...,n;
at time ¢; for each ¢ = 1,...,n and n; > 2 for at least two distinct values of 4, one can
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then estimate u, o, £ at two distinct points in time and thus estimate 3. Unfortunately, the
method of PWM estimation does not allow estimation of the full variance-covariance matrix
for the four-parameter GEV distribution.

A motivation for Scarf’s four-parameter distribution is found in applications to metallic
corrosion where z; is the depth of the largest pit penetration over a standard area a of metal
surface exposed to a corrosive environment for time t;, and n is the number of such areas of
size a. The separate areas could either be distinct “coupons” (i.e. the metallic specimens)
from a designed experiment, or else a random sample of areas, at various times, from regions
of the metal surface that are representative of the whole metal surface under inspection. See
the next section for additional details.

2.8 Some Selected Applications

The GEV distribution was recommended for flood frequency analysis in the U.K. (United
Kingdom) Flood Studies Report (Natural Environment Research Council, 1975), and, since
the introduction of the index-flood procedure based on PWM estimation by Wallis (1980)
and Greis and Wood (1981), it has gained much interest (see e.g. Hosking et al. (1985a);
Wallis and Wood (1985); Lettenmaier et al. (1987); Hosking and Wallis (1988); Chowd-
hury et al. (1991); and Lu and Stedinger (1992)). It is used to model extremes of natural
phenomena such as river lengths, sea levels, stream flows, rainfall and air pollutants to ob-
tain distributions of daily or annual maxima. In reliability context analogous analyses are
performed when the interest is in sample minima of strengths and failure times.

During the last decade de Haan and, especially, Tawn and his associates have written
numerous pioneering papers on application of the generalized extreme value methodology
to environmental sciences. It is beyond our scope to cover — however briefly — all the
publications by these prolific writers and other contributors. The brief descriptions below
should therefore be viewed as a hopefully representative sample of their valuable contribu-
tions ingenously blending theory and practice — the ultimate goal of the modern statistical
science. For additional applications, up to late eighties, with emphasis on engineering, the
reader is advised to consult Castillo (1988).

de Haan (1990) (cf. also de Haan and Dekkers (1990)) presents the results of estimating
parameter £ in the distribution

exp (—(1+£z)7Y¢), for 14£€x>0
Ge(z) = { ~
exp (—e™®) for £=0

based on 1577 high-tide water levels observed at the Dutch station Hoek van Holland during
the winters from 1887/1888 until 1984/1985.

Coles amd Tawn (1991) investigated sea wave, wave period and surge data for Newlyn,
Cornwall, measured in years 1971-1977. The data was reduced to 15-hourly maximum of each
component. Zampléni (1991) was interested to find out whether the component variables
are GEV using his test described in Sec. 2.6.

Coles and Tawn (1990) developed the spatial annual maxima method. The approach is
to model the joint distribution of the annual maxima over sites accounting for dependence
between the sites, and to model the changes in each of the parameters of the GEV distribution
over sites.
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Dixon and Tawn (1992) employed the spatial annual maxima method to study trends in
extreme sea-levels for data from 62 U.K. coastal sites. The measurements were the height
of the ocean surface relative to the adjacent land. For many sites the series of annual
maximum data appears to have non-stationary features such as trends. The trends are
found to have two principal components: changes in eustatic mean sea-level and in land level.
(Management authorities are usually concerned with observed trends while climatologists and
oceanographers with eustatic ones.) The former appears to be homogeneous over the entire
open coastline; whereas the latter has significant spatial variation in the form of north-south
tilting of the U.K. Finally, there is some evidence to suggest that estuary sites (at rivers
mouths) have different trends from sites along the neighboring open coastline.

In a later publication, Dixon and Tawn (1998) compared direct and indirect methods for
estimation of extreme sea-levels depending on whether or not knowledge of tide is exploited.
The simplest direct method is fitting of the GEV distribution to observations of annual
maximum hourly sea-level — referred to as the annual maximum method (AMM). Pugh and
Vassie (1980), Tawn and Vassie (1989) and Tawn (1992) developed an indirect method —
referred to as the joint probability method (JPM) — by exploiting the decomposition of sea
level into tide and surge components. Indirect methods, which exploit spatial dependencies,
were also developed (Dixon and Tawn, 1995). Comparing the two methods for three U.K. east
coast sites as well as through a simulation study, it is found that direct methods are biased
and underestimate return levels for long return periods. On the whole, the JPM performs
substantially better for many U.K. sea-level data sites.

The JPM can also be used to model extreme sea currents by exploiting the decomposition
of sea current into tide and surge components. Robinson and Tawn (1997) extend the JPM
to handle directionality, temporal independence and tidal non-stationarity that are present
in sea current extremes. This involves using the multivariate extreme value model due to
Coles and Walshaw (1994) — see Sec. 3.4.6. They demonstrate their methodology for sea
current data from Inner Dowing Light Tower in the North Sea.

A recent joint report by J. M. Vassie, D. L. Blackman, J. A. Tawn and M. J. Dixon
(1999) described spatial extreme value analysis of largest annual event data combined with
historical annual maxima over 14 sites in the Humber estuary. For each site the extremal
data set consists of years containing one of the following;:

(a) the 7-largest independent annual events
(b) the annual maximum.

Certain sites cover over 60 years; some sites fewer than 15 years; 5 cites provide no data
on the 7-largest independent annual event; and other sites provide no data on the annual
maximum, the distances in miles along the estuary reference axis range from 11.2 up to 60
miles.

Spatial extreme value methods — delicate procedures — exploit the spatial coherence
of the extremal still water level process up the estuary by estimating spatial parameters
using simultaneously all the data from each site. The methodology proposed by Vassie
et al. (1999), cited above, assumes (incorrectly) the independence between the sites. Smith
(1993) proposes a complex procedure to adjust the standard errors for spatial dependence
(a procedure which is widely used in other statistical areas).

Robinson and Tawn (1995) — in a fascinating contribution — utilize the GEV distri-
bution to investigate whether an athletic record falls within the support of the distribution
of possible performances, i.e. whether the record is better than the ultimate performance
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predicted from previous data. Specifically, the performance of the Chinese athlete Wang
Junxia in Beijing national championship (September, 1993) who ran a record time of 486.11 sec
in women’s 3000 m flat track is analyzed (to determine, inter alia, whether her performance
was drug enhanced). The data considered were the annual minima for the women’s 3000 m
race over the years 1972-1992 together with Wang’s time in 1983. The simplistic analysis
— using annual minima only — of constructing a confidence interval on the ultimate mini-
mum possible time is insufficient to reach conclusions on Wang’s time. Robinson and Tawn
(1995) therefore incorporate data on other international standard performances over 3000 m
and similar distances within each year. Incorporating the five best annual times for 3000 m
results in a conclusion that the associated confidence interval on the ultimate time with 90%
confidence is (430.1, 493.8) sec and thus Wang’s value (486.11 sec) is — strictly speaking —
within the interval. Incorporating relative performances in 1500 m events results in a tighter
90% confidence interval of (478.4, 495.0) sec. Incorporating specifically Olympic and World
championship years the expected improvement gives an interval of (483.6, 497.0) sec. Finally,
including Wang’s time with the 1993 1500 m world record time results in a wider shifted
interval of (445.3, 483.3) sec with a longer lower tail but leads to a suspicion of presence of
outliers! The authors’ conclusion is that no legal case (presumably based on the British law)
can be made that her time is from a different population as it is within a 90% confidence
interval for the ultimate time. {The authors inform us that they have at present (1999) some
additional results related to this problem which are awaited with great anticipation.)

Coles and Pan (1996) analysed extreme pollution levels focusing on Milan (Italy) where a
highly sophisticated network of recording stations has been constructed to monitor pollutant
levels. The data collected over a period of 11 years in Milan is examined. The authors model
extremal behavior of the NO, process, taking into account temporal dependence and non-
stationarity in the series. The models point to some very strong “qualitative” aspects of
NOy; in particular, the increased rate of occurrence of extreme levels of NO, in conditions
of calm winds.

Scarf and Laycock (1996) reviewed a number of extreme value models which have been
applied to corrosion problems. Special attention is paid to behavior of corrosion extremes
such as the largest pit, thinnest wall, maximum penetration, etc. The models are demon-
strated on data from laboratory experiments as well as data collected in industrial settings.
Emphasizing that corrosion data are inherently of an extreme nature, the authors claim
that statistical considerations may be the only means of determining numerical values for
predictions of maximum pit and other corrosion characteristics.

Coles and Powell (1995) considered the utility of a simple Bayesian approach to spatial
modelling of extreme wind speeds. As it was already noted, they find Bayesian estimates to
be much more stable than maximum likelihood estimates especially for the shape parameter
which has the greatest influence on long-term extrapolation. Also Bayesian analysis performs
favorably for short data sets.

Revfeim distribution (see Sec. 2.7) was applied by Revieim and Hessel (1984) to model
extreme wind gusts and by Zelenhasic (1970) (who independently derived this distribution
in a Technical Report) to river flow exceedances.

In a pioneering paper R. L. Smith (1989) applied ideas of extreme value theory to the
study of ozone in Houston, Texas. He points out that ground level ozone is a topic of
considerable environmental concern since excessive levels of ozone are an indication of high
air pollution. His data were hourly readings of ozone in Houston from April 1973 to December
1986. Houston is a city in which the legal threshold (12 parts per 100 million) is exceeded
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very frequently and magnitudes of exceedances are of importance. Smith (1989) produces
evidence to indicate strong seasonal pattern of extreme ozone levels with a peak in the
summer months extending through to October. The author mentions that ozone analyses
at other sites in Texas yielded far more clear-cut evidence of a downward trend.

Niu (1997) investigated — using extreme value theory for non-stationary times series
— tropospheric ozone data in the Chicago area. Probabilities of monthly maximum ozone
concentrations exceeding some specific levels are estimated, and the mean rate of exceedances
of daily maximum ozone over the U.S. national standard 120 ppb — mentioned above — is
also assessed.
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Appendix:
Graphs of the three basic types

(1) Gumbel distribution (standard)
CDF:
Gz)=¢€"*°
PDF:
f(z) = exp(—z — exp(-2))
Transformation: g(z) = — In (-~ In (G(z)):

g(z) =z
1 T / 04 |
G 05 L . £zl .
0 Zo1 0 Jo 1
= 0 s ] 0 5
X X

g(x) o= / i

Figure 2.4: Graphs related to the Gumbel distribution.

(2) Fréchet distribution (standard)

CDF:
e " z>0

2.44
0 z<0. ( )

F(z,k) = {
PDF:
Pz, k) = —H) . B ep ) N S )
’ 72 z?
(=2, k_z . —p=R)
+ [z = exp [—z7¥], z>0.
Transformation: g(z) = ~1n (—In (F(z))):

g9(z, k) =kln(z)  (a convex function).
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Figure 2.5(b): k= 0.5.
Graphs related to the Gumbel distribution.
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Weibull distribution (standard)
CDF: .
e z<0

2.45
1 z>0. ( )

Wz, k) = {

PDF:
f(z, k) = —(=1)Fz* DEexp [—(—1)F - 2.

Transformation: g(z) = —In (— In{(W(x))):

g(z, k) = —k - In(—zx) (a concave function) .

W(x)os [~ // - foyos b

8x) of ,/—

Figure 2.6(a): k= 2.
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Figure 2.6(b): k= 0.5.
Graphs related to the Weibull distribution.
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Chapter 3

Multivariate Extreme Value
Distributions

The theory of multivariate extreme value distributions is a relatively novel but rapidly grow-
ing field. It is somewhat more involved and requires additional concentration. Special effort
has been made to provide an organized account of the current state of research. This chap-
ter, consisting of eight sections, presents details of the theory and statistical inference for
multivariate extreme value distributions and provides a selective survey of some recent ap-
plications.

3.1 Limit Laws for Multivariate Extremes

By analogy with the univariate case the traditional approach to define multivariate extremes
is to base it on componentwise maxima. If {(X;1,...,X;,),% = 1,...,n} are iid p-variate
random vectors with joint df F' and

Mn = (Mn,ly ey Mn,p) = <1Inaé)$;Xi’1’ ey llg{aé)lei’p)

<i

is the vector of maxima of each component, then we seek normalizing constants a,; > 0,
bnj, j=1,...,p such that as n — oo

Pr{(Mn,l - bn,l)/an,l < Ty, (Mn,p - bn,p)/an,p < xp}
= F™an121 + b1y o oy QupTp + brp) — G(21,. .., 2Zp) (3.1)

for a p-variate distribution G with nondegenerate marginals. If this holds for suitable choices
of a, and b,, then we say G is a multivariate extreme value distribution and F is in the
domain of attraction of G, written as F' € D(G). By setting all z; but one to oo in (3.1) we
see that F; € D(G;), j=1,...,p, ie.

Fj"(an,jzj + bn,]‘) hard Gj(.’l)j), j=1...,p (32)
where F; and G; are the jth marginal distributions of F' and G respectively. It follows by

the Extremal Types Theorem in Chap. 1 that G, is a type I, II or III distribution and hence
the norming constants a, ;, b, ; are precisely those in (1.15)-(1.17).

95
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The two extreme forms of the limiting multivariate distribution correspond to the case
of asymptotic total independence between the componentwise maxima for which

G(CK],...,.’EP) = Gl(.'tl)"'Gp(Zp) (33)
and the case of asymptotic total dependence between the componentwise maxima for which
G(zy,...,Tp) = min{G:i(z1), ..., Gp(zp) }.

Asymptotic total independence arises if and only if (3.2) holds and there exists an x =
(z1,...,2p) € RP such that 0 < G4(z;) < 1,j=1,...,p and

F'an121 + b1,y GnpTp + bpp) = Giz1) - - - Gp(zp)

as n — oo (Takahashi, 1994b, Theorem 2.1). Moreover, (3.3) holds for any (z1,...,z,) € &
if and only if

G(0,...,0) = G1(0) -+ Gy(0) = exp(—p),
provided that G; are Gumbel-type with G,(z;) = exp{—exp(—z;)}, 7 = 1,...,p; or,
G(1,...,1) = Gi(1) -+ Gp(1) = exp(—p),
provided that G; are Fréchet-type with G;(z;) = exp{—z; %}, &; >0, =1,...,p; or,
G(-1,...,-1) = Gi(~1) - - - Gp(—1) = exp(—p),

provided that G; are Weibull-type with G;(z;) = exp{—(—=z;)*}, a; > 0, j = 1,...,p
(Takahashi, 1987, Theorems 2.2-2.4). Asymptotic total dependence arises if and only if (3.2)
holds and there exists an x = (zy,...,2,) € R? such that 0 < Gi(z1) = - - = Gyp(z,) < 1 and

F™(an121 +bay, - -y GnpTp + bap) = Gi(z1)

as n — oo (Takahashi, 1994b, Theorem 3.1).

To isolate dependence aspects from marginal distributional features it is convenient to
transform components of both F' and G so that they have a standard marginal distribu-
tion. For technical convenience we choose the margins to be described by the unit Fréchet
distribution with df exp{—y~!}, ¥ > 0 denoted by ®;(y). This standardization does not
pose difficulties, as shown by the following propositions (Resnick, 1987, Proposition 5.10).
Throughout we use the notation Y or y to denote random variables that have the unit
Fréchet distribution.

Suppose G is a multivariate df with continuous marginals. Transform

Gulyn, -, ¥p) = G((1/(=10gG1)) " (wn), - -, (1/(—10gGp)) (%)), 91 20,...,45, 20

(+ denotes the inverse of the function in parentheses). Then G, has marginal distributions
G.;(y) = ®1(y) and G is a multivariate extreme value distribution if and only if G, is also.
This proposition standardizes the marginal distributions of a multivariate extreme value df to
unit Fréchet margin but yet preserves the extreme value property. The following proposition
justifies the standardization by showing that F' € D(G) if and only if F. € D(G.).
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Define U; = —1/logF; and Y; = U;(X;) for 1 < j < p. Let F, be the df of (¥3,...,Y})
so that

Fyy, .- 9) = FUS (), -, Uy ())-
If F € D(G), then F, € D(G,) and

Pr <max UXiz)/n<y;i= 1,...,p> = F}ny,...,nyp)

1<i<n
- G*(yh v 7yp)

as n — oo. Conversely if F, € D(G,), (3.2) holds and G, has nondegenerate marginals then
F e D(G).

In the next two sections we provide several fundamental results which characterize the
domain of attraction condition, ¥ € D(G) or equivalently F, € D(G,), and the form of the
multivariate extreme value df G.. These results have been crucial as theoretical underpin-
nings to recent developments of statistical models for multivariate extremes (see Secs. 3.4
3.7) and their practical applications.

3.2 Characterizations of the Domain of Attraction

The concept of domain of attraction received attention in Chap. 1 for the classical univariate
extreme value distributions. The concept is less straightforward for the multivariate case as
we shall see from the several characterizations of the domain of attraction that follow. The
characterizations are classified into those that are just necessary (Sec. 3.2.1), those that are
just sufficient (Sec. 3.2.2) and those that are both necessary and sufficient (Sec. 3.2.3).

3.2.1 Necessary Characterizations

These characterizations are especially useful for statistical modelling of multivariate extreme
values. We begin with the point process characterization due to de Haan (1985).

Suppose (X;1,...,X;,), i = 1,... are iid p-variate random vectors with common joint df
F € D(G). Define

Ty, yp) = <Zi:yj,y1/iyj,...,yp_l/iyj> (3.4)

and let
p—1
S, = {(wl,...,w,,_l) > wy < Lw;20,i=1,...,p— 1}
=1
denote the (p — 1)-dimensional unit simplex. Then the point process
P, = {(Ul(Xi,l)/n, ey UP(Xi,P)/n)7i =1... ,n} — P (35)

as n — 0o where P is a nonhomogeneous Poisson process on R with intensity measure .
satisfying
ps o T (dr,dw) = r2drH.(dw), r>0, wWeES, (3.6)
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(o denotes composition of the functions on either side of it) and H, is a non-negative measure
on Sy with

H.(S,)=p and / wH(dw) =1, j=1,...p-1. 3.7)
SP
An immediate consequence is that we can write

Gilyr, - yp) =exp{-V(1,.--, ¥} (3.8)

where

V(ylv s 7yp) = 1“’*(([07 yl] X X [O’yp])c)

1- 3w
=/ max ﬂ,...,—z—iﬂ H,(dw).
Sp % Yp

We refer to V' as the exponent measure function.

The intuitive content of (3.5) for p = 2 can be described as follows. As n — oo, the
scaling by 1/n drags down to the origin all points except those with unusually large values
of either X;; or Xz or both. Points with unusually large X, but not large X; 2, will move
under the scaling to the horizontal boundary of ®%, and those with unusually large X 2 but
not large X;; will move to the vertical boundary of R2: only points with both components
unusually large will survive in %2 away from the boundaries.

The limiting intensity measure g, describes the dependence structure between unusu-
ally large values of X;;, j = 1,...,p after standardization by U, to have the unit Fréchet
distribution. However, under the transformation T', which maps the standardized vector
(Ui(Xi1), ... Up(Xip)) € R into pseudo-polar coordinates in (0,00) X Sp, the measure
4. factorizes into a known function of the radial component, 7, and a measure H, of the
angular component, w. Thus, essentially, the measure H, on S, embodies the dependence
structure of the extremes. If it concentrates its mass in the interior of S,, then we have strong
dependence structures, e.g. total dependence between the extremes of X, ;, j =1,...,p cor-
responds to H, having all its mass at {(1/p,...,1/p)}, i.e. H.({(1/p,...,1/p)}) =p. If it
concentrates its mass near the boundary of S,, then we have weak dependence structures,
e.g., total independence between the extremes corresponds to H, having all its mass at the
vertices, i.e. Ho({(1/p,...,0)}) =--- = H({(0,...,1/p)}) = 1.

Although an arbitrary finite non-negative measure, the standardization of X; ; constrains
H, to have unit means with respect to each dimension of S,. Since these are the only
constraints on H,, no finite parametrization exists for the measure.

We now discuss two technical tools for generating parametric models for H, that will be
useful later. This requires some terminology. For a given (wy, ..., wy—1) € Sp, define

H(wl, .. .,wp_l) = H*([O,wl] X ++e X [O,U)p_l]),

the measure function associated with H,, and construct w* = (wy,..., w;), a p-dimensional

vector, by setting wj =w;, j=1,...,p—land wy =1— Z?;; w;. Decompose the measure
function H into a hierarchy of densities h,,. defined on subspaces Sp,. = {w € S, : wf =
0,k & ¢} where ¢ = {j1,...,Jm} is an index variable over the subsets of size m of the set
¢ = {1,...,p}. The subspace Sp, is isomorphic to the (m — 1)-dimensional unit simplex

Sy and Ay, ¢ is the (m — 1)-dimensional density of H on the subspace Sm,. The density Apc



Multivariate Extreme Value Distributions 99

describes the dependence structure between the extremes of X ; for k = j1, 72, ..., jm- When
m = p and ¢ = ¢,, we shall simplify the notation by h = h,,.

The first tool relates the exponent measure function, V', to H, by expressing the den-
Sity Ame for ¢ = {j1,...,Jm} in terms of derivatives of V (Coles and Tawn, 1991, Theo-
rem 1). Namely,

m —(m+1)
v ( Y; Yi )
Y ji hmc ]1 EARE | ]m 1 3'9
ayjl e 6y]'m (; yﬂ) ' Z Yir E Yii ( )

on {y € R : yx = 0,k ¢ c} where we assume differentiability of V. The importance of
this result is that densities of all orders for the measure function H may be obtained for
any closed form multivariate extreme value df. For p = 2 the result shows the following: H,
a function on the unit interval [0,1] = S;, decomposes into density hp 12y defined in the
interior, (0,1), and “densities” hy 1y and hy 2y defined respectively at the end points, {1}
and {0}. The two latter “densities” (these are actually atoms of mass, H,({1}) and H.({0}))
are independent components of H in that they are associated with those (X,»,l, X. 2) which
are extreme in only one component. The density h; (12 is the dependence component in
that it describes the dependence between the extremes of both components.

The second tool generates a form for H, by transforming an arbitrary density 4 in the
interior of S, into k¢, (Coles and Tawn, 1991, Theorem 2). Specifically, if kt is an arbitrary
density in the interior of S, with positive first moments:

m; =/ U};hf(wl,...,’U}p_1)dw1"'d'wp,.1, ]= 1,...,]], (310)
Sp
then a measure H, on S, defined by
hme=0, Vc#cy,

1 & my myw My 1 Wp_ (3.11
hPpr(wh"'va—l):——"H_]hT( ! 1)"‘> po17p 1)7 )

mg Mo Mg Mo

j=1

where mo = 3_F_, m;w}, is a valid measure satisfying the constraints (3.7). Hence this result
is useful in generating a rich class of parametric models for H, in the interior of S.

The characterization, (3.5), assumes max-stable dependence between the extremes of
(Xi1, ..., Xip). A generalization of this characterization to cover weaker forms of dependence
structures including total independence and negative association is described below (Ledford
and Tawn, 1997, Theorem 1). We provide the result for p = 2 to the best of our knowledge.
As yet it is not known how it generalizes to the multivariate case.

Let (Yi1,Yi2),i=1,... be independent random vectors with both Y; and Y, having the
unit Fréchet distribution. Suppose that for 4; and y, simultaneously large

Pr(Y: > 11, Y2 > 42) = L1 (41, 92)u7 05 2 + Lo, go)yr @y @ 4 (3.12)

where ¢; +¢2 = 1/1,0<n <1, d. > 0 and Li(y1, y2) # 0 denotes a bivariate slowly varying
function. Suppose also that Lo(ty, tyz) = o{L1(ty1, ty2)} ast — oo if d) = d2 = 0 and

{El(tw,t(l - w))}

g(w) = lim Lt D)

t—o0
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is differentiable for all w € (0,1). Choose b, to satisfy
Pr{b;* max(min(Y; 1, Y1,2), . - -, min(¥y 1, ¥n2)) < y} — exp (—y~ /")
as n — oo and define T'(y1, y2) = ((y1 + y2)/bn, v1/(%1 + 92)). Then
Pn = {(Yi1/bn, Yi2/bn),i=1,...,n} > P (3.13)

as n — oo where P is a nonhomogeneous Poisson process on (0, 00) x (0, 00) with intensity
measure (i, satisfying

e 0 T (dr, dw) = v~ U)o (w)dw, > 0,w € (0,1),
where Ao(w) is a rather formidable function:

c162gs(w) + w(l — w)gy(w) (2w — 1 4 61 — ¢2) — gu(w)w?(1 — w)?
’U)H'Cl(l - w)l—i-c; *

)\0(’(1}) =
An immediate consequence is that we can generalize the form of (3.8) by

lim Pr (I!élzaé); Yi1 < bay, max Yia < bn?h)

N300
1 _ 1/n
nmPMMw%w@f”» @,
Q i Y2

where the integration is over the open interval 0 < w < 1.

As for the point process characterization the intensity measure u, factorizes into radial
and angular components. But here both terms influence the dependence structure with 7
playing a fundamental role: the +~+"/7 term describes the main decay of probability due
to dependence while the Ag(w) term embodies less important features of the dependence.
If the common df of (¥;,,Yi,) belongs to the domain of attraction of G., it is then easily
verified that ¢ = c; =1/2,dy =dy =1/2, 7 =1 and

(w) = 1-v{(1- w)“l, w1}
PN = BV, DHw(l - w)

Thus, b, = n and (3.13) reduces to (3.5).

Ledford and Tawn (1996) refer to 7 as the coefficient of tail dependence as it provides
a measure of the dependence between the marginal tails of Y} and Y;. For example, if
1/2 < £ 1 the marginal variables are positively associated; when the marginal variables are
independent, then n = 1/2; if 0 < n < 1/2 the marginal variables are negatively associated.
Also if the marginal variables are asymptotically dependent then # = 1, and if » < 1 then
there is asymptotic independence.

Peng (1999) proposes the following consistent estimator for 7:

Yo H{Yi1 > Yonoki and Yig > Yo ok}
S Y1 > Yo kiand Yo > Y o}’

where Yy, 1 ; < --- < Y, n; denote the order statistics of Y7 ;,..., Yy ; for j = 1,2. Peng also
establishes asymptotic normality of this estimate by considering the cases n <1 and =1
separately. Assume the following variant of (3.12):

Pr{Y; > —1/log(1 — ty;), Y2 > —1/log(1 — t2)} = c(y1, 32)t"/"[1 + O(t%)]

n = log 2/ log
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uniformly on {(y1,v2) : ¥¥ +¥5 = 1,11 > 0,32 > 0} as t — 0 where n € (0,1], 8 > 0 and
c(y1,y2) # 0 for some y1,y; > 0. Assume also that c(y1, y2) has continuous first-order partial
derivatives denoted by

Ac(y1, ¥2)

¢y, 4) = oy, ji=L2
j

Then for n < 1

n
J Z I{)/i,l > Yn,n—k,la Y;,2 > Yn,n—k,Z} (21/ﬁ")/(21/ﬁ" - 1)(10g 2)ﬁ;2(ﬁn - 77) -+d N(O’ 1)1

i1
where k = k(n) is chosen to satisfy
k= 00,k/n— 0,k(n/k)'"" 5 00 and k(n/k)'"%#-V" 50

asn—o0. Fornp=1
2(log 2)c(1, 1)Vk(f, — 1) =% N(0,0%), (3.14)

where
o = 2¢(1, D)1 —4c1(1, 1) — 4ep(1, 1) + 6¢1(1, 1)ea(1, 1)]
+ 4c(1, 2)ey (1, DT — 2(1, 1)]
+4¢(2,1)ep(1, DL — ey (1, 1] + 2¢3(1, 1) + 263(1, 1)
and k = k(n) is chosen to satisfy
k — o0, k = o(n??/(0+28))
as n - co. Obviously the limit in (3.14) involves the unknown quantities c(y1,s), c1(1,1)

and ¢(1,1). Peng gives the following consistent estimates:

\ L&
C(ylr?h) = E ZI{YM > Yn,n—-[kyl],l; Yi,z > Kw,n—[kyz}ﬂ}:
i=1

3 1
C1(1, 1) = k1/4 {E Zl{yi,l > Yn,n—[k(1+k—1/4)],1a Yi,?, > Yn,n—k,‘l}

i=1

18
_E ZI{Yz,l > Yn,n—k,l»Yiﬂ > Yn,n—k,2}} I}
i=1
, 1
Cz(l, 1) = k74 {E EI{Yi’l > Yn,n—k,l,K‘.,Z > Yn,n—[k(1+k—1/4)],2}
i=1

1 n
% Z Y1 > Yoni1,Yi2 > Yn,n-k,z}} .
=1

The next result provides another generalization of the point process characterization, by
considering the case where the marginal variables are linearly ordered (Nadarajah et al.,
1998, Theorem 2).
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Suppose that the joint df F' of (Xi, X;) belongs to the domain of attraction of G. If
X; € X5 < mX;, m > 1 then the limit measure H, in (3.6), defined on S; = [0,1], is
concentrated in the subinterval

{5} e 5

lim inf {g(y)} <1< hmsup{ }
y—roo Y yoo LU(Y)

where g(y) = U2{Uf (v)} and {(y) = U1 {m~1U; (y)}. Consequently, linear ordering between
the marginal variables has the effect of reducing the domain of H, to [a,b] with a < 1/2
and b > 1/2. The construct described below provides a simple way of generating parametric
models for H, that are concentrated on a given subinterval [a,b] of [0, 1] (Nadarajah et al.,
1998, Theorem 3).

Let H] be an absolutely continuous positive measure on [0, 1] satisfying the constraints
(3.7). Let Al denote the density of Hl. Given a subinterval [a, 4] of [0, 1] with a < 1/2 < b,
define a measure H, on [a,b] as follows: let H, have atoms of mass

with

H.({a}) =,
H,({b}) =
at a and b, where
2b—1
<
0 =Nz b—a )
1—-2a
< <
0 =72 a )

and let H, be absolutely continuous in the interior (a,b) with density
(b — a)(ap)? a(w —a) }
h(w) = At , we (a,b),
©) = G-+ A6 - @) \a@w o) T A6—w) ) v @

where o =2b— 14 y(a — b) and 8 = 1 — 2a + ya(a — b). Then H, satisfies the constraints
3.7).

3.2.2 Sufficient Characterizations

Sufficient characterizations enable one to examine whether a given df F, belongs to the
domain of attraction of a multivariate extreme value df G, and to identify the form of G,.
We provide three sufficient conditions for F, € D(G,). The last two results, in particular,
have wide applicability since knowing the limits of some densities enables one to construct
the limiting multivariate extreme value distribution.

The first one is based on canonical series expansion of F, (Campbell and Tsokos, 1973).
Suppose F,(y1,y2) satisfies

/ / [d;Fyly;:pﬁ)yz)r d®1(y1)d®P1(y2) < oo.
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Suppose also that F, admits an expansion of the form
aF.(y1,y2) = 401 (y1}d®1(v) {1 + ZpkAk(yﬂBk(yz)} :
k=1
where {Ax(y1)} and {Bi(y2)} are the so-called canonical variables defined on ®;(y;) and

&, (y,) respectively, and {p;} are the canonical correlations defined by

Pr = / / Ar(y1) Be(y2)dF{y1, v2), k=12,....
—00 J—00

In general, Ax(y1) and Bi(y.) are kth order orthonormal polynomials in y; and y,, respec-
tively. (By convention, Ag(y1) = Bo(y2) = 1.) Then, if F, belongs to the domain of attraction
of G, it must be of the form

G*(?Jhyz) = O1(y:)® 1(y2)eV-(y1,yz

where
Vi(y1,92) = lim ¢ 3 pe B[A(V)|Y: < ty1] E[Bi(Y2)|Y: < tys)].
k=1

The second result uses regular variation of the joint density of F, (De Haan and Resnick,
1987). Suppose F; has joint density f which is regularly varying with limit function A, i.e. for
u=(u1,...,u) € REN{(O,...,0)},

lim Pt . b)) = Aug, -, up).

Evidently A satisfies A(tu) = ¢!7?A(u) for u € R{\{(0,...,0)}. Suppose further that A is
bounded on B = {u € ®% : ||Jul| = 1} and that the followmg uniformity condition holds:

lim sup [tP*! f(tug, ..., tup) — Alu, - - ., Up)| = 0.
t—00 yueB

Then, for any ¢ > 0,

lim sup [P f(tuy, ..., tup) — Mu, - .-, up)| = 0.

200 Iy >e

Also A is integrable on [0,y]¢, ¥y > 0 and F, € D(G,) where

Gy, .-, yp) = exp {—/ )\(u)du} , y > 0.
[0,y]°

The final result supposes absolute continuity of F, (Yun, 1997). Forany c={j1 <--- <
Je} C€{1,...,p} with £ > 2, let fis,ies Wil ¥5is - - - Uje,) denote the conditional density
of the jith component of F, given values of the (ji,...,Jjk—1)th components. If, for any
cc{l,...,p} withk > 2,

ljk|j1 ,,,,, Jk—1 (ujk; Ujyy - - - :ujk—l) = tl_l‘rg tfjkljl ,,,,, jk~1(tujk |tu71’ EERE) tujk—l) < o0

and if, in addition, for every fixed wj,,...,u;, ,, there exists a t*(u;, ..., u;_,) < oo such
that the class

{tfjkljhwy]'k_l(tujkltujn ree 7tujk—1) : t*(uju (R ujk—l) <t< OO}
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of functions of u;, is locally uniformly integrable over (0, c0), then F, € D(G,) with

p
1
G*(yly- . '7yl7) = exp{ - Z _ -
=1 Y 1 b2

X (_1)|c|~1/ / ﬁk(ul,...,uk)dul...duk}
Yi1 Yir

k-1
1
Brlut, - .. uk) = 7z (H L1, (g1 U1, -« ~:uj)> .
=1

1

where

3.2.3 Necessary and Sufficient Characterizations

Here we give three results, all necessary and sufficient for F, € D(G.).

The first result is due to Marshall and Olkin (1983) and expresses G, as the limit of
the conditional distribution of Y given that at least one component of Y has exceeded t.
Namely, F, € D(G,) if and only if

~logF.(tyy, - tYp) . —10gGu(y1, ..., ¥p)

5 3.15
—~logF.(t,...,t) —logG.(1,...,1) (3.15)
ast —vooforeachy; >0,j=1,...,p

The second result appears in Resnick (1987, Proposition 5.17(ii)) and involves the limiting
intensity measure p,. Namely, F, € D(G,) if and only if

tPr(t™'Y € B) — u.(B) (3.16)

as t — oo for all relatively compact B for which the boundary of B has p, measure equals
to 0.
The third result (Takahashi, 1994a, Propositions 2.1 and 2.2) is in terms of

Dp,(u1, . up) = Fu (@7 (w1), ..., 7 (wp)),  (u,...,up) € (0,1)°
and
D, (ur, - -, up) = Gu(®] (w1), ..., 7 (up)),  (wa,...,up) € (0,1)7
which are the copulas of F, and G, respectively. It says that F, € D{G,) if and only if

tl_i9m t[1 — Dp, (u't)] = ~logDg, (u)

for all u € (0, 1)?; or, equivalently,

. 1=Dg (™)
lim =77 = ~logDa.(u)

for all u € (0, 1); or, equivalently,

. 1—=Dg(u") _
T Defw)
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for all u € (0, 1)?; or, equivalently,

dj,. i (W) = lim nF.(0,...,n®f (u;), ..., n® (ug,),...,0) < o0

n—00

forall 1 < j; <...<jk <pand for all u € (0,1)? where F, is the joint survivor function of
F,. If any of these statements is satisfied, then we can write

De,(u) = uy - - up exp {z:(—l)’c > djl,..‘,jk(u)} .
k=2 1< <. <jr<p
3.3 Characterizations of Multivariate Extreme
Value Distributions

Some of the characterizations in the above section also provided characterizations on the
form of G. In this section we consider some more characterizations on the form of G.

The earliest known characterization is that due to Gumbel (1962¢). Let Gp,,Gap,,. .-,
Gp,, be known bivariate extreme value distributions with unit Fréchet margins. Then, their
geometric mean

G (1, y2)GE (1, y2) - - GETP™0m=3 ()

is again a bivariate extreme value distribution with unit Fréchet margins.

We can directly generalize the stability postulate in (1.5) to obtain the following. Multi-
variate extreme value dfs, G, in (3.1} are those dfs for which there exist norming constants
0n; >0, Bnj, 3 =1,...,p such that

G z1,...,2p) = Glan1%1 + Ba1s - - - OnpTp + Bp)sn > 1. (3.17)
By setting all z; but one to co we see that
G(z;) = Gilomszj + Bnyg)y §=1,...,p

Hence, the norming constants o, ;, B ; are precisely those for the stability postulate in (1.5).
A characterization due to Tiago de Oliveira (1958) is

Go(y1, y2) = {®1(11) 1 (1)} o8 ¥z Togw1)

where v is the so-called dependence function. Obretenov (1991) shows that v is related to
H, through

v (loe ) = [ max{u(r - ), (1 - w)y ()
1-y [0,1]
For more than two variables the characterization generalizes to

R e L R Y
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with

* 'LU*
v (log y—l—, ... log &> =/ max u;lyl - ppyp H,.(dw),
Y2 Yp Sp Ej=1 Yj =195

where S, is the (p — 1)-dimensional unit simplex and w} is as defined in Sec. 3.2.1.
An alternative way of writing the point process characterization in (3.8) is as follows
(Pickands, 1981). Considering the case p = 2, we can write

G.(y1,92) = exp {— <y_11 + i) A (y—lil—yz) } , (3.18)

where A is also referred to as a dependence function and is related to H, through

Alw) = - max{w(l — q), (1 — w)q}H.(dg).

It can be verified that A has the following properties: A(0) = A(1) =1; -1 < A(0) < 0;
0<4(1) <1 Aw) > 0 and max{(w,1 —w) < A(w) £ 1, 0 £ w < 1; A(w) = 1 implies
that ¥; and Y; are totally independent; A(w) = max(w,1 — w) implies that ¥; and Y; are
totally dependent; A is convex, i.e. AlAy; + (1 — A)ya] < AA(y1) + (1 — M) A(yz); and, if 4
are dependence functions, so is ) ;- @Ak, where a > 0 and > jr, o = 1.

The next result is a special case of a spectral representation for max-stable processes
(De Haan, 1984). There exist non-negative Lebesgue integrable functions f;(s), 0 < s <1
satisfying

fj(s)ds=1» J’_‘l?:p
[0’1]

Culyns- . ) = exp {—/M max (ﬁf—f’(i» ds}. (3.19)

hn Yp

In the next two sections we demonstrate the characterizations described in Secs. 3.2
and 3.3 to develop flexible parametric families for bivariate and multivariate extreme value
distributions.

such that

3.4 Parametric Families for Bivariate Extreme
Value Distributions

The nine families discussed in this section represent the bulk of the distributions for modelling
bivariate extremes. No doubt that additional models will be discovered.

3.4.1 Logistic Distributions (Tawn, 1988b)
The df G. takes the form

Gu(y1,y2) = exp Lot 19 {(ﬂy + (ﬁ)q}l/q} , (3:20)

Y1 Ya Y Y2
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Figure 3.1: Possible forms for h(w) for the logistic distribution.

where 0 < 11, ¥ <1 and ¢ > 1. Applying (3.9), we have
h(w) = (g = Dfi{w(l — w)}*{(Yw)? + ($a (1 — w))7}/

and H,({0}) =1 — ¢, H,({1}) = 1 — ¢;. Thus, this family has mass both in the interior
and at the end points. It allows for asymmetry and nonexchangeability through ¢ and ,:
symmetry and exchangeability arises if and only if ¢; = 1,. Total independence corresponds
to ¥ = 0 or ¥ = 0 or the limit ¢ — 1T, whereas total dependence corresponds to v, =
19 = 1 and the limit ¢ — oo.

A special case for ¢ = 1 = 1 is the symmetric logistic distribution having all its mass
in the interior:

G.(y1,v2) = exp{—(v; ' + v, 9)"/7}. (3.21)

This distribution appears in the survival analysis literature; see, for example, Hougaard
(1986). Alternative parametrizations for this distribution are possibly advisable: for example
s =1/g (0 < s < 1). The variables of this distribution are exchangeable and have correlation
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(¢> — 1)/¢%. Also the Fisher information matrix for this distribution has been derived by
Oakes and Manatunga (1992). :
If 41 = 1, we get a mixture of symmetric logistic and independence. If ¢ — 0o, we have

1 1-9 1—4 1)}
Gy, y2) = exp{ —max { —+ ——— —— 4 —
w22) p{ (yx Y2 Y Y2

with Pr(Y19s = Yath1) = ¥1¢a/(th1 + b2 — t1¢02). When 91 = 1 and 9, = @, we have the
biextremal (o) distribution:

R R (OO

whereas when 11 = a and 1, = 1 we have the dual of the biextremal () distribution

1-a a\? (1)"}‘/‘1'
Gu(y1,y2) = exp |— -5t ) t{=
(y1,%2) = exp { " {(yl) ” |
which corresponds to Y and Y, being exchanged. If ¥, = ¥, = a we have the Gumbel
distribution (Gumbel and Mustafi, 1967):

l-a 1-a {(1)'1 (1)‘1}‘/‘1]
- - ——ad =) +{= .
Y1 Y2 % Y2
3.4.2 Negative Logistic Distributions (Joe, 1990)
The df G, takes the form

q 7y /g
ot = |33+ {(3) ()]

where 0 < ¢y, ¥, < 1 and ¢ < 0. Applying (3.9), we have
h(w) = (1 = @)¥{vd{w(l — w)}**{(Yaw)? + (%1 (1 — w))}/o7

and H.({0}) = 1 — ¢, H.({1}) = 1 — ¢;. This family is similar in structure to the logistic
family with the special case ¥, = ¢y = 1 giving a symmetric version of the family and the
limiting cases ¢ — 0~ and ¢ — —oo reducing the family to being totally independent and
totally dependent respectively.

G.(y1,¥2) = exp

3.4.3 Bilogistic Distributions (Joe et al,, 1992)

This family is motivated by the max-stable representation (3.19). Setting fi(s) = (1 —
g Hs™Va and fo(s) = (1 — g5 1)(1 — s)~/% into (3.19), we get its df as

— sV (g —1)(1 —s) Ve
G.(y1,12) = ex —/ max { (@ , ds
(2,32) P [ [0,1) K20 q2Y2

for ¢ > 1 and g2 > 1. Applying (3.9), we have
(1= 1/g)(1 = )t
(1 —wyw*{(1—2)/q1 + z/g}’

h(w) =
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Figure 3.2: Possible forms for h(w) for the negative logistic distribution.

where z = z(w; ¢1, g2) is the root of
(1-1/g)(1 —w)(1 - 2)Y® — (1 — 1/g)wz"" =0, (3.22)

and H,.({0}) = H.({1}) = 0. Thus, this family has all its mass in the interior and is an
asymmetric generalization of the logistic family in that setting ¢ = q; = ¢2 gives the sym-
metric logistic distribution with the two variables being exchangeable. Total independence
and total dependence correspond to taking both ¢; and ¢, to 17 and oo respectively.

It is possible to think of (¢; + ¢2)/2 as a dependence parameter, measuring the strength
of dependence between the extremes of the two variables, and (g; — ¢2) as an asymmetry
parameter, the case q; — g, = 0 being one in which the two variables are exchangeable. Joe
et al. (1992) apply this distribution to estimate likely combinations of sulphate and nitrate
levels in acid rain.
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Figure 3.3: Possible forms for h{w) for the bilogistic distribution.

3.4.4 Negative Bilogistic Distributions (Coles and Tawn, 1994)

This family has the same df as the bilogistic distributions except that ¢z < 0, g2 < 0.
Applying (3.9), we have

_ (1—1/g)(1 = 22t Ve
(1 —wyw{(1 - 2)/q + 2/e}’

and H,({0}) = H.({1}) = 0 where z = z(w;qi,¢z) is as defined in (3.22). This family is
similar in structure to the bilogistic family and again setting ¢ = ¢ = ¢o reduces it to a
symmetric and exchangeable version; namely, the symmetric negative logistic family. Now
limiting both ¢; and ¢, to 0~ and —oo correspond to total independence and total dependence
respectively. Coles and Tawn (1994) find this distribution most suitable for estimating the
dependence between the extremes of surge and wave height.

h(w) =

@ <0, ¢<0
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Figure 3.4: Possible forms for A(w) for the negative bilogistic distribution.

3.4.5 Gaussian Distributions (Smith, 1991)

The standard Normal distribution is the most prominent distribution in all applications of
probabilistic and statistical methodology and it is therefore only natural to find its applica-
tions among bivariate extreme value distributions. The joint df has the form:

Gl 92) = exp {'/[01] max{fo(syl— t1)’ fo(sy: t2) } ds] ’

where f; is the pdf of the Normal(0, o) distribution. This can be rewritten as

G.(y1,y2) = exp [—Z%q’ {5 (yT?ﬁ—w>} - i@ {a —° <;1}$—y2> }] ’

where s(w) = {a® + 2logw — 2log(1 — w)}/(2a), a = {(t; — tz)/0’}* and & is the cdf of the
standard Normal distribution. Smith (1991) uses this family to model spatial variation of
extreme storms at locations corresponding to ¢; and ¢,. This family also appears in Husler
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and Reiss (1989) as the limit distribution of componentwise maxima of independently and
identically distributed bivariate Normal vectors; namely, if {(X;1,X;2)} are iid standard
Normal random vectors and p, is the correlation coefficient between X, and X, then

Pr {lrgax Xin < b, +z1/b,,, max X,z < by + 22 /by } — G.(e™,e™)

as n — oo. Here we suppose that (1 — p,)}logn — a?/4 as n — oco. The normalizing
constant by, is given by b, = n exp (—b2/2)/v/27. See also Hooghiemstra and Husler (1996)
for a similar characterization based on maxima of the projections of iid bivariate Normal
vectors with respect to two arbitrary directions. An expression for the measure density h
can be derived by applying (3.9) as usual. The resulting form has all its mass in the interior.
The value of @ controls the amount of dependence with the limits ¢ — oo and a — 0
corresponding to total independence and total dependence respectively.

3.4.6 Circular Distributions (Coles and Walshaw, 1994)
This family serves as yet another motivation of (3.19). The joint df

G*(y17y2) = €xp |:'_/[02 ]ma‘x{fO(w;OhC)y fO(w’ 92’C)}dw:| 5

hn Y2

where

folw; B,¢) = exp {( cos(w — B)}

27rI 2r1o(¢)

is the pdf of the well-known von Mises circular distribution with I, denoting the modified
Bessel function of order 0. Coles and Walshaw (1994) use this distribution to model the
dependence between the extremes of wind speeds corresponding to directions ¢, and 8.
Suppose without loss of generality that 6, > 8, 0, — 6, < 7 and § = (62 — 6,)/2. Routine
calculations then show that we can rewrite

U Y2 '

G.(y1,¥2) = exp {—

where
B = {w € (0,27] : sinw > y(w)}, B =(0,27]\B,

and y(w) = {logw —log(1 —w)}/(2¢ sin§). An expression for h can be obtained by straight-
forward application of (3.9). Like the Gaussian distributions, this family has the mass of
h confined to the interior. Here both ¢ and angular separation, 6, control the dependence.
The strength of dependence increases with ¢ while decreasing with 8. The limits ¢ = 0 and
¢ — oo give total dependence and total independence respectively.

3.4.7 Beta Distributions (Coles and Tawn, 1991)
The pdf of Beta(q;, ¢2) distribution is

I(a1 + g2)
h‘f(w) - l-\( ) (th)

w1 —w) %2 ¢ >0, ¢ >0, we (0,1).
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Figure 3.5: Possible forms for h(w) for the Beta distribution.

This distribution is widely used in modelling of hydrological variables (see e.g. Johnson et al.,
1995, Vol. 2, p. 236). By eq. (3.10) m; = ¢;/{q1 + ¢2), and from eq. (3.11) it follows that

h(w) = @ ++1) w1l —w)e!
F(QI)F(Q2) {(117-0 + Q2(1 _ w)}1+(h+q

is the density of a valid measure H, on [0, 1] that satisfies the constraints (3.7) with H,({0}) =
H.({1}) = 0. Like the two bilogistic families this is asymmetric, nonexchangeable and has
the mass confined to the interior. For the symmetric and exchangeable version (which arises
when ¢ = q1 = ¢;) both total independence and total dependence are attained as limiting
cases by taking ¢ — 0% and ¢ — oo respectively.

Applying eq. (3.8), we have the corresponding df

1 Q1Y1 > }
G.(y, =exp|——<1— Be + 1, gy —————
W1,32) p[ n { (ql " v+ aav

1 Q1 )}
— —Be s+ 1, ————
Yo <QI : a1+ @y ]’

=, we€ (0,1)
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where
I"(al + az) “
[(e1)T{a2) Jo

a normalized incomplete beta function.

Be(ay, az;u) = w1 — w)*2 L,

3.4.8 Polynomial Distributions (Nadarajah, 1999a)

This distribution encompasses the structure of all known bivariate extreme value distribu-
tions. A possible motivation is as follows.

One common feature of the distributions in Secs. 3.4.1-3.4.7 is that their structure is
governed by the behavior of h near the end points of [0, 1]. For example, for the bilogistic
distribution we have h(w) = O(w®™?) and h(l — w) = O(w®~%) as w — 0, and knowing
these gives an idea of the whole structure of h and hence that of G,. In general we can write
h(w) = O(w™) and h(1 — w) = O(w®) as w — 0 (Nadarajah, 1994). Thus, a natural choice
for h that has all the flexibility of the known distributions is:

ow" f0<w<é
o f
Bl—-—w) Hb<w<l
for 6 € (0,1) with
H{) =%  H{1H)=m  H{) ="

To ensure non-negativity of h and its continuity at 6 we take o > 0, § > 0 and impose the
requirement af” = (1 — 8)°. To ensure validity of the unit-mean condition (3.7) we take
r > —1, s > —1 and parametrize the atoms at the end points as:

B 6 1
=1_ 1_0 _ = _ s+2 r+1 ¥
o (=0 = (=07 4ol [r+2 r+1]’
e 1 (3.23)
& 2 s+1 |1
=1y — - 1— A
M =10y = A A1 -0) [s+2 s+1:'

with 0 < 7, 71 < 1 and 0 < 75 < min{#~1, (1 — 6)~'}. The resulting distribution has, in
total, five free parameters. The parameters o and (3 represent coefficients of the amount of
dependence put by h on either side of §. Large values of them are associated with strong
dependencies. The parameters r and s represent the structure of dependence exhibited by h
on either side of §. Negative values of them are associated with weak dependence structures
as in that case h puts most of its mass near the end points. The parameter § represents
asymmetry of the dependence structure exhibited by h and also enables accommodation
of atoms of mass in the interior. The parameter - is a measure for the mass of H, to
be concentrated at a single point in the interior (for total dependence the mass of H, is
concentrated at the point w = 1/2 with probability one). Finally, 49 and v, are measures
for the mass of H, to be concentrated at the end points 0 and 1 respectively (for total
independence the mass of H, is concentrated at each end point with probability half).

It is easily checked that the forms of H and V associated with the distribution are:

'yo—i-raﬁw”l f0<w<8
H(w) = 3
2—71—”—1(1—11))”1 ifo<w<1
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Figure 3.6: Possible forms for h(w) for the polynomial distribution.
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and fory; > 0,92 >0

1,.n, 1 o ( (2
1ty

T+l
e if 41/ (g +y2) < 0

v wn{r+1)(r+2) ) w/(v +v2)
LI s ( Y2

Y2y w(s+1)(5+2) \ui+e

where o, 1 are given by (3.23).

The distribution has the requirement that h is continuous at 4, i.e. af” = 3(1 — 6)° and
this admits valid solutions for @ for all possible signs of 7 and s (the solution is unique when r
and s have the same signs). Thus, continuity of h at 8 is a sensible requirement. However, we
find that further requirements for the smoothness of h limit applicability of the distribution.
For example, h is differentiable at § only if 0 <6 =r/(r —s) < 1.

We find that symmetry arises if and only if either o = fandr = swhen§ =1/20ora =4
and r = s = 0 when 8 # 1/2. Thus, asymmetry of dependence structure for the distribution
can be attributed to § not being equal to 1/2, the polynomial coefficients not being equal
or the polynomial powers not being equal. Exchangeability is equivalent to symmetry when
6 = 1/2; otherwise, in addition to symmetry, we must have 49 = 0. Total independence
arises as the special case for @« = 0, 8 = 0 and v, = 0 while total dependence arises as the
special case fora =0, 8 =0,0 =1/2 and 5 = 2.

Two further special cases of interest are v = v = 79 = 0, where H, has no atoms of
mass, and o = 3 = 0, where H, has no mass in the interiors (0,8) and (6,1). In the first
case, using conditions (3.23), we can parametrize

oo (r+ D +2){2(s+1)8 — s}
[ +2)+ (s - Ao
with 8 > s/{2(s+ 1)} to ensure @ > 0 and
5= (s+ 1)(s+2){(r+2) —2(r +1)6}
[(r +2)+ (s —7)f)(1 — §)s+1

with 8 < (r+2)/{2(r + 1)} to ensure 8 > 0. Then the continuity requirement on h reduces
to the following quadratic equation:

Viy,v2) =

s+1
) if 4/ (1 +v2) > 0

2(r—s),, $2—3rs—2r -5 _o
(r+2) (r+1)(s+1) " s+1

which admits valid solutions for @ for all possible signs of r and s (the solution is unique when
r and s have the same signs). The resulting distribution has, in total, two free parameters.
In the second case, the mass of H, is distributed only at the end points and 6. From (3.23)
we see that 9 = 1 — (1 — )y and 73 = 1 — Bv5. Thus, total independence and total
dependence arise when the mass at 6 takes the values 0 and 2 (with 8 = 1/2) respectively.
Exchangeability arises when the mass at both the end points are equal which occurs if and
only if § = 1/2 or the distribution is totally independent. The end point 0 has no mass if
and only if 45 = 1/(1 — ) and y; = (1 — 26)/(1 — 8) with 8 < 1/2. The end point 1 has no
mass if and only if 75 = 1/8 and v = (20 — 1)/6 with 6 > 1/2.

Since, under weak dependence structures H, concentrates most of its mass near the end
points of [0, 1], natural measures of weakness of dependence are:

Ml=/00(1—%)H,(dw)=1—(1—o)79—L(1—9)9+2—T—a—

. r+1
s+2 +2(1 0)6
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for the mass in [0, 6] and

1
1-w «a B
M, = 1——— JH(dw) =1—0yy — —02 - Z_9(1 - g)**!
2 /o< 1—0) (dw) T’ sratt =9
for the mass in (#, 1]. Since, under strong dependence structures H, concentrates most of its
mass in the interior of [0, 1], natural measures of strength of dependence are:

‘w +1
My= | Ym, 2 g
3 /0 OH (dw) = v + T2

for the mass in [0, 4] and

1
M, = / }1————-H (dw) = —(1 g)*+1
0

for the mass in (6, 1]. It follows that M; + M, = 2—671(1—6)"1+V(#,1—0) is the measure
of overall weakness of dependence with values of 2 and 0 for total independence and total
dependence respectively. Similarly Mz + My = 671(1 — 6)™! — V(8,1 — 8) is the measure
of overall strength of dependence with values of 0 and 2 for total independence and total
dependence respectively. If 6 = 1/2, then (My+Mz)/2+1 = V(1,1) is the eztremal coefficient
developed by Coles and Tawn (1994) to measure dependence. Clearly larger values of the
polynomial coefficients o and 8 have the effect of strengthening dependence while larger
values of the polynomial powers 7 and s have the reverse effect. Note further that M, + M;
and M,+ M, are the total mass of H, in [0, 6] and (6, 1] respectively. Clearly the total mass in
each segment becomes inflated and deflated respectively with larger values of the polynomial
coefficient and power associated with that segment. Note too that M; + M, + Mz + My = 2,
the total mass of H,.

Some obvious measures of asymmetry are 8, |r — s|, |a — |, r/(r + s) and a/(a + 8).
Additional measures based on the dependence measures above are [M; — Ms|, [ Mz — My~ 1/,
M, /(M +M,) and (M3 —y,)/(Msz~+Ms—-s). We have M) = M, if and only if @ = 1/2 or the
distribution is totally independent while Ms —y = M, if and only if § = (r +2)/(r + s +4).

3.4.9 Polynomial Distributions (Kluppelberg and May, 1999)

These are analogous to the above distributions, but formulated in terms of the A(.) function
in (3.18). Take

m
A(w) = W™ + @™ 4 aqw? — (Z ak> w+1

k=2

forw € {0,1] with a2 >0, Y1 pak 20, 0< Y m o(k—1ar < 1 and S, k(k — L)ag > 0.
Then the corresponding joint df

m m—k I+k—1, m—k—1-1
—k\u Y2
G.(y1,12) = exp ————+ ag (m )—
l b k=2  1=0 ! (v + o)™

has (m — 2) parameters. Applying eq. (3.9), we have

h(w) = m(m — 1)anw™ % + (m — 1)(m — 2)am_1w™ 3 + - - + 2a
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and H,({0}) = H.({1}) = 0. Setting m = 5, a5 = ¢1/20, as = 92/12, a3 = —(¢p1 + 12)/6
and a; = 1/2, we have as a special case

hw) = p1w® + Pow? — (Yo + ¥1)w + 1,

the measure density of the asymmetric mixed distribution due to Tawn (1988b).

3.5 Parametric Families for Multivariate Extreme
Value Distributions

The five specific models of multivariate extreme value distributions discussed here do not
of course exhaust all possible configurations. Section 3.5.6 provides tools for constructing
further multivariate extreme value distributions subject to constraints on their marginals.

3.5.1 Logistic Distributions (Tawn, 1990)

The logistic families (Secs. 3.4.1 and 3.4.2) have direct generalizations to the multivariate
case. They have been among the most applied multivariate extreme value distribution in
the literature. One possible way to motivate the generalization is as follows.

Let C be an index variable over the set B, the class of all nonempty subsets of {1,...,p}.
Let Z](% be the size of the ith realization at site j, of the extreme spatial storms of the

type which occur only at the collection C of sites. Here Z](',):.('L =1,...,Ng) are assumed
to be conditionally independent given Ng, where the random variable Ng is taken to have
a Poisson distribution of mean 7. Also a¢ denotes the unrecorded covariate information
variable, which has a positive stable distribution and characteristic exponent 0 < 1/¢g, < 1.
The a¢ are assumed to be independent.

We say that a storm affects site j only if an observation at site j exceeds a high threshold,
t;, during that storm. Hence ZJ(% >t; forall j € C and Z](% <t;forall j ¢ C. As discussed
in Chap. 2, exceedances of a high threshold have the Generalized Pareto distribution, so for
all ¢ we take

Pr(2{} < 2258 > t5) = L = {1+ &(z = t;)/o;} /%,
where z > t;, 1+ §(z —t;)/0; > 0,0; >0and § € R. If
Zjc= maJ((Z](ch);7 . Z}ZC))
for N¢ > 0 then it follows that, for z > ¢;,

Pr{Zjc<z}=) {HPr(Z}% <2z > t]-)} Pr(Ng = n) + Pr(Ng = 0)
n=1 i=1

S {1 +&(z = t;)/o3} V4] exp (—7c) /n!

n=0

exp [—1o{1 + &(z — t;) /o;} 71/, (3:24)
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Figure 3.7: Possible forms for h(wy, w;) for the trivariate logistic distribution.

As we are interested only in large 2, that is z > t;, there is no loss of generality in taking
(3.24) to apply for all z such that 1 + £;(z — ¢;)/0o; > 0. Hence Z;c has a Generalized
Extreme Value distribution (see Chap. 2).

Here interest is in the joint behavior of X1,..., X, where for j =1,...,p
X; = gax (Z;0), (3.25)

where B;) is the subclass of B containing all nonempty subsets which include j. Thus, here
maximization is over all spatial storms of the type that affect site j. For fixed %, the ZJ(’();,
j € C, are dependent Generalized Pareto random variables and hence Z;¢, j € C, are
dependent Generalized Extreme Value random variables. However, we take Z;clac, j € C
to be independent. From Feller (1971, Chap. 13, Sec. 6) and (3.24) this implies that the
conditional distribution can be taken as

Pr(Z;c < zlac) = exp(—ac[rc{l + &(z — tj)/aj}_l/gj]qc). (3.26)
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Therefore, given the covariate information, the maximum of each type of extreme spatial
storm has a Generalized Extreme Value distribution with parameters different from those of
unconditional distribution, (3.24). From univariate extreme value theory, (3.26) is a highly
realistic form for the conditional distribution.

The joint df, G, for the X’s cannot immediately be obtained, but conditionally on the
total unrecorded covariate information the X’s are independent. From (3.25) and (3.26)
we have

HPr(Xj < zjlac,C € B) = exp [ Z aoTE Z{l +&(z; = .)/gj}—w/ﬁj] .

j=1 CceB jecC

Now, integrating over ac for all C € B gives

1/qe
G(zy,...,Tp) = exp ZTC |:Z{1 + &z — t5) /o) ‘IC/fjJ

CeB jec

Letting ¥; = (3= 7¢) {1 + &(X; — t;)/0;}'/%, where the summation is over C' € By, the
marginal dlstrlbutlon of Yj is unit Fréchet for j = 1,...,p. Also, Y3,...,Y, have joint df

1/g9¢c
Cu(yr,-- oY) = exp | = ) {E(¢j,c/yj)qc} : (3.27)

CeB \ jeC

where gc > 1 and ;¢ = 7¢/ Y 7c, the summation being over C € By;). With ¢;¢ = 0 if
j¢C,thenforj=1,...,p,0 <90 <1and ) oeg¥ic = 1. It can be shown easily that
;¢ is the probability that the maximum value at site j is due to a spatial storm of the type
that occurs only at the collection C of sites.

The derivation of (3.27) shows that it is a valid joint df. As (3.27) satisfies (3.17) for
an; = n and B,; = 0, it follows that (3.27) is a multivariate extreme value distribu-
tion with unit Fréchet margins. Applying (3.9) to (3.27), we have the associated measure
densities:

qc —(ge+1) g.) e
o)1) 1)
kec kec kee

which have 2P~!(p + 2) — (2p + 1) parameters. Thus, there is mass in the interior of S,
and on each lower dimensional boundary. For p = 2, this distribution reduces to (3.20), the
bivariate logistic distribution; hence, (3.27) is indeed a multivariate extension of the logistic
distribution. Special cases of the distribution include those in Marshall and Olkin (1967),
Johnson and Kotz (1972, Chap. 41) and McFadden (1978), which are obtainable as limits
of (3.27) as g¢ — oo for all C € B. In addition, by letting only certain go — oo, (3.27) can
then handle cases where only some variables have singular components to their dependence
structure.

Setting 9;c, = 1, § = 1,...,p and ¢, = ¢ into (3.27), we have the symmetric logistic
distribution:

Gulys, .- Yp) = exp{—(u "+ + 4,97} (3.28)
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Because of its simplicity, this distribution has been studied extensively. Its characteristic
function has been given by Shi (1995a). After transforming margins of G, to Generalized
Extreme Value with parameters (y;, o}, 0),

ser e D1 —itTo) -
E(*Y) =¢" uI‘(l — o) HI‘ (1 —ig™'t;0;),
i=1

where y, t, t, o denote p-dimensional vectors with jth components y;, ¢;, 4; and o; respec-
tively. Shi also computes the product moments of the distribution using properties of the
characteristic function. Letting p.pcq denote the (a + b + ¢ + d)th order moment

tabea = E(Y; — EY  Yi — EYi)%(Yi — EY))*(Ym — EYm)%,
E(Y;) = pj + 70y,

nio}

H2000 = Ty

_ Ujok(qz — 1)7[2
H1100 = 6¢7 )
H3o00 = 20?7137

2070k(¢° — 1)7s
Hatoo = —— 53

7 ’
20;0501(q° — 1)ms
puo=——"3 """
q
30}%4
H4000 = 20 °
_ ajon(9¢" + 49)(¢* — D)m*
Haio0 = 60g° )
0 202(27¢* — 20¢° — 2¢*)7*
H2200 = 18047 )
_ 0jorai(27¢% + 2)(¢* — V)r*
Hai10 = 1804 )
0;0£010,(9¢% — 1)(¢% — Drt
Hun = 6002
q

where 4 = 0.5772. .. is the Euler’s constant, and 7, = Y -, 1/k° is the Zeta function (see
Abramowitz and Stegun (1964)). Some special values of the Zeta function are 7, = w2/6,
73 = 1.20205690, n, = 72/90 and 75 = 1.03692776. It follows that the correlation coefficient
between Y; and Y} is (g2 —1)/q*. Here the parameter g represents the amount of dependence
between the two variables and has a simple interpretation as 1/qg = 1—7, where 7 is Kendall’s
coefficient of concordance.
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Shi (1995b) derives the Fisher information matrix of the symmetric logistic distribution
(3.28), assuming Generalized Extreme Value margins with parameters (u;, oj, &;). For a
single observation from the distribution, the log-likelihood function is:

l=10 or G(.’El,..., p)
Oz, - - Oxp
=— Zloga] + Z g+ &) logu; + (1 — pg)log z — z + log Qp(2, 9),
i=1 j=1

_1/51. P 1/q
—Hy . q
<1+§ p- ) (]:1,...,p),z={§ uj}
=1

where

]
and Qp(z,4q) is a (p — 1)th order polynomial in z satisfying:
Qp(z,0) = {g(p = 1) = 1+ 2}Qp-1(z, @) — 20Qp-1(2,9)/02, Qa(z,9) = 1.

The derivation of the matrix uses the result that z is distributed independently of
{(z7 )9, ..., (7 )} a,ccording to a mixed gamma distribution with pdf

(p 1)'Qp(z ,qe* z>0.

Vileir) = B {Z—£ (sproeanz.0) } ,

Va(&p) = E{ aaz log Q,(Z, q) long(Z q)}

Vi(eip) = E {Z-f ((—% log @y(Z, q>) }

and introduce the notation
_Tlp+kg™)
M(1+¢71)’

e =V(p+k) —U(1+k), fi=¥(p+k)—T(1+k),

where ¥(r) = dlog['(r)/dr denotes the digamma function. The entire Fisher information
matrix is too complicated. But the first four elements can be written as:

AN
2(g;) = A
ol ol 1
E ((—9—(1‘5;;) = —%Al(fj;io)y
8l 0!
E (@&:) 7 U§ ——{A1(&;p) — A41(0;p)},

al ol
¥ (5{3&_) 2§z{A1(0 )~ Au&ip)} -

Define

ce=V(p+kqg!) - U(1+kg),

||

q2 §JA (O IJ)
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where

—_ 2
Anlp) = 00 - o= 2= 0y + {2+ 2 (3= )}

2 2
x Ru(05p) = 2o = 0 (10 + 2 = T2) 41200 + 20101,

aen) =g+ 9ra+ [-p {r+0 (24 5) b —per

—eta (524 £) {[p-1 {179 (24 £))

- <P+ 1+ %) €1+q-1£] Ri(&p) — (P+ 1+ §> Rz(i;:ﬂ)},

_TU+9HAEp)

Ry(&p) = ) +V(2+&p),
Ralesp) = ARSI v gy,

Pi&p) = (L4 62+ €)(2bryg — bare) — (1 — pg)(1 4 pg + 26)be,
Py&;p) = (1 —pg{(1 = p)g+€ce} — A+ {1 = p)g + (1 + E)eree}brse-

Here A}(0;p) denotes A (£;p)/0¢ evaluated at € = 0 and so on. Obviously, these results
apply only when ¢ > 1 and all the &; < 1/2.

3.5.2 Two-Level Logistic Distributions (Tawn, 1990)

Here we discuss a further generalization of the logistic distribution (3.27). Again we motivate
it physically, following the same terminology.

It is possible that for a spatial storm that affects the collection C' of sites, the values
at a subset of sites D, D C C, will be more dependent than at others. Thus, sites in D
may be relatively closely grouped. Then two-stage conditioning is required: the first stage
represents coarse information sufficient to account for dependence between relatively widely
spaced sites in C\D, and the second stage represents finer covariate information which
accounts for dependence within D. Hence, we first condition on a¢ which is taken to give
conditional independence within C\ D and between C\D and D, but leaves D conditionally
dependent. We then condition on ap ¢ to give conditional independence within D.

For each j € C, C € B and D C C let Z; pc be the size of the maximum, of Np ¢
observations at site j, of storms which affect the collection C of sites where a stronger
dependence exists between sites of the subset D. Here Np ¢ is taken to be Poisson with mean
Tp,c. Hence if « is the total covariate information and a¢ and ap ¢ are independent positive
stable variables with respective characteristic exponents 0 < 1/gc <1 and 0 < 1/gpc < 1,
we have for D C C

exp (—aeThcal”) (j € C\D),

Pr(Z-,D,c < z|a) = _ G acvap.c . D
exp{—apclactfcai®)®<}  (j € D),
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where a; = {1+ &;(z — t;)/0;} /4. In each case this distribution is Generalized Extreme
Value. In the most general case, we are interested in the joint distribution of Xi,..., X,
where, for j =1,...,p,

X; = max max Z;pc
77 ¢eéBy Dec T

and D is an index variable over the set C*, the class of all nonempty subsets of C. Then, by
an analogous approach to the derivation of (3.27), the joint distribution of Xi,..., X, is

o= Bl R E (5 )

ceB Lpec- JEC\D jeD

Transformation of the margins to unit Fréchet form give a multivariate extreme value dis-
tribution with joint df

Gulyr, - ) = exp{ -3 ( > [ > Wincly)e©

CeB “DeC* “jeC\D

+ { Z(wj,p,c/yj)"c‘“"c}l/m} ) e } (3.29)

jep

where g¢, gp,c > 1 and

$r0 = oo / { ) ( v ﬁg%)l/qc}, (3.30)

CeB(; N Dec*

50 0 < ¢;p,c < 1 and from (3.30) the s satisfy a summation restriction. If gp ¢ = 1 for all
D C C, then (3.29) reduces to (3.27). Other special cases include distributions in McFadden
(1978) and Joe and Hu (1996, Sec. 5.2). Because of the hierarchical form of the conditioning
we call (3.29) the multivariate two-level logistic distribution. Clearly, in theory it is possible
to extend this distribution to any hierarchical level.

A special case of (3.29) that has been studied to a great extent is the nested logistic
distribution (Coles and Tawn, 1991) with df

Culyn, v ys) = exp [—{{yr ™+ ™)/ + 451, (3.31)

where ¢q,q, > 1. Note that the symmetric logistic distribution in (3.28) is a special case of
this for g, = 1. After transforming margins of (3.31) to Generalized Extreme Value with
parameters (u;,0;,0), Shi and Zhou (1999) derive its characteristic function as

(1 —itTo) Tl —ig  (tio1 + t202)]
(1 —ig tTo) I[L — ig~lg *(t1on + t203)]

x T(1 —ig ¢ 100)T(1 ~ ig g7 209) T (1 — g t303),

E(eitTy) _ eitTp,

where y, t, u, o denote 3-dimensional vectors with jth components y;, t;, 4; and o; respec-
tively. Shi and Zhou also compute the product moments of (3.31) using properties of the
characteristic function. Let

tim = E(Y1 — EY,) (Y — EY2)F(Ys - EY3)".
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The second order moments are found to be:

0102(¢%¢% — 1)7°
ll'll() = T (& 5 5

6q%q?
o103(q® - 1)=®
M1 = T’
0’20’3((]2 bl 1)7['2
Mot = —6(12’—_——

Thus, the correlation coefficient between Y; and Yj is (¢%¢2 — 1)/(¢%¢?) and that between Y;
and Ya (or Yz and Y3) is (¢% — 1)/¢*. The third order moments are:

pin = 200050b(1 = X¥)my, j+k+1=3, 0<jkI1<3.

Here 1, = > _pey 1/ is the Zeta function and A takes the following values: 0 if there are two
zeros among j, k,1; 1/q if | # 0 and one or both of j, k are nonzero; and, 1/(gq,) if { = 0 and
both of 7, k are nonzero. Similarly, some fourth order moments are:

_ dlokab(9¢%¢? + 4)(¢°¢2 ~
H310 = H130 = 60

and .
oi0504(9¢* + 4)(¢* — L)m*
60q* ’

H301 = Ho31 = M103 = H013 =

3.5.3 Negative Logistic Distributions (Joe, 1990)
This has joint df

P

1
Ge(Y1y- -5 Up) = exp[_Z;Jr
7

Jj=1

g

c€C:jc|>2 j€e

with parameter constraints given by ¢. < 0 forallc € C, ;. =01if j € ¢, ¢;. > 0 for all
c€Cand ¥ o(—1)lp; . < 1. Again by (3.9),

me1 2] —(qa+1)
hnel) = 3 (1) {H@ *’“qd)} (H ”’> (H “”“)

deCieccd k=1 k€c kec

1/ga—m
wk,d>% }
X —_— .
= (%

Evidently this has structure similar to the logistic family with the special case for ¥, = 1,
j=1,...,pand g, = ¢ giving a symmetric version that has all its mass in the interior of S,,.

The two bilogistic families discussed earlier are asymmetric generalizations of the logistic
families, but it is not yet known how they generalize to the multivariate case. However, the
family of Beta distributions generalizes to the following.
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-11<q<0and\u1=\|12=1|,t3 1q<-1and1|;1=\4;2=1|;3

0 0
0 w 1 0 w 1
1 1
1q<-1and\y1>\;12>\|,t3 1q<-1and\|l1<\|;2<\y3
;N ;N
0 \ 0
0 w 1 0 w 1

1 1

Figure 3.8: Possible forms for h(w;, wz) for the trivariate negative logistic distribution.

3.5.4 Dirichlet Distributions (Coles and Tawn, 1991)
The pdf of Dirichlet(q, ..., gp) distribution is

P -1 P
hiy(w) = {HI‘(qj)} IXE +~~-+q,,)Hw§"_l, g >0,j=1,...,p,wES,.
7=1 j=1
By eq. (3.10) m; = q;/(g1 + - - - + ¢p), and from eq. (3.11) it follows that
D@+ +%+) 1 ¢ T < gjw;j >""_1
o (w) = p j W;
p,cp( ) (111wf 4ot qu;)P+1 JI;[1 F(qj) ]I=11 Quwi+ -+ gpwy

is the density, in the interior of Sp, of a valid measure H, that satisfies the constraints (3.7).
This has structure similar to the Beta family, the special case for p = 2, with symmetry
arising when ¢; = -+ - = g,.
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0<q,=q,=q,<1 ) 9,=9,=0,>1

9,>9,>9, 9, <9, <9,

M««««@%

Figure 3.9: Possible forms for h(w;, ws) for the Dirichlet distribution.

The corresponding form for G, is complicated although numerical computation is feasible.
This distribution has been found most suitable for estimating in continuous space the spatial
dependence within rainfall storms (Coles, 1993) and for estimating the dependence between
the extremes of surge, wave height and wave period (Coles and Tawn, 1994).

3.5.5 Time Series Logistic Distributions (Coles and Tawn, 1991)

Let 11,...,Y}; be a first-order Markov process representing a time series such as observations
of a propagating sea storm at sites ordered along a coast. Suppose without loss of generality
that Y; have the unit Fréchet distribution. Let fU) denote the joint density of (Y5, Vi)
Then the joint density of ¥7,...,Y} is

p—1

, Oy, yia
f(yl"'-’yp)=¢1(y1)Hf_7{%3+—).

j=1
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9,=9,<2 _ q,=0,>2

2
2

0 =y 0
0 w 1 0 w 1
1 1
4,>q, q,<9,
1 1
;(\l ;N

0 w 1 0 w 1
1 1

Figure 3.10: Possible forms for A{w;, wy) for the time series logistic distribution.

Evaluating (3.16) at B = [0,31] x +-- X [0,y] and then differentiating it with respect to
Y1, - -+ Yp, We have

p —(p+1) v
t&l&{t”“f(tm,...,tyﬁ}: (Zyj) h{zpy1 ey e }
=1

! P
j=1Yi j=1Yi

Hence if we assume that the joint df of (Y}, Y;4) belongs to the domain of attraction of a
logistic bivariate extreme value df with ¢ =, =1 and ¢; = ¢q then

15 (G—Duw —4j7\1/q; -2
won) = o [ oy 3 ™ +ui) e, wes,
j=1

for g; > 1.
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An extension of this family, not examined here, is based on a higher order Markov
sequence with the associated joint density of consecutive values taken as multivariate extreme
value with unit Fréchet margins.

3.5.6 Distributions Closed Under Margins

Here we discuss a few technical tools for constructing multivariate extreme value distributions
that arc closed under margins. We begin with one communicated by Nadarajah (1999c).
Let G4, Gg and G¢ be known bivariate extreme value distributions with respective
exponent measure functions Vi, Vg and Vg, Assume as usual that all univariate margins
are unit Fréchet. The following steps construct a trivariate extreme value distribution that
has G4, G and G¢ as its bivariate margins.
Partition the two-dimensional unit simplex, S;, into three disjoint sets Bj, j = 1,2,3
chosen as
By = {(wy,w2) € S5 : wy > ws and 2wy + we > 1},
By = {{w1, w2) € S3 : wp > w; and 2w, + wy > 1},
B3 = {(’wl,'lU2) & Ss : 211}1 + Wy S 1 and 21,02 -+ wy S 1}

Define H; : B; —+ R and 6; : ®3 — S to satisfy

/wldHl(wl,wz)—_—/ wyd Ha (w1, wy)
B

By

- / (1= wy — wp)dHa(wi, wn) = 1,
Bs

3
Z 0;(y1, y2,ys) = 1,

j=1
ej(kyhkymk?h) = ej(y17y27y3)y J = 1:27 37 k> O»

01(y1, ya2, 00) = B5(y1, 00, 43) = B3(00, Y2, 3) = 1.

Then,
3
G*(ylv Y2, y3) = €Xp {_ Z 9]‘(3}1, Y2, yS)V}(yla Y2, y3)} 3
j=1
where
Vilyr, Y2, y3) = max{w; Va(y, y2), w2Ve(y1, y3), (1 — w1 — wa) Vo (e, ys)ldH (w1, wa),

B;
is a trivariate extreme value distribution. It is easily checked that
G.(41,92,00) = Galy1,42),  Gu(y1,00,3) = G(y1,us) and G.(00, ¥z, 43} = Go(ye, ya)-

The second construct that we discuss is due to Marco and Ruiz—Rivas (1992). Suppose
that we can express

szvj(Fj)! =12
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where Fj is an n;-variate df and v; : [0, 1] — [0, 1] is continuous to the right and satisfies:

y(0)=0, v(1)=1 P >0, 1<k<n,.

Let
nj—1
ajk=u](-k)(0)/k!, k=1,...,n;—-1,j=1,2, ¢;=1— Za,-k.
k=1
Define

91 39 81 —uy ny—1 S2— Ug ng—1
= dD(uq, us),
v(s1, s2) /0 /0 ( r— ) 1—u, (u1,u2)
where D(uy,u,) is any df in [0, 1)* with marginal densities:
1(1—uymt ('ny)
() = =2 )™ (wy), w; € [0,1].
Pi (u]) c; (nj _ 1)| V] ('LL]) Uj [ ]
It is then easily verified that
G(x1,%3) = v(Fi(x1), Fa(x2))

is a df with G}, G5 as marginals.

We now discuss three more specialized constructs (due to Joe (1994)) that are closed
under margins. Let V,,, denote the exponent measure function of an m-variate extreme value
distribution. Take Va(y1,42) = (W77 + y39)? and, for m > 3, define V;, to satisfy the
recurrence relation

Vm(ylv B ym) = [{V —l(yh e 7ym—1)}q1'm + y;ql,mll/ql,m’ (332)

where g12 > q1,3 2 - 1,m > 1. Then V,,, corresponds to a multivariate logistic distribution
that is closed under margins. With Vj, as given by (3.32), define

1 1

Vil Ym) = — oo+ — — Z (yj_l‘h,jz + y]-_qu’h)l/q‘vh
0 ™ j1<da
+ 3 (DR ST Vg w)
3<k<m Jr<<n
where g1 < -+ < q1;m < 0. Then V; corresponds to a multivariate negative logistic

distribution that is closed under margins. For the final construct, take
1 a 1 yz) 1 (a 1 y1>
Valyr, o) = =@ =+ —log= | + —® [ -+ —log =],
2(y1, %) " (2 a g " vz 27 g g Y2

the exponent measure function corresponding to the bivariate extreme value Gaussian dis-
tribution (where @ denotes the cdf of the standard Normal distribution). Let pj =
(a}; + af; — a3y)/(2axjay;) for j, k,1 distinct and, for m > 3, define Vi, recursively by

Vm(yly ey ym) = Vm—l(yla e ,?,/m~1)

. /1/ym ® (allm + log(yls)’ . Am—1,m + log(ym_ls)> ds.
0

2 Q1,m 2 Am—1,m

Here ®() denotes the cdf of a multivariate Normal distribution with means 0, correlations
omit(l <k <1< m—1), and variances 1. This construct ensures that V;, corresponds to a
multivariate extreme value Gaussian distribution that is closed under margins.
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3.6 Statistical Estimation

3.6.1 Parametric Estimation

As with the univariate approach based on the Generalized Extreme Value distribution any
approach for modelling multivariate extremes directly based on the componentwise maxima
M,, is wasteful of data (Coles, 1991). A further weakness is that M,, may not correspond to
an observed event, so any approach based on M,, may give misleading results in small sam-
ple applications (Coles, 1991). In this section we describe two likelihood-based parametric
approaches for estimation which circumvent these drawbacks.

The first approach is based on the limiting point process result (3.5) and is due to the
independent efforts of Coles and Tawn (1991) and Joe et al. (1992). In (3.5), they assume, for
large n, that P, in a region B, bounded away from {(0,...,0)} by a distance dependent on
the rate of convergence, is approximately a nonhomogeneous Poisson process with intensity
satisfying eq. (3.6). Take {n Y (Uy(Xi1), ..., Up(Xip)),i =1,...,mp} to be the points of P,
in B. Then the likelihood over B, Lg, is

Lp(0;n "YUy (Xi1), ..., Up(Xip)}) = exp{—u(B)} H 2 dr H, (dw,), (3.33)

i=1

where @ are parameters for H, and (r;, w;) = T(U1(X;1), ..., Up(X.ip)) are the pseudo-polar
transforms given by (3.4).

Now consider the general likelihood for {X;,4 = 1,...,n}. This involves simultaneous es-
timation of the marginal parameters for U; and the dependence parameters for H,. Hence we
require an appropriate choice for the region B and a model for the marginal transformations
U; to be included in eq. (3.33).

Coles and Tawn (1991) and Joe et al. (1992) regard the region B = RE\{(0,u) X -+ X
(0,up)} for high thresholds u; as a sensible choice as it contains all observations which are
large in at least one margin. It also ensures that points in B are invariant to the model for
marginal transformations, (3.34), chosen below.

The marginal transformations above a high threshold, ¢; (say), are determined by the
conditional distribution of threshold exceedances. As noted in Chap. 2 these have a Gen-
eralized Pareto distribution form: Pr(X; > z|X; > t;) = {1+ &(z — t;)/0;} Y%, 0; > 0,
1+ &(z —t;)/0; > 0. Thus, for X; > ¢t;

Pr(X; > z) = {1+ &(z — tj)/a'j}'l/gj.

Here A; = Pr(X; > t;) is obtained as the proportion of points exceeding ¢;. Points below
the threshold are relatively dense, so we transform these components using the empirical df.
Hence, the model for the marginal transformation is:

V(X)) = —(logl = M {1+ &(X; —t;)/o;} V4D if X; >t (3.34)
e —[log{R(X;)/(n+ 1)} if X; <t '
where R(X;) denotes the rank of X.
Hence, the thresholds for the limiting process are given by u; = n~'U;(X;), though
checks are required to ensure that these are sufficiently high for eq. (3.6) to be valid in B —
see Nadarajah (1994, Chap. 4) for diagnostics that ensure this. Incorporating egs. (3.6) and
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(3.34) into likelihood function (3.33) gives, for Cartesian components, the likelihood function
Lp (8, 0, & {Xi}) as

exp {—V(u1,...,up)} H h(w;)(nr;) =@+

g H IT o729 UA(Xas) exp (1/U5(Xi)){1 — exp (—1/Us (X)) 149,

j=1,...p
U;(X;,j)>nu;

where o = (01,...,0p), £ = (&,...,&) and h(w) is a parametric form for the density of H,
in the interior of .S.

Generally maximum likelihood estimators behave regularly provided that marginally £; >
—1/2,j=1,...,p (Smith, 1985). However, in some cases dependence parameters are super-
efficient. For example, for the symmetric logistic distribution there is discontinuity in h as
¢ } 1: thus within the logistic distributions any vertex mass implies ¢ = 1, corresponding to
independence of the variables. Tawn (1988b, 1990) discusses this problem further.

Ledford and Tawn (1996) and Smith et al. (1997) have developed an alternative approach
based on (3.15):

—log Fultyr, .- 5 typ)  —logGulyn, ., u0) Vv, - %)
P —logF(t,...,t)  —logG.(1,...,1) = V(@,...,1) " (3.35)

In using this result, they assume that (3.35) holds as an identity for some fixed large t = ¢,
say. Since t.y; needs to be large for each j it is imposed that y; = t.y; is above some high
threshold. This gives

V(Wi /te, - - Yp/te)

' no_
log Fu(yy, - - -, 9,) = log Fulte, - -, 1) VL, 1)

Now, by (3.8), V is a homogeneous function of order —1, and the 3’ terms are just dummy
variables, so

fl

t.log Fi(te,...,t.
F*(ylyn'vyp) _C_(l_)—i)'}

exp {V(ylv“'?yp) V(]. .

=exp{V(y1,..., 4p)K} (3.36)

for some K, when each y; is above some suitably high threshold. Ledford and Tawn (1996)
take this threshold as the 1 — A; quantile of the unit Fréchet distribution, where A; is some
small probability. Thus, y; > —1/log(1 — A;) for j=1,...,p.

To evaluate the constant K, set y; = —1/log(1 — A1), y2 = - - =y, = 00 into (3.36) and
note that

F{-1/log(1 — A1), 00,...,00} = exp [V{~1/log(1 — A1), 00,...,00}K].

This implies that 1 — A; = exp {—~K log(1 — A1)}, and so K = —1. Thus, combining (3.36)
with the definition of F,, we have

F(zy,...,2p) = exp [-V{-1/log Fi(z1), ..., —1/ log Fp(zp)}],
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valid for each z; > t; say, where the t; are chosen so that, for each 7, Fj(t;) = 1—X;. Further,
assuming that F; for X; > t; has the Generalized Pareto distribution with parameters
(04,€5,25), we have

F(zy,...,zp) = exp {—V(Ui(z1), ..., Up(zp)) }, (3.37)

valid for each z; > t;, 7 = 1,...,p. This derivation simply amounts to assuming that for
joint exceedances of a set of suitably high thresholds, the dependence structure of the df
F is that of an exact multivariate extreme value distribution. The approach due to Smith
et al. (1997) slightly differs from this in that they assume

(i, ) = 1= V(1/[L = exp{~1/Ui(m)}, .., 1/[1 = exp {~1/Up(z,)}])  (3.38)

which is a first-order approximation of (3.37) for small A,.

To develop a likelihood based on (3.37), Ledford and Tawn (1996) consider marginal
observations below their respective thresholds as censored at the threshold. Thus, the con-
tribution to the likelihood of a typical point (z1,...,zp) for which the margins fi,...,jm
attain or exceed their thresholds is given by

O™F(z1,...,Tp)

TR T (3.39)

with F' given by (3.37), evaluated at x; = max(t;, X1), ..., &, = max(tp, Xp).

We construct the explicit form of the likelihood for the case p = 2 as follows. For high
marginal thresholds ¢; and t,, divide the (X3, X;) plane into four regions based on whether
each margin is above or below its respective threshold. Label these regions B, ;,, with 4; =0
if X; <tjandi; =1if X; > t;, for j = 1,2. Let L;,;,(z1, z2) denote the likelihood expression
corresponding to a point (z1, z9) falling in region B,;,. Write r; = —1/log(1— ;) and define

0
Vl(yhy2) = —6—ylV(y1,y2),

Va(y1, y2) = —%V(yhyz),
V12(y1,y2) = *-a%—g;v(yhyz)-
Then (3.39) gives that
Loo(z1,22) = exp {—V{(r1,m2)},
Loi(z1,72) = exp [~V {ry, Ua(wa) HVa{r1, Uz(22) } K2,
Lio(z1,22) = exp [~V {Ui(z1), ra VA {Us (1), 2 } K1, (3.40)
Lyi(z1, 22) = exp [-V{Ui(z1), Up(z2) HVi{Ui(21), Ua(2) }Va{Ui(21), Ua(22) }
+ Via{Us (1), Ua(2) } K1 K2,

where

K; = Ao {1+ &5 — )03 U (2)) exp {1/U;(25)}
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for j = 1,2. Thus, the likelihood contribution from a typical point (z;1, z;2) for dependence
parameters @ and marginal parameters o = (01, 02), £ = (£1,&2), A = (A1, A2) is given by

Li(9»07£7'\)= Z Lrs(xi,lyxi,2)lrs(zi,lymi,Z),

rs€(0,1)

where I,4(2i1, Zi2) = I{{%:1,%i2) € Brs} with I the indicator function. Writing the likeli-
hood for a set of n independent points as L(y)(), we thus have

Liy(8,0,6,) = [[ Li(6,0,¢,N).

=1

We noted earlier that problems arise with the point process approach when the marginal
variables are independent. Nadarajah (1994, Chap. 3) shows that these problems remain
for the approach due to Smith et al. (1997). But the approach of Ledford and Tawn (1996)
overcomes these problems. To test for exact independence of the marginal extremes, they
consider, for a typical point (z; 1, z;2), the behavior of the score at independence defined by

= é% log Lz(e7 o, A)|9=911

where 0 is the vector of dependence parameters corresponding to total independence and
(0,€,A) is the vector of the marginal parameters which jointly maximizes L,y(81,0,&, A).
Evaluating this for the possible forms in (3.40) shows that the score depends on the marginal
parameters only through the unit Fréchet variables, U;(z;), and the transformed thresholds,
rj, for j = 1,2. Thus,

U

U, = Z Tra(i,1, Tij2) Lro( i1, T1,2),

7,8€(0,1)
where
Too(i1, 242) = 77 logri ! +rytlogryt — (rit 4 77") log(ry " +73Y),
Tor(Zin, Ti2) = ritlogrit + (up! = Dlogug? — (7t 4+ ugt — D log(ry* +uzh),
Tio(Zi1, xi2) = (uy! = Dlogui! + 13! logry! — (upt +ryt = 1) log(uy! + 71,
Tulzin, 2i0) = (uit — Dlogurt + (uz! — 1) logug!
= (urt +upt ~ 2)log(uy ! +uyt) — (urt +Huzh)

where u; = U;(z;) for j = 1, 2. Defining the total score of a set of n independent points as

n
u(n) b Zun
=1
Ledford and Tawn show, under the assumption of independence of the margins, that
~Upy/ (2 ' nlogn)? — N(0,1)

as n — 0o, with departures from independence producing large positive variates. They also
give a table of critical points relevant for testing, obtained by simulation.
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3.6.2 Semiparametric Estimation

The parametric approaches discussed above are based on the use of asymptotically justified
approximations for both the marginal distributions, F;, and the dependence structure in
the joint tail of F. Models derived from these approximations are fitted to a region of the
observed joint tail which is determined by suitably chosen high thresholds. A drawback with
this is the necessity for the same thresholds to be taken for the convergence of both marginal
and dependence aspects which can result in inefficient estimation. Dixon and Tawn (1995a)
provide an extension which removes this constraint. The resulting model is semiparametric
and requires computationally intensive techniques for likelihood evaluation.

We provide an outline of the arguments leading to the likelihood for p = 2. Consider the
parametric model, (3.38), due to Smith et al. (1997). In (3.38), both the limiting marginal
aspects, where

Fi(a)) = 1= N1+ 6w —1)/o))57%, i=12, (3.41)
and the limiting dependence aspects, where
F(CCl, (E2) =1- V(l/[l - €Xp {_1/Ul($1)}]7 1/{1 — €Xp {—1/(]2((132)}]), (342)

are assumed to hold for all z; > ¢;. In contrast, Dixon and Tawn (1995a) assume that the
dependence structure convergence is slower than the marginal convergence. They introduce
thresholds for the dependence structure, t4;, such that (3.42) holds for z; > t; = t4;, and
thresholds for the margins, tn;(< t4;), such that (3.41) holds for z; > t; = t.,;. Correspond-
ingly the sample space is partitioned into nine regions

Bu={x€R? :bs-1 <1 <brp, a1 < 22 < by}, k,1=0,1,2,

where the boundaries are by _; = —00, by = tm,, br1 = t4, and byg = 00, k = 1,2. Based
on this partition, let

2 2
= B5%( () Bia
k=0

k=0
Qy = By U B1a U By,

Q3 = By U By;.
Then,

e in {), (3.41) and (3.42) hold with ¢; replaced by ¢,. Thus, the likelihood contribution
from an observation x € 1, is

2

a
Lﬂ2(x) = 8$162‘2F(X)

(3.43)
with F given by (3.42).

e in )5, the assumptions do not provide a complete model as only one marginal form
is specified. Consequently, following Smith et al. (1997), the likelihood is obtained by
censoring observations below the marginal thresholds. Thus, for x € By,

0
LBzo(x) = 8_:1:1F(xl7tmz) (3.44)



136

Extreme Value Distributions

and, for x € Byz,

7]
LBD2 (X) = %F(tmu 1132), (345)

where F is given by (3.42).

in 2,, as above, the joint distribution is not completely specified. A solution is devel-
oped using a combination of both parametric and censoring approaches which leads to
a semiparametric model. Let Lgl) denote the likelihood of an observation conditional
on it being in . Then the unconditional likelihood can be written as

Lo, (x) = F(t!iu tdz)Ls(;l)(x)7 (3'46)

where F is given by (3.42). Let F(9 denote the corresponding conditional joint distri-
bution in §;. Since the marginal distributions of F" are given by (3.41) above t; = tm,,
the marginal distributions of F( are

FOx1) = F@1,ta,)/Ftap ta), by < 71 < tay (3.47)

with Fz(c> given similarly. Despite knowing its marginal distributions, we do not have
an explicit model for F©, Thus, it is estimated empirically with f(¥(x) denoting
a kernel density estimate of f((x), the joint density of F(?, and F? denoting the
corresponding estimate of F(°) obtained by integrating f(9. The derivation of ng?, is
equivalent to the problem of obtaining the joint distribution with the required marginal
form given by (3.47) and a dependence structure consistent with interaction form of a
non-parametric estimate within the region. A general solution to this type of model
generation problem is given by iterative proportional fitting algorithm (Bishop et al.,
1975; Whittaker, 1990). Given two marginal densities e; and e; and a joint density
g9 (x), the sequence of densities g*)(x), with jth marginal g](-k)(a:j), given by the two
stage updating procedure

_ - k—
g D(x) = ¢ D(x)es(21)/9* P (1),

9 (x) = g D(x)ez(22) /95 (22),

k=1,2,... converges pointwise to a limiting density g>°(x). Here, g>°(x) has marginal
densities e;(j = 1,2), and a dependence structure which is equivalent to that of g(®(x)
in the sense that

Plogg'® (x) /821022 = 8*logg™ (x) 0z, 0.

Thus, taking
FO(ty,) if 2; < tm,

1(21) = {ap;?°>(xj)/axj if b, < 35 < ta,,
with Fj(c) given by (3.47), and
FO(t ) tm,) if x € By
OF©) (2, ;) /07, if x € Byg
OF ) (b, 25) /02,  if x € By
f@x) if x € By,

9Ox) =
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the iterative procedure gives the conditional likelihood contribution for an observation
for x € §2; as

LY (x) = ¢ (x)

and hence from (3.46)
L, (x) = F(ta,, ta,)9 (%). (3.48)

By combining the calculations, the likelihood for an iid sample {x;,i = 1,...,n} is
given by

n
L(07 g, 6’ A) = H{Lﬂz (xi)I{XiEQ”LBoz (xi)I{XiEBoz}LBzo (xi)I{XiEBZU}Lﬂl (xi)l{meﬂl}}’

=1

where I is the indicator function, and Lg,, Lg,,, Lg,, and Lq, are given by egs. (3.43)—(3.45)
and (3.48) respectively. Here @ are dependence parameters and & = (01, 02), § = (£1,&), A =
{A1, A2) are the six marginal parameters. Since obtaining the contribution to the likelihood of
points in the region £ requires the convergence of the iterative proportional fitting algorithm,
evaluating the likelihood at a particular value of the parameters is computationally intensive.
Also the fitting algorithm involves many one-dimensional integrals in order to obtain the
margins of g

3.6.3 Non-Parametric Estimation

Non-parametric estimation of multivariate extreme value distributions concerns estimation
of the dependence measure H, or its equivalent A, the dependence function.

The work started with Pickands (1981). If {(Y;, Yi2)} come from (3.18) then he observes
that 1/ max{¥;1(1 — w), Y; sw} has an exponential distribution with mean 1/A4(w), for each
w € [0,1]. Hence, with a sample {(¥;1,Y;2)}, 1 <i < n, an obvious consistent estimator of
A(w) is

n -1
An(w)=n [Z 1/ max{Y;1(1 — w), me}] . (3.49)
i=1
Besides being non-convex and non-differentiable, this estimator does not satisfy A4,(0) =
An(1) = 1. However, the simple modification

n

A (w) = n{z 1/ max{¥; (1 — w), Yiw} — (1 — w)z 1/Yis ~w2:1/yi’1 +n]_

i=1 4==1

may be used to overcome this defect. Pickands proposes a method of making it also convex
by replacing A,, by its convex minorant. But the construction is rather involved and leads
to a function having a complicated implicit dependence upon the data. It is thus natural to
seek other ways of estimating A(.). Motivated by the fact that the sum of convex functions
is convex, Tiago de Oliveira (1987) proposes the alternative estimate

Ans, (w)=1- n_lR(dn) Zmin{Yi‘?{‘(l —w), Yi‘,s'sw}!

i=]1
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where 0 < J, < 1 is a sequence of exponents such that é, T 1 as n — oo, and where R(d)
is a function of 0 < § < 1 such that R(6)/(1 — ) — 1 as § T 1. Deheuvels and Tiago de
Oliveira (1989) establish that this estimator is consistent for A if and only if the sequence
0 < 4,, < 1 satisfies the condition that 6, — 1 and (1 — 8,) logn — oo as n — oo.

Pickands did not even consider making (3.49) differentiable. Smith (1985) addresses
this issue. He observes that (3.18) is differentiable if and only if h exists on (0,1). Then
h(w) = A" (w). This suggests the estimator

An(w+ X))+ A, (w — X) — 24, (w)
Y
which is a very simple approximation to the second derivative of A. Here X is an adjustable

smoothing parameter. Asymptotic arguments in Smith et al. (1990) show that, for large n
and small A,

ha{w; A) = (3.50)

B%as in hn(w; A) ~ X2 (w) /12, (351)
Variance of h,(w; A) ~ C(w)/(nA),
where
C(w) = {124%(w) + 12(1 — 2w) A(w) A (w) — 12w(1 — w)A?*(w)
+ 4w(l — w) A(w) A" (w)}/{3w*(1 — w)?}. (3.52)

The assumptions here are that A < w < 1~ A, and that h is twice continuously differentiable
at w. For w < ), eq. (3.50) is no longer valid and we replace it by
2{0A4,(0) — (A + w)An(w) + wA (A + w)}

n(w; A) = Aw(w + A)

with a similar modification for w > 1 — A.

The bias in (3.51) is of order A%, the variance is of order (nA)~! and hence the minimum
mean square error is O(n~%%) achieved when A = O(n~/%). These are the same orders of
magnitude as arise in ordinary one-dimensional density estimation (Silverman, 1986), under
the assumption that A is twice differentiable.

Often a large value of A (in range 0.25-0.5) is needed to obtain h,, positive for all w. This
is because of the roughness of A, and therefore suggests smoothing A, before differentiating.
The kernel method is widely used for smoothing problems in statistics (Silverman, 1986), so
it is an obvious possibility to try here.

In its simplest form, the kernel estimator given in Smith et al. (1990) is

Any(w; X) = /A(u)K(

where A is a smoothing parameter and K a kernel function, which in most applications is
taken to be a pdf symmetric about 0. The integral in (3.53) is necessarily over a finite range,
which creates difficulties when w is near 0 or 1. Differentiating (3.53) and assuming that
K is twice differentiable, Smith et al. (1990) obtain estimators for A" and A”. Calculations
similar to those leading (3.51) then give

) du 0<w<1), (3.53)

2 o0
Bias in A, (w) ~ )‘—M/ v K (v)dv,

Variance of A (v)dv,
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with C(w) given by (3.52).

Calculations based on these approximations show that, using the criterion suggested by
Silverman (1986, Sec. 3.3), the differencing method is only 1.4% less efficient than that based
on the theoretically optimal Epachenikov kernel. Thus, from the point of view of mean
square error, there is nothing in practice to choose between the two methods. Examples
have shown that the kernel method yields smoother estimates, but behaves badly at the end
points.

A second from of the kernel method suggested in Smith et al. (1990) is for the range of
the integral to be first transformed from (0, 1) to (—oo, co). The transformation adopted is
w — log{(w™ — 1) and the corresponding estimator is then

Aualu) = 3 /_ 4 [ ! } K [k’g(“’_l - Dl “] du. (3.54)

o 14 ev

As before, Smith et al. (1990) estimate A" and A" by direct differentiation in (3.54). The
main practical advantage of (3.54) over (3.53) is that it works much better near the end
points (w =0 and 1).

A third procedure suggested in Smith et al. (1990) is a combination of the kernel method
with Pickands’ (1981) procedure: first define AS(.) to be the greatest convex minorant of
A,(.), this is Pickands’ estimator, and then apply (3.54) with A¢ in place of A,. No asymp-
totic results have been found for this procedure but it sometimes leads to more satisfactory
results in practice.

Some recent work by Einmahl et al. (1993) constructs a non-parametric estimate of the
dependence measure H, for a random sample from the original distribution F. The construct
for p = 2 is as follows.

Let {(Xi1, Xi2)} be a sequence of independent and positive random vectors with equal
margins and common df F € D(G). Here G is a bivariate extreme value df of the form

(3.8) with marginal dfs exp{—z;°}, ¢; > 0, 7 = 1,2. Let (o = /X} + X}, ©; =
arctan(X;2/X;)) be the pseudo-polar coordinates of {(X;1,X;2)}. Let px) denote the kth
order statistic from py, ..., p, and k, a sequence of positive integers satisfying

1<k,<n/2, and k,— 00, kn/n — 0 (n — o). (3.55)

Given k,, the non-parametric estimate of H,([0,1/(1 + tan8)]) = H;(6), say, is
1 n
Ho(6) = - SO <0, 2 prtain}s 00 <7/2 (3.56)
T =1

which is both weakly and strongly consistent. Moreover, kx/? (Hn — Hy) converges weakly to
A, a mean zero Gaussian process with covariance structure

E{A(GI)A(az)} = <I>(m1n(01,92)) — <I>(91)<I>(02), 0 S 01, 02 S 7!'/2

Here ®(.) denotes the cdf of the standard Normal distribution. Note also that A =¢ B o &,
where B is a Brownian bridge.

‘We now outline an extension of the above result, due to Einmahl et al. (1997), for the case
where {(Xi1, Xi2)} with joint df F € D(G) have unequal margins and G; is Generalized
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Extreme Value with parameters (0, 1, &). Let a;(n) > 0, bj(n) € R, (f = 1,2) be the
norming constants for which

Fai(n)z1 + bi(n), as(n)zs + ba(n)) — G(z1, 72)
as n — oo. With kn as defined in (3.55), suppose that &;(n/k,), bj(n/ks), & are any
estimators of a;(n/k,), b;(n/k,), & (7 = 1,2) respectively satisfying,
&(n/kn) _p | bi(n/kn) = bi(n/kn)
a(n/ky a;(n/kn)

as n — o0, k, = oo and k,/n — 0. For example, some specific estimators studied by
Dekkers et al. (1989) satisfy these conditions. Finally, define the pseudo-polar coordinates
as p; = max(Y;1(n/k,), Yi2(n/k,)) and ©; = arctan(Y; 2(n/k,)/Y; 1(n/k.)) where

—-)P O, gj —)P fj

1/4;
Yii(n/ks) = &W . =102

Then the extension of (3.56) is the estimate:

1 n
Ha(6) = +— S 6 <0,p> 1}

T =1

This is weakly consistent for H(6) and is also strongly consistent under some further mild
conditions. It is also asymptotically normal. But the expression for the associated covariance
structure is too complicated.

The most recent non-parametric estimates are given in Caperaa et al. (1997). The esti-
mates are based on the following representation.

Let (Y7,Y2) be distributed according to (3.18). Let U3 = G (Y1), Uz = G,2(Y2) and
Z = log(U,)/ log(U,Us). Then the df of the random variable Z is given by

P(z)=Pr(Z < 2) = 2 +2(1 - 2)D(2),

where D(z) = A'(z)/A(z) and A'(z) denotes the right derivative of A for all 0 < z < 1. A
proof of this representation can be found in Ghoudi et al. (1998). As a consequence of this

representation, one gets
At) EP(2) — 2
o

for arbitrary choices of 0 < s < ¢ < 1. Since A(0) = A(1) = 1, one may write

A(t)zexp{/g((_f)_“—z)z }= xp{ Pf)__zz }

Let P, be the empirical df of Zy,. .., Z, for a random sample {(Y;1, Yi2), i =1,...,n}
drawn from (3.18). Replacing P by P, in the above expressions yields two possible non-
parametric estimators for A, denoted by

A() = exp {[ %(u}, AL(t) = exp {- tl IZ—(f)_—;—)zdz}.
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Caperaa et al. (1997) show that log A% is an unbiased and uniformly, strongly consistent
estimator of log A, i.e. E(log A%) =log A for all n > 1 and

sup {log A%(t) — log A(t)] = 0
tefo,1]

almost surely. In addition, the process n'/?(log A% — log A) is asymptotically normal with
zero mean and covariance matrix

P(min(u, v)) — P(u)P(v)
To(s, t) = // iy e

Since P(min(u,v)) > P(u)P(v), it should be observed that I'o(¢,t) is monotone increasing
in ¢, so that, in spite of its attractive properties, log A%(t) is an increasingly unreliable
estimator of log A(t) as t — 1. A similar analysis by Caperaa et al. (1997) shows that
nt/?(log AL — log A) is asymptotically normal with zero mean and covariance matrix

B P(min(u, v)) — P(u)P(v)
(1) = / / wi-wi-v)

and hence that the variance of log Al(¢) is a decreasing function of t. This phenomenon
suggests that a combined estimator of the following form might be preferable to each of the
log At :

log An(t) = p(t) log A} (t) + {1 — p(t)} log AL (),

where p(t) is a bounded weight function on [0,1] that gives comparatively more weight
to log A% in the neighbourhood of i. Again, Caperaa ef al. (1997) show that log A, is
unbiased and uniformly, strongly consistent estimator of log A. In addition, the process
n}/*(log A, — log A) is asymptotically normal with zero mean and variance function

L(t) = p(OTo(t, £) + {1 — (O} T1(t, ) + 2p(){1 — p(t)}C(2),

where

' P(u){1 - P(v)}
C(t) = / uv(l—u)(l—v)dvdu<0

is the asymptotic covariance of n!/2log A%(¢) and n'/?log AL(t). The choice of p(t) that
minimises the asymptotic variance, I'(t), is:

Tyt t) — C(1)

p(t) = To(t, t) + Tq{t, 1) — 2C ()

We now define the new estimator in terms of A,. If Z,, ..., Z, stand for the ordered
Z’s, and if

i z 1/n
(k) .
,1<i<n
{H(l—Z(k))}



142 Extreme Value Distributions

then Caperaa et al. (1997) note that A, can be written in closed form as

(1—t)Qa™® if0<t< Zyy,
An(t) = S /71— ) /QRPIQIY i Zay <t < Zuyyy 1< <m— 1),
Q7" if Zw <t <1,

provided that the Z;’s are distinct. This estimator satisfies A,(0) = A, (1) = 1, provided that
p(0) =1 —p(1) =1. It is an asymptotically unbiased estimator of A and is also uniformly,
strongly consistent.

3.7 Simulation

This section is concerned with methodologies for simulation of bivariate extremes. We dis-
cuss, in turn, three known approaches due to Shi et al. (1993), Ghoudi et al. (1998) and
Nadarajah (1999b).

Shi et al. (1993) describe a scheme for simulating (Y3, Y2) from the bivariate symmetric
logistic distribution, (3.21). Defining the transformations 1/Y; = Zcos*?V and 1/Y; =
Zsin¥9V, they note that the joint density of (Z, V) factorizes as

(lz+1—g Ve *sin2v, 0 <v < 7/2 0<z<oo

which shows that Z and V are independent. It is easily characterized that V may be
represented as (arcsin U'/?), where U is uniform on (0, 1), while Z is the 1—¢~! : g~! mixture
of a unit exponential random variable and the sum of two independent unit exponential
random variables. Hence this suggests an easy way of simulating from (3.21).

Ghoudi et al. (1998) describe a scheme that is applicable for all bivariate extreme value
distributions. To begin with note that the copula, i.e. the df with uniform margins, associated
with (3.18) is

log uy

= 1 1 Al 2
D(ul, U2) exp [( og uy + log 'U:2) (log ug + log Uy

):’, 0 < uy,ug < 1.
Ghoudi et al. show that the joint df of Z = Y3/(Y1 + Y3) and V = D(exp(—1/Y1),
exp (—1/Y2)) is
AR Oy P
Guvl(zv) = v / 44

0

+ (v —vlogv) {z +2(1— z)i((zz)) — /0z t(il(_t)t)dA/(t)} .

It follows from this that the marginal df of Z is

- A(2)
Gz(2) =z+2(1—2) A (3.57)
and that the conditional df of V|Z = z is
1
gz(z)_é)G%z(z,v) =vp(z) + (v — vlogv){l — p(z)}
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where

_ z(1— z)AH(z)
) = =020

and gz is the derivative of Gz. Thus, given Z, the law of V is uniform on [0,1] with
probability p(Z) and equal to the law of the product of two independent uniforms on [0, 1]
with probability 1~ p(Z). Hence, to simulate (Y}, Yz) from (3.18), one can use the following
procedure:

e simulate Z according to the distribution given by (3.57);

e Having Z, take V = U; with probability p(Z) and V' = U;U, with probability 1—p(Z).
Here U and U, are independent uniforms on [0, 1];

e Set Yy = VZ/42) and Y, = vV (1-2)/A(Z),

The most recent method is due to Nadarajah (1999b). It differs from the two schemes
above in that it does not simply simulate from a bivariate extreme value distribution, but uses
the limiting point process result, (3.5), as an approximation to simulate bivariate extreme
values. In (3.5), we assume, for large n, that P, coincides with the Poisson process with
intensity satisfying eq. (3.6) for a region B C {[0, c0) x [0, 00)}\{(0,0)} sufficiently away
from {(0,0)}. Thus, simulation of (Y;, Y;) in B, under this model, reduces to simulation of a
Poisson process restricted to B. There are standard procedures to simulate from a Poisson
process, we consider a simple one. Take B = By = {(y1,¥2) : 1 + ¥2 > o, 41 > 0,42 > 0}
with ry sufficiently large so that the assumption is valid; see below for simulation over
general forms of B. The conditional pdf of (R,W) = T(Y1,Y2) = (Y1 + Yo, Y1/(Y1 + 12))
over T(By) is:

00 1
r_ZH,,(dw)// / s72dsH,(dv) = ror 2271 H,(dw),
o 0

using eq. (3.6). Since this conditional density factorizes, i.e. R and W are independent, we
can simulate the radial and angular coordinates independently of each other. The procedures
for these are as follows:

e We simulate 7 by the inversion principle: set f:; ros~2ds = u for u ~ U(0, 1) and invert
to obtain r = ro/(1 — u);

e Since H, is a composition of the density h in the interior, (0,1), and the atoms,
H.({0}) and H,({1}), at the end points, simulation of w can be performed by the
method of composition (see e.g. Ripley, 1987, Sec. 3.2) in two steps. Firstly, set w as
0, belonging to (0,1) or 1 with probabilities 27 1H,({0}), 1 — 27 H,({0}) — 2 ' H,({1})
and 27'H,({1}), respectively. Then, if w is set to be in (0,1), simulate its specific
value from the pdf

_ h(w)
2 - H,({0}) - H.({1})
using the rejection method (see e.g. Ripley, 1987, Sec. 3.2). To apply the rejection

method to simulate from h*(w) we need to determine a probability density g(w), from
which it is easy to simulate, and a constant M such that h*(w)/g(w) < M for all

h*(w)
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w € (0,1). The density g is referred to as the envelope. Under mild conditions on h*, a
form for the envelope g is easily established by the following result: if A* is a continuous
probability density over (0,1) and there are some constants g > —1, ¢1 > —1 such
that h*(w) = O(w%) and A*(1 — w) = O(w?) hold as w — 0 then the beta density

wq"(l — w)‘Il

== 0,1
o) = Fe e Ty W E O]
where
_ D(a)I(b)
Be(a,b) = Tath) a>0,b>0

satisfies h*(w)/g(w) < M < oo for some constant M. Nadarajah (1994) shows that
each currently known model for H, (including those discussed in Sec. 3.4) satisfies
the conditions of this result for particular choices of ¢, ¢1 and M. Hence, using the
rejection method of simulation for w reduces, for each model, to simulation from a
Beta(go + 1, ¢1 + 1) distribution for which routines are widely available.

To simulate (Y7, Y2) over a region B not having the form B, we follow the usual practice:
first apply these procedures to simulate (Y7, Y2) over an By for which B C By and then delete
those points falling outside of B.

3.8 A Selective Survey of Applications of Multivariate
Extreme Value Distributions

This is the third separate section in this book devoted to applications of extreme value
distributions. The rationale behind having individual sections on applications of classical
univariate extreme value distributions, generalized (univariate) extreme value distributions
and now on multivariate ones is to minimize the overall pressure on the reader and reduce
the amount of information to be absorbed in a single setting. Also since most of the readers
will, hopefully, be studying this monograph in an organized manner, it is indeed more con-
venient to have the section of the theory of multivariate extreme value distributions to be
immediately supplemented by the examples of practical applications of this theory. Indeed
— as in the previous applications sections — we shall provide only examples rather than
attempting a complete survey which is beyond the scope of the book. Again recent contri-
butions by J. Tawn and his associates will receive special attention since — in the opinion of
the authors — this work contains laudable achievements and examples of combining impor-
tant theoretical results with efficient utilization of modern computer technology and recent
inference procedures based on it.

3.8.1 Some Earlier Applications

In his survey of applications of multivariate extremes, Tawn (1994) points out that many
problems that involve applications of extreme value methodology are “inherently multivari-
ate by nature”. Indeed, observations of a number of different physical processes observed at
one site, or a number of summarizing features of behavior of a single process at a particular
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location, or consecutive observations during extreme events of one process, or most promi-
nently a spatial process observed at a finite number of sites are all examples of observations
leading naturally to multivariate extreme value distributions.

First, however, we shall comment on an earlier contribution by Gumbel and Goldstein
(1964) involving the most popular, almost classical, topic of extreme value theory: ages at
death classified according to sex. The well-known fact that the oldest ages of women are
higher than those for men, requires testing of the natural hypothesis of independence of
oldest ages at death. The authors, using the data of the oldest ages at death for men (z,)
and for women (z,) in Sweden for the period 1905-58 (n = 54), perform a classical x2-test
of independence. Let y; denote the transform of z; to the Gumbel margin (j = 1,2). Under
the hypothesis of independence, the bivariate asymptotic df of (y;,y2) is

G(y1,y2) = exp(—e ¥ — e7¥2),

To apply the y2-test, the authors enumerate the number of data in the five intervals, given
by G(y1,92) < 0.2; AG(y1,¥2) = 0.2; G(y1,42) > 0.8. The expected number in each interval
is 54/5 = 10.8. The observed numbers for the oldest ages are given in the table below.

Interval Observed Number of
Oldest Ages

0.0 < G(y1,y2) <0.2 11

0.2 < G(y1,72) <04 12.5

0.4 < G(y1,y2) <0.6 7

0.6 < G(yl,yz) <0.8 9.5

0.8 < G(yl,yz) <1.0 14

Total 54

x? 2.266

p-value 0.69

The number of degrees of freedom is four which leads to the p-value given in the last line.
Thus, the conclusion is that the hypothesis of independence should be accepted.

We extended the above analysis to the years 196797 (thanks to Statistics Sweden and
to Dr. Eva Elver for providing the relevant data). The new data showed an increasing gap
between the ages of men and women and a somewhat erratic slow increase in the values of
the maxima. But the hypothesis of independence was found to be valid for the new and
combined data.

Gumbel and Goldstein (1964) also carried out a similar analysis to floods data from the
Ocmulgee river in the State of Georgia, U.S.A. The data were annual maximum discharges
and came from two different stations: one upstream (z;) and the other downstream (z3). The
analysis (again involving the x2-test) leads to rejection of the assumption of independence
between the upstream and downstream floods.

As pointed out by Tawn (1994), the paper by Gumbel and Goldstein (1964) reviewed
above and the subsequent one by Gumbel and Mustafi (1967) in which annual maximum
river flows of the Fox river at two sites in the State of Wisconsin (U.S.A.) were studied seem
to be the only papers in sixties which demonstrated applicability of the theory of bivariate
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extremes. To the best of our knowledge, there are indeed no descriptions of work dealing
with application of the theory of bivariate or multivariate extreme values (with a possible
exception of McFadden (1978)) until mid eighties. After that we encounter a flood of papers
on multivariate applications by de Haan, Smith, Tawn and their associates. This burgeoning
activity is the result of advances in probabilistic results (see e.g. de Haan (1985)) and new
approaches to estimation of the dependence structure of multivariate extremes (see e.g. Smith
(1994)) the latter being the main aspect of multivariate extreme value methodology.

3.8.2 Directional Modelling of Wind Speeds

Coles and Walshaw (1994) investigate directional modelling of wind speeds based on data
collected at the University of Sheffield for the U.K. Meteorological Office. The data consist
of hourly maximum wind gust speeds recorded in knots, together with the gust direction,
recorded to the nearest 10°.

The authors emphasize the importance of dependence of extreme winds across directions
because extreme storms tend to change direction providing successive extreme values in
several directions. They suggest the following model for the joint distribution of annual
maximum wind speeds for any set of directions © C (0, 27}

Pr{Xy <zp, VHEO}=exp [—/Zﬂmax{m}dw],
0

fco Yo

where
Yo = {1+ &o(xo — po)/T0)}/

and fy is the von Mises circular density. This is the so-called circular max-stable model.
A special case of this model is the bivariate circular extreme value distribution discussed
in Sec. 3.4.6. The model can be used to calculate probabilities of joint events across entire
sectors.

For the Sheffield data the authors model directions within each of the four quadrants

(0°,90°), (90°, 180°], (180°, 270°] and (270°, 360°]

separately. They find some indication that the mechanisms of dependence in quadrants 1
and 3 are different, dependence being generally weaker in quadrant 1 than in quadrant 3.
This may have a physical explanation. The figure below graphs the return level curves for
each quadrant as a function of plotting quantiles

p=1-Pr{Xy <z, VOecO}

on the scale —log(—log(1 — p)). The substantially different extremal behavior within each
quadrant demonstrated by these plots is the kind of information which could usefully be
applied in engineering design.

3.8.3 Applications to Structural Design

As it was no doubt observed from previous chapters, one of the aims of extreme value analysis
is to model the extreme tail to estimate probabilities of failure of some structure. Coles and
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Figure 3.11: Annual maximum return levels, for exceedance probability 1 — p, for wind
speeds within each quadrant: | quadrant 1; . , quadrant 2;
_____, quadrant 3; .. , quadrant 4.

Tawn (1994) assert that many forms of structure fail owing to a combination of various
processes at extreme levels. Thus, multivariate extreme value methodology is an adequate
tool for quantifying the risk of failure due to extreme levels.

Let X, ..., X, be random variables corresponding to the constituent processes that affect
some structure. Coles and Tawn (1994) express the concept of failure in terms of the value
which is exceeded by an appropriately chosen function of the univariate random variables.

Postulating the existence of structural parameter v, it is assumed that structural failure
occurs if

X - (Xl,...,Xp)
belongs to some failure region B, in RP. Explicitly,
B, = {x € R :b(x,v) > 0}

for some “boundary function” b: RP x V — R where V is the parameter space for v. For a
given v it is required to determine

p=Pr(XeB)

or conversely to determine a value of ¥ which gives rise to a specified value of p. Imposing
further optimization criteria can lead to unique solutions for v.
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Numerous practical problems relating to extremes especially in environmental setting can
be stated in the above manner. Coles and Tawn (1994) cite examples in offshore engineer-
ing (e.g. oil-rigs), in assessment of extremal total volume of rainfall from a discrete set of
sites and in structural failures of river banks (where the corresponding failure region has a
componentwise structure). In the rest of section we provide some details of two far-reaching
examples studied in this context.

The first example concerns reservoir flood safety (Anderson and Nadarajah, 1993; Ander-
son et al., 1994). Tt arises from a project sponsored by the U.K. Department of Environment
involving researchers from the University of Sheffield and the Institute of Hydrology at
Wallingford with the aim to provide a basis for the reassessment and modification of current
British design recommendations for reservoirs.

If a reservoir receives a sudden inflow of water during a very violent storm then it is
conceivable that the provision for outflow at the reservoir’s dam could prove inadequate,
resulting in an unplanned overflow. Such overflows could cause serious damage to the dam
structure, and it could possibly lead to catastrophic failure, with serious economic and
environmental consequences, and perhaps even loss of life. Using the above terminology,
a plausible boundary function is

b(R,W,S;v) = AR,W,S;v) —1
where

e R and S are total rainfall and total snowmelt during the storm over the area draining
into the reservoir;

e W is the wind speed at some time after the onset of the storm when the inflow to the
reservoir has had time to raise the water level;

e A is a function that computes the peak water level at the dam wall during the storm.
It will be a complicated deterministic function, depending on specific characteristics
such as reservoir size, drawoff rate and orientation;

e and, [ is the height of the dam wall.

The probabilities, p, of structural failure are computed by modelling the joint extremes
of (R,W, S} by a trivariate extreme value distribution and thus inducing a probability dis-
tribution on A(R, W, S). Figures 3.12 and 3.13 show typical probabilities associated with
rare water levels for a number of different settings of the reservoir characteristics. The
probabilities are expressed in terms of return periods, the mean interval (in years) between
exceedances of the levels.

The second example concerns the safety of sea dikes in the Netherlands (Brunn and
Tawn, 1998; de Haan and de Ronde, 1998). It arises from the European Union undertaking
“Neptune” which involved three institutions from the U.K. (British Maritime Technology,
Lancaster University and the University of East Anglia), three institutions from the Nether-
lands (National Institute for Coastal and Marine Management, Delft Hydraulics and Erasmus
University Rotterdam) and the GKSS Forchungszentrum Geesthacht in Germany. Needless
to say that the project has a substantial practical value for the Netherlands (40% of the
country is below the mean sea level and is protected by dikes). In 1953, the sea dikes broke
in part of the country and the subsequent flooding claimed nearly 2000 lifes. The aim of
the “Neptune” project was to estimate the probability of failure of a dike called “Pettemer
zeedijk” which protects a gap in the natural coast protection formed by sand dunes near the
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--------- No drawoff

-—— Basic configuration
-~ Doubled reservoir
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Figure 3.12: Effects of drawoff rate and reservoir size on probabilities of rare water levels.

town of Petten. The failure was taken to occur if 2% runup level exceeded the crest height
of the dike. This 2% runup level is a function of the onshore sea state, involving variables
such as wave height (HmO), wave direction (8) and still water level (SWL). To simplify

analysis wave direction, 8, was taken fixed perpendicular to the dike. A possible boundary
function is that

b(HmO, SWL) = 0.3HmO + SW,L — 7.6.

The estimation of p entails modelling of the joint tail of (HmQ, SWL) using bivariate

extreme value distributions. The work by the Dutch team, L. de Haan and J. de Ronde,
gave the estimate

p=114x%x 1073

with the 95% confidence interval
(0,8.75 x 107%).

They noted also that zero probability is a real possibility. The results of investigation (on the
same problem) by the British team, J. Brunn and J. Tawn, can be summarized as follows:

e the 100-year return level of HmQ is 7.62m with 95% confidence interval (6.34, 9.03);

e the 100-year return level of SWL is 2.88m with 95% confidence interval (2.42, 3.47);

e the 100-year return level for the structure variable, 0.3 HmO + SWL, is 5.17m. Since
the height of the sea dike under consideration is 7.6m high this estimate suggests that
flooding is not likely (consistent with the result noted by the Dutch team). In fact,
the return period associated with 7.6m is estimated to be 10,800 years.
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Water Level {m)
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Figure 3.13: Effects of orientation on probabilities of rare water levels.

Other applications of multivariate extreme values (not discussed above) include: study
of the dependence between the extreme concentrations of a pollutant at several monitoring
stations in a region (Joe et al, 1992; Joe, 1994); modelling of periods of extremely cold
temperatures (Coles et al., 1994; Bortot and Tawn, 1998); estimation of extreme sea levels
in coastal engineering (Dixon and Tawn, 1994); estimation of the extremal behavior of
the rainfall regime within a specified area, such as a catchment region, using pointwise
measurements of rainfall from a network of sites {Coles and Tawn, 1996a); estimation of
the probability of coastal flooding at an existing flood defence structure and for aiding the
design of a new structure (Morton and Bowers, 1996; Bruun and Tawn, 1998; Zachary et al.,
1998); flood frequency analysis (EscalanteSandoval, 1998); and, estimation of rainfall-depth-
frequency curves (Nadarajah et al., 1998).
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