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Preface

Classical Extreme Value Theory—the asymptotic distributional theory for
maxima of independent, identically distributed random variables—may be
regarded as roughly half a century old, even though its roots reach further
back into mathematical antiquity. During this period of time it has found
significant application—exemplified best perhaps by the book Statistics
of Extremes by E. J. Gumbel—as well as a rather complete theoretical
development.

More recently, beginning with the work of G. S. Watson, S. M. Berman,
R. M. Loynes, and H. Cramér, there has been a developing interest in the
extension of the theory to include, first, dependent sequences and then
continuous parameter stationary processes. The early activity proceeded
in two directions—the extension of general theory to certain dependent
sequences (e.g., Watson and Loynes), and the beginning of a detailed theory
for stationary sequences (Berman) and continuous parameter processes
(Cramér) in the normal case.

In recent years both lines of development have been actively pursued.
It has proved possible to unify the two directions and to give a rather com-
plete and satisfying general theory along the classical lines, including the
known results for stationary normal sequences and processes as special
cases. A principal aim of this work is to present this theory in as complete
and up-to-date a form as possible, alongside a reasonably comprehensive
discussion of the classical case. The treatment is thus unified with regard
to both the classical and dependent cases, and also in respect to consideration
of normal and more general stationary sequences and processes.

Closely related to the properties of extremes are those of exceedances
and upcrossings of high levels, by sequences and continuous parameter pro-
cesses. By regarding such exceedances and upcrossings as point processes,
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one may obtain some quite general results demonstrating convergence to
Poisson and related point processes. A number of interesting results follow
concerning the asymptotic behaviour of the magnitude and location of
such quantities as the kth largest maxima (or local maxima, in the con-
tinous setting). These and a number of other related topics have been taken
up, especially for continuous parameter cases.

The volume is organized in four parts. Part I provides a reasonably
comprehensive account of the central distributional results of classical
extreme value theory—surrounding the Extremal Types Theorem. We have
attempted to make this quite straightforward, using relatively elementary
methods, and to highlight the main ideas on which the later extensions to
dependent cases are based. :

Part II contains the basic extension of the classical theory applying to
stationary sequences and to some important nonstationary cases. The main
key to this work is the appropriate restriction of dependence between widely
separated members of the sequence, so that the classical limits still hold.
Normal sequences are particularly emphasized and provide illuminating
examples of the roles played by the various assumptions.

In Part III we turn to continuous parameter cases. The emphasis in
this part is on stationary normal processes, which, for clarity, we treat
in some detail before giving the general theory surrounding the Extremal
Types Theorem. In addition to extremal theory, this part concerns properties
of local maxima, point processes of upcrossings, models for local behaviour,
and related topics.

Finally, Part IV contains specific applications of (and small extensions to)
the theory for particular, real situations. Since the theory largely predicts the
same extremal behaviour as in the classical case, there is limited usefulness
in providing data which simply illustrate this well. Rather, we have tried
to grapple with typical practical issues and problems which arise in putting
theory to work. We have not attempted systematic case studies, but have
primarily selected examples which involve interesting facets, and raise
issues that demand thoughtful consideration.

Many of the results given here have appeared in print in various forms,
but a number are hitherto unpublished. Most of the contents of this work
may be easily understood by a reader who has taken a (non-measure-theoretic)
introductory graduate probability course. Possible exceptions include the
material on point process convergence (the details being given in an appendix),
but even for this we feel that a reader should be able to obtain a good in-
tuitive understanding from the text.

It is indeed a pleasure to acknowledge the support of the U.S. Office of
Naval Research, the Swedish Natural Science Research Council, the Danish
Natural Science Research Council, and the Swedish Institute of Applied
Mathematics, in much of the research leading to this work. We are also most
grateful to Drs. Jacques de Maré and Jan Lanke for their help and sugges-
tions on various aspects of this project and to Dr. Olav Kallenberg for his
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illuminating comments. We thank a number of readers including J. Castellana,
B. Collings, R. Frimmel, N. Gerr, P. Hougaard, D. Kikuchi, I. McKeague,
E. Murphree, and 1. Skovgaard for their suggestions for improvement in
clarity of the text; Ruth Bahr, Anitha Bergdahl, Betty Blake, Dagmar Jensen,
Ingalill Karlsson, Anna Morén, Beatrice Tuma, and Ingrid Westerberg for
their splendid typing of this volume and its earlier manuscript versions, and
Sten Lindgren for preparing several of the figures.
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PART 1

CLASSICAL THEORY OF
EXTREMES

Classical extreme value theory is concerned substantially with distributional
properties of the maximum

Mn = max(él’ 62’ vets én)

of n independent and identically distributed random variables, as n becomes
large. In Part I we have attempted to give a relatively comprehensive account
of the central distributional results of the classical theory, using the simplest
available proofs, and emphasizing their general features which lead to
subsequent extensions to dependent situations.

Two results of basic importance are proved in Chapter 1. The first is the
fundamental result—here called the Extremal Types Theorem—which
exhibits the possible limiting forms for the distribution of M, under linear
normalizations. More specifically, this basic classical result states that if for
some sequences of normalizing constants a, > 0, b,, a,(M, — b,) has a
nondegenerate limiting distribution function G(x), then G must have one
of just three possible “forms”. The three “extreme value distributions”
involved were discovered by Fréchet, and Fisher and Tippett, and discussed
more completely later by Gnedenko. Here we use more recent proofs,
substantially simplified by the use of techniques of de Haan.

The second basic result given in Chapter 1 is almost trivial in the inde-
pendent context, and gives a simple necessary and sufficient condition
under which P{M, < u,} converges, for a given sequence of constants {u,}.
This result plays an important role here and also in dependent cases, where
it is by no means as trivial but still holds under appropriate conditions.
Its importance will be seen in Chapter 1 in the development of the classical
theory given there for the domains of attraction to the three extreme value
types. The theory is illustrated by several examples from each of the possible
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limiting types and the chapter is concluded with a brief corresponding
discussion of minima.

The theme of Chapter 2 is the corresponding limiting distributions for
the kth largest M® of ¢,,..., &,, where k may be fixed or tend to infinity
with n. The case for fixed k (when M® is an “extreme order statistic”) is of
primary concern and is discussed by means of asymptotic Poisson properties
of the exceedances of high levels by the sequence &,, £,, .. . . These properties,
which here involve simply the convergence of binomial to Poisson distribu-
tions will recur in more interesting and sophisticated forms in the later
parts of the volume. Rather efficient and transparent estimates for the rate
of convergence in the limit theorems are also presented in this chapter.

Finally, some description is given of the available theory for cases when
k = k, tends to infinity with n (involving “central” and “intermediate”
order statistics). This discussion is included for completeness only and will
not be developed in the subsequent dependent context.



CHAPTER 1
Asymptotic Distributions of Extremes

This chapter is primarily concerned with the central result of classical
extreme value theory—the Extremal Types Theorem—which specifies the
possible forms for the limiting distribution of maxima in sequences of
i.i.d. random variables. In the derivation, the possible limiting distributions
are identified with a class having a certain stability property—the so-called
max-stable distributions. It is further shown that this class consists precisely
of the three families known (loosely) as the three extreme value distributions.

1.1. Introduction and Framework

Let &, &,, ... be a sequence of independent and identically distributed
(ii.d.) random variables (r.v.’s) and write M, for the maximum of the first
n, i.e.

M, = max(¢,, &,, ..., &) (1.1.1)

Then much of “classical” extreme value theory deals with the distribution of
M, and especially with its properties as n — oo. All results obtained for
maxima of course lead to analogous results for minima through the obvious
relation m, = min(¢,, ..., &) = —max(—¢,, ..., —¢&,). We shall therefore
only briefly discuss minima explicitly in this work, except where its joint
distribution with M, is considered.

There is, of course, no difficulty in writing down the distribution function
(d.f) of M, exactly in this situation; it is

PM, < x}=P{ <x,§ <x,...,¢ < x} = F'(x), (1.1.2)
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where F denotes the common d.f. of the &;. Much of the Statistics of Extremes
(as is the title of Gumbel’s book (1958)) deals with the distribution of M, in
a variety of useful cases and with a multitude of related questions (for
example, concerning other order statistics, range of values, and so on).

In view of such a satisfactory edifice of theory in finite terms, one may
question the desirability of probing for asymptotic results. One reason for
such a study appears to us to especially justify it. In simple central limit
theory, one obtains an asymptotic normal distribution for the sum of many
ii.d. random variables whatever their common original d.f. Indeed, one does
not have to know the d.f. too precisely to apply the asymptotic theory.
A similar situation holds in extreme value theory, and in fact, a nondegenerate
asymptotic distribution of M, (normalized) must belong to one of just three
possible general families, regardless of the original d.f. F. Further, it is
not necessary to know the detailed nature of F, to know which limiting
form (if any) it gives rise to, i.e. to which “domain of attraction” it belongs. In
fact, this is determined just by the behaviour of the tail of F(x) for large
x, and so a good deal may be said about the asymptotic properties of the
maximum based on rather limited knowledge of the properties of F.

The central result—here referred to as The Extremal Types Theorem—
was discovered first by Fisher and Tippett (1928) and later proved in complete
generality by Gnedenko (1943). We shall prove this result in the i.i.d. context
(Theorem 1.4.2) using a more recent, simple approach due to de Haan
(1976) and later extend it to dependent situations in Chapters 3 and 13.

We shall be concerned with conditions under which, for suitable normali-
zing constants a,, > 0, b,,,

P{a, (M, — b,) < x} % G(x) (1.1.3)

(by which we mean that convergence occurs at continuity points of G—
though we shall see later that the G’s of interest are all continuous). In
particular, we shall be interested in determining which d.f’s G may appear
as such a limit. It will be shown that the possible nondegenerate d.f’s G
which may occur as limits in (1.1.3) form precisely the class of max-stable
distributions discussed in Section 1.3. We shall see further that every max-
stable distribution G has (up to location and scale changes) one of the
following three parametric forms—commonly (and somewhat loosely)
called the three Extreme Value Distributions.

Type I: G(x) = exp(—e™™), -0 <X < 00;

0, x <0,

TypeIl: G(x) = {exp(—x‘“), for some o > 0, x> 0;

exp(—(—x)%), for some a > 0, x <0,

Type III: G(x) = {1, x> 0.

A central result to be used in the development of the theory is a general
theorem of Khintchine concerning convergence of distribution functions.
Although it is obtainable from other sources, we shall, for completeness,



1.2. Khintchine’s Convergence Theorem 5

prove this important result in Section 1.2, along with some useful results
concerning inverses of monotone functions. In Section 1.3 the d.f’s G which
may occur as limits in (1.1.3) are identified with the max-stable distributions
(defined in that section), prior to the further identification with the extreme
value distributions in Section 1.4, which will complete the proof of the
Extremal Types Theorem.

By (1.1.2), (1.1.3) may be written as

F"(a; 'x + b,) % G(x), (1.14)

where again the notation % denotes convergence at continuity points of the
limiting function. If (1.1.4) holds for some sequences {a, > 0}, {b,}, we shall
say that F belongs to the (ii.d.) domain of attraction ( for maxima) of G and
write F € D(G). Necessary and sufficient criteria are known, to determine
which (if any) of the possible limiting distributions applies; that is, conditions
under which F € D(G). These will be stated in Section 1.6, along with proofs
of their sufficiency. (The proofs of the necessity of the conditions are some-
what lengthy and not germane to our purposes here and hence are omitted.)
We also give some simple and useful sufficient conditions due to von Mises,
which apply when the d.f. F has a density function—an obviously common
case.

The discussion in Section 1.6 will be substantially based on a very simple
convergence result treated in Section 1.5. This result gives conditions for
the convergence of P{M,, < u,}, where {u,} is any sequence of real constants.
(In the case where (1.1.3) applies, we have such convergence for all members
of the family of sequences {u, = x/a, + b,},as x ranges over all real numbers.)

As hinted above (and discussed more fully later), it may turn out that for
a given d.f. F, there is no extreme value d.f. G such that F € D(G). This simply
means that the maximum M, does not have a nondegenerate limiting
distribution under any linear normalization (a common example being the
Poisson distribution, as will be seen later). On the other hand, limits of
P{M, < u,} may well be possible for interesting sequences u, not necessarily
of the form x/a, + b, or even dependent on a parameter x.

This simple convergence result does, as noted, play an important role in
connection with domains of attraction. However, it is also very important in
the further theoretical development, both for the i.i.d. case considered in
this and the next chapter and for the dependent sequences of later chapters.

Finally, Section 1.7 contains further examples and comments concerning
particular cases, and Section 1.8 contains a brief discussion of minima.

1.2. Inverse Functions and Khintchine’s
Convergence Theorem

First, it will be convenient to obtain some useful results for inverses of
monotone functions. Such inverses may be defined in a variety of ways, of
which the following will best suit our purposes.
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If Y(x) is a nondecreasing right continuous function, we define an inverse
function y~! on the interval (inf {{/(x)}, sup{y(x)}) by

Y7y = inf{x; Y(x) > y}.

(Note that the domain of y~! is written as an open interval, but may be
closed at either end if inf {§)(x)} or sup{(x)} is attained at finite x.)

Lemma 1.2.1. (i) For  as above, if a > 0, b and c are constants, and H(x) =
Ylax + b) —c,then H"'(y) = a 'Y~ '(y + ¢) — b).

(ii) For ¥ as above, if Yy~ is continuous, then ~ *(Y(x)) = x.

(iii) If G is a nondegenerate d.f., there exist y, < y, such that G~ (y,) <
G~ Y(y,) are well defined (and finite).

PrOOF. (i) We have

H™Y(y) = inf{x; Y(ax + b) — c > y}
= a” '(inf{(ax + b); Y(ax + b) >y + ¢} — b)
=a 'Y 'y + ) - b),

as required.

(ii) From the definition of ¥ ™!, it is clear that ¥~ !(y(x)) < x. If strict
inequality holds for some x, the definition of iy ~! shows the existence of
z < x with ¥(z) = ¥(x), and hence Y/(z) = Y(x) since ¥ is nondecreasing. For
y = ¥(z) = Y(x) we have ¥~ !(y) < z, whereas for y > y(z) = Y(x) we
have  ~'(y) > x, contradicting the continuity of  ~*. Hence y ~ *(y(x)) = x,
as asserted.

(iii) If G is nondegenerate, there exist x| < x5 such that 0 < G(x}) =
y; < G(x3) = y, < 1. Clearly x, = G~ !(y;) and x, = G~ '(y,) are both
well defined. Also G~ 1(y,) > x/, and equality would require G(z) = y, for all
z > x; so that G(x}) = lim,,,G(x} + &) = G(x} +) = y,, contradicting
G(x}) = y,. Thus G~ 1(y,) > x| = x; = G~ (y,), as required. O

Corollary 1.2.2. If G is a nondegenerate d.f. and a > 0, o > 0, b, and f are
constants such that G(ax + b) = G(ox + B) for all x, then a = a and b = B.

Proor. Choose y; < y, and —o0 < x; < x, < oo by (iii) of the lemma so
that x, = G~ (y,), x, = G~ !(y,). Taking inverses of G(ax + b) and G(ox +
B) by (i) of the lemma, we have

a” NGy = b) =" G - B)
for all y. Applying this to y, and y, in turn, we obtain
a”l(x; —b)=a"'(x; —p) and a '(x, —b) =a"'(x; - B),

from which it follows simply that a = « and b = §. O
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We now obtain the promised general result of Khintchine.

Theorem 1.2.3 (Khintchine). Let {F,} be a sequence of d.f’s and G a non-
degenerate d.f. Let a, > 0 and b, be constants such that

F(a,x + b,) % G(x). (1.2.1)
T hen for some nondegenerate d.f. G, and constants o, > 0, B,
Fo(a,x + B,) % Gy(x) (1.2.2)
if and only if
a,'a,—»a and a,*B,—b,)—b (1.2.3)
for some a > 0 and b, and then
G, (x) = G(ax + b). (1.24)

PROOF. By writing a, = a,, *a,, B, = a, *(B, — b,),and F)(x) = F,(a,x + b,),
we may rewrite (1.2.1), (1.2.2), and (1.2.3) as

F(x) % G(x), (L.2.1y
Fi(apx + B,) 5 G, (x), (1.2.2y
o,>a and f,—>b forsomea>0,b. (1.2.3y

If (1.2.1)" and (1.2.3) hold, then obviously so does (1.2.2), with G (x) =
G(ax + b). Thus (1.2.1) and (1.2.3) imply (1.2.2) and (1.2.4).

The proof of the lemma will be complete if we show that (1.2.1) and
(1.2.2) imply (1.2.3), for then (1.2.4) will also hold, as above.

Since G, is assumed nondegenerate, there are two distinct points x’
and x” (which may be taken to be continuity points of G,) such that 0 <
G, (x)<1,0< G (x) <L

The sequence {a,x" + B} must be bounded. For if not, a sequence {n,}
could be chosen so that «,, x" + B, — + oo, which by (1.2.1)" (since G is a
d.f) would clearly imply that the limit of F, (a,, x" + B,,) is zero or one—
contradicting (1.2.2) for x = x'. Hence {«, x" + B} is bounded, and similarly
so is {oy,x" + f,}, which together show that the sequences {a,} and {f,} are
each bounded.

Thus there are constants @ and b and a sequence {n,} of integers such
that o, — a and f,, — b, and it follows as above that

Fo (o, x + B,) % Glax + b), (1.2.5)

whence since by (1.2.2), G(ax + b) = G,(x), a d.f, we must have a > 0.
On the other hand, if another sequence {m,} of integers gave o, — a’ > 0
and f§,, — b, we would have G(a'x + b') = G,(x) = G(ax + b), and hence
a' = aand b’ = b by Corollary 1.2.2. Thus «, — a and §;, — b, as required to
complete the proof. O
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1.3. Max-Stable Distributions

We now identify the d.f’s G which are possible limiting laws for maxima
of i.i.d. sequences, i.e. which may appear in (1.1.3), with the class of so-called
max-stable distributions. Specifically, we shall say that a nondegenerate d.f.
G is max-stable if, for each n = 2, 3, ..., there are constants a, > 0 and b,
such that G"(a,x + b,) = G(x).

Theorem 1.3.1. (i) A nondegenerate d.f. G is max-stable if and only if there
is a sequence {F,} of df’s and constants a, > 0 and b, such that

F(az'x + by) % GY*(x) asn— o (1.3.1)

foreachk =1,2,....

(ii) In particular, if G is nondegenerate, D(G) is nonempty if and only if G
is max-stable. Then also G e D(G). Thus the class of nondegenerate
d.f’s G which appear as limit laws in (1.1.3) (for i.id. &, &,,...) coincides
with the class of max-stable d.f.’s.

Proor. (i) If G is nondegenerate, so is G'/* for each k, and if (1.3.1) holds for
each k, Theorem 1.2.3 (with a, ! for a,) implies that G'*(x) = G(oyx + B)
for some o, > 0and f,, so that G is max-stable. Conversely, if G is max-stable
and F, = G", we have G"(a, 'x + b,) = G(x) for some a, >0 and b,,
and

Fy(ag'x + by) = (G™(ag'x + by))'™* = (GG,

so that (1.3.1) follows trivially.

(i) If G is max-stable, G"(a,x + b,) = G(x) for some a, > 0 and b,,
so (letting n — o0) we see that G € D(G). Conversely, if D(G) is nonempty,
F € D(G), say, with F"(a, 'x + b,) % G(x). Hence F™(a,'x + b,) 2 G(x)
or F'(a,'x + by) % GY*(x). Thus (1.3.1) holds with F, = F", and hence by
(i), G is max-stable. O

Corollary 1.3.2. If G is max-stable, there exist real functions a(s) > 0 and
b(s) defined for s > O such that
G*(a(s)x + b(s)) = G(x), allreal x,s > 0. (1.3.2)
PRrROOE. Since G is max-stable, there exist a,, > 0, b, such that
G"(a,x + b,) = G(x), (1.33)
and hence (letting [ ] denote integer part)
G apg X + bps) = G(x).
But this is easily seen (e.g. by taking logarithms) to give
G"(apsy X + bpag) 2 G3(x). (1.3.4)
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In view of the limit (1.3.4) and the (trivial) limit (1.3.3), and since G/ is
nondegenerate, Theorem 1.2.3 applies with a, = a,g and B, = by, to show
that G(a(s)x + b(s)) = G*(x) for some a(s) > 0 and b(s), as required. [

It is sometimes convenient to use a more technical sense for the word
“type” than the descriptive use employed thus far. Specifically, we may say
that two d.f.’s G,, G, are of the same type if

G,(x) = Gy (ax + b)

for some constants a > 0, b. Then the above definition of max-stable distribu-
tions may be rephrased as: “A nondegenerate d.f. G is max-stable if, for
eachn = 2,3,...,the df. G"is of the same type as G.”

Further, Theorem 1.2.3 shows that if {F,} is a sequence of d.f’s with
F(a,x + b,) B Gy, F(,x + B,) % G, (a, > 0,2, > 0), then G, and G, are
of the same type, provided they are nondegenerate. Clearly the d.f’s may be
divided into equivalence classes (which we call types) by saying that G, and
G, are equivalent if G,(x) = G,(ax + b) for some a > 0, b.

If G, and G, are d.f’s of the same type (G,(x) = G,(ax + b)) and F e
D(G,), i.e. F(a,x + b,) % G, for some a, > 0, b,, then (1.2.3) is satisfied
with o, = a,a, 8, = b, + a,b, so that F*(a,x + B,) % G,(x) by Theorem
1.2.3, and hence F € D(G,). Thus if G, and G, are of the same type, D(G,) =
D(G,). Similarly, we may see from Theorem 1.2.3 that if F belongs to both
D(G,) and D(G,), then G; and G, are of the same type. Hence D(G,) and
D(G,) are identical if G, and G, are of the same type, and disjoint otherwise.
That is, the domain of attraction of a d.f. G depends only on the type of G.

1.4. Extremal Types Theorem

Our final task in obtaining the possible limit laws for maxima (in the sense
of (1.1.3)) is to show that the max-stable distributions are simply the extreme
value distributions listed in Section 1.1. More precisely, we show that a
d.f. is max-stable if and only if it is of the same type as one of the extreme value
distributions listed.

A d.f. of the same type as exp(—e ™ ¥) (i.e. exp{ —e~“**P} for some g > 0, b)
will be said to be of Type I. Similarly, we will say that a d.f. is of Type II
(or Type III) if it has the form G(ax + b), where G is the Type II (or Type III)
extreme value distribution listed in Section 1.1. Since the parameter a may
change, Types II and III distributions are really families of types within our
technical meaning of “type”, but obviously no confusion will arise from the
customary habit of referring to “three extreme value types”. The following
theorem contains the principal identifications desired.
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Theorem 1.4.1. Every max-stable distribution is of extreme value type, i.e.

equal to G(ax + b) for some a > 0 and b, where for

Type I: G(x) = exp(—e™), -0 <X < 0;
0, x <0,
T II: G(x) =
e ) {CXP(-X %), for some a > 0, x> 0;
—( — & <
Type III: G(X) = eXp( ( x) )’ for some & > 09 X < 0:
L, x > 0.

Conversely, each distribution of extreme value type is max-stable.

Proor. The converse is clear since, e.g. for Type I,
(eXp{ .-e“(ax+b)})n = exp{ _e"(ax+b—logn)},

with similar expressions for Types II and III.

To prove the direct assertion, we follow essentially the proof of de Haan
(1976). If G is max-stable, then (1.3.2) holds for all s > 0 and all x. If 0 <

G(x) < 1, (1.3.2) gives
—s log G(a(s)x + b(s)) = —log G(x),
so that ‘

—log(—1log G(a(s)x + b(s))) — log s = —log(—log G(x)).

Now it is easily seen from the max-stable property with n = 2, that G can
have no jump at any finite (upper or lower) endpoint. Thus the nondecreasing
function Yy(x) = —log(—log G(x))is such that inf {{y(x)} = — oo, sup{y(x)} =
+ oo and hence has an inverse function U(y) defined for all real y. Further,

Yla(s)x + b(s)) — logs = Y(x),
so that by Lemma 1.2.1(i),
Uy + logs) — b(s)

= U(y).
) (6]
Subtracting this for y = 0 we have
U(y + logs) — U(log s
(v + logs) — U(log )=U(y)~U(0),

a(s)
and by writing z = log s, d(z) = a(e®), and U(y) = U(y) — U(0),
O(y + 2) — O(y) = U(»a(2)

for all real y, z.
Interchanging y and z and subtracting, we obtain

O(y)X1 = a(2) = U@L — ay)).

(1.4.1)

(1.4.2)
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Two cases are possible, (a) and (b) as follows.
(a) d(z) = 1 for all z when (1.4.1) gives
Oy + 2) = U() + U(2).
The only monotone increasing solution to this is well known to be simply
U(y) = py for some p > 0, so that U(y) — U(0) = py or
Y =00 =py+v, v=U0O.

Since this is continuous, Lemma 1.2.1(ii) gives

x =y (Y(x) = py(x) + v

or Y(x) = (x — v)/p, so that G(x) = exp{—e~ *""*} when 0 < G(x) < 1.
Asnoted above G can have no jump at any finite (upper or lower) endpoint
and hence has the above form for all x, thus being of Type 1.

(b) d(z) # 1 for some z when (1.4.2) gives
- U(z) . .
—3 1 — = — . .
Uy =1- a(z)( a(y)) = c(1 — a(y)), say, (14.3)
where ¢ = U(z)/(1 — a(z)) # 0 (since U(z) = 0 would imply U(y) = 0 for
all y, and hence U(y) = U(0), constant).
From (1.4.1), we thus obtain

(1 —a(y + 2)) — c(1 — a(2)) = (1 — a(y))a(z),
which gives d(y + z) = @(y)d(z). But d is monotone (from (1.4.3)), and the

only monotone nonconstant solutions of this functional equation have the
form d(y) = e for p # 0. Hence (1.4.3) yields

YT =UG) = v+l —e”)

(where v = U(0)). Since —log(—log G(x)) is increasing, so is U, so that we
must havec < 0if p > 0and ¢ > 0if p < 0. By Lemma 1.2.1(ii),

x =y YO = v+ ol — ) =v + (1 - (—log G(x))7*),

giving, where 0 < G(x) < 1,

G(x) = exp{—(l _X - V)—w}.

Again, from continuity of G at any finite endpoints, we see that G is of Type I1
or Type III, with o« = +1/p or —1/p, according as p > 0(c < 0)orp <0
(c > 0). O

The main result now follows immediately.

Theorem 1.4.2 (Extremal Types Theorem). Let M, = max(¢,, &,,..., &),
where &; are i.i.d. random variables. If for some constants a, > 0, b,, we have

Pl{a,M, —b,) < x} 3 G(x) (1.4.4)
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for some nondegenerate G, then G is one of the three extreme value types
listed above. Conversely, each df. G of extreme value type may appear as a
limit in (1.4.4) and, in fact, appears when G itself is the d f. of each &,.

Proor. If (1.4.4) holds, Theorem 1.3.1 shows that G is max-stable and, hence
by Theorem 1.4.1, is of extreme value type. Conversely, if G is of extreme
value type, it is max-stable by Theorem 1.4.1, and Theorem 1.3.1(ii) shows
that G € D(G), yielding the conclusions stated. O

Looking ahead, if £, &,,... are not necessarily independent, but M, =
max(¢;,...,¢,) has an asymptotic distribution G in the sense of (1.4.4),
then (1.3.1) holds with k = 1, where F, is the d.f. of M,. If one can show
that if (1.3.1) holds for k = 1 then it holds for all k, it will follow that G
is max-stable by Theorem 1.3.1(i) and hence that G is an extreme value type.
Thus our approach when we consider dependent cases will be simply to
show that, under appropriate assumptions, the truth of (1.3.1) for k =1
implies its truth for all k, from which the Extremal Types Theorem will
again follow.

Returning now to the i.i.d. case, we note again that Theorem 1.4.2 assumes
that a,(M, — b,) has a nondegenerate limiting d.f. G and then proves that G
must have one of the three stated forms. It is easy to construct ii.d. sequences
{&,} for which no such G exists. To see a simple example, it will be convenient
here (and subsequently) to use the notation xy for the right endpoint of a
df. F,ie.

xp = sup{x; F(x) < 1} (< o).

That is, F(x) < 1for all x < xz and F(x) = 1 for all x > xg.

Suppese that each &, has d.f. F which is such that x; < oo and that F has
a jump at xp, i.e. F(xp—) < 1 = F(xz). Then it follows readily (as will be
seen in Corollary 1.5.2) that if {u,} is any sequence and P{M, < u,} — p,
then p = 0 or 1. Thus if P{a, (M, — b,) < x} — G(x), it follows, by taking
u, = x/a, + b,,that G(x) = 0 or 1 for each x, so that G is degenerate.

Other even more common examples, such as the case where each &, is
Poisson, will be discussed in Section 1.7.

1.5. Convergence of P{M, < u,}

We have been considering convergence of probabilities of the form
P{a,(M, — b,) < x}, which may be rewritten as P{M, < u,} where u, =
u,(x) = x/a, + b,. The convergence was required for every x. On the other
hand, it is also of interest to consider sequences {u,} which may simply not
depend on any parameter x or may be more complicated functions than the
linear one considered above. The following theorem is almost trivial in the
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iid. context, but nevertheless is very useful (as we shall see in the next
section), and will extend in important ways to apply to dependent (stationary)
sequences and to continuous time processes.

Theorem 1.5.1. Let {£,} be an i.id. sequence. Let 0 < v < oo and suppose
that {u,} is a sequence of real numbers such that

n(l — F(u,)) >t asn— oo. (1.5.1)
Then
P{M,<u,} >e * asn- oo0. (1.5.2)
Conversely, if (1.5.2) holds for some 1,0 < 7 < o0, then so does (1.5.1).
PROOF. Suppose first that 0 < 7 < co. If (1.5.1) holds, then
P{M, < u,} = F'(u,) = {1 — (1 — F(u,)}" (15.3)

may be written as (1 — t/n + o(1/n))", so that (1.5.2) follows at once.

Conversely, if (1.5.2) holds (0 < 7 < o), we must have 1 — F(u,) - 0.
(For, otherwise, 1 — F(u, ) would be bounded away from zero for some
subsequence {n,}, leading, from (1.5.3), to the conclusion P{M, < u,} — 0.)
By taking logarithms in (1.5.2) and (1.5.3), we have

nlog{l — (1 — F(u))} » — =,

so that n(1 — F(u,))(1 + o(1)) — 1, giving the result.

Finally, if t = oo and (1.5.1) holds but (1.5.2) does not (ie. P{M, < u,}
0), there must be a subsequence {n} such that P{M, <u,}—>e * as
k - oo for some v’ < co. But, as above, (1.5.2) implies (1.5.1), with n, re-
placing n so that m(1 — F(u,)) = 7" < oo, contradicting the assumption
that (1.5.1) holds with 7 = oco. Similarly, (1.5.2) implies (1.5.1) when 7 = oo.

O

The following simple results follow as corollaries. We use the notation
xp = sup{x; F(x) < 1} introduced previously for the right endpoint of a
df. F.

Corollary 1.5.2. (i) M,, - xp (< o0) with probability one as n — 0.
(1) If xp < o0 and F(xp—) < 1 (i.e. if F has a jump at its right endpoint),
and if for a sequence {u,}, P{M, < u,} - pasn — oo,thenp = Oor1.

PROOF. If A < x5 (< ), 1 — F(A) > 0 so that (1.5.1) holds with u, = 4,
T = oo, and thus (1.5.2) gives lim P{M, < A} = 0. Since clearly P{M, >
xg} = 0 for all n, it follows that M, — x; in probability. Since {M,} is
monotone, it converges a.s., and hence M, — x5 a.s. Hence (i) follows.
Suppose now that xy < o0 and F(xp—) < 1. Let {u,} be a sequence
such that P{M, < u,} - p. Since 0 < p < 1, we may write p = e~ * with
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0 < 7 < o0, and by Theorem 1.5.1 obtain n(1 — F(u,)) — 1. If u, < x, for
infinitely many values of n, and since for those values 1 — F(u,) > 1 —
F(xz—) > 0, we must have t = co. The only other possibility is that
u, = xp for all sufficiently large values of n, giving n(1 — F(u,)) = 0 so
that 7 = 0. Thus T = oo or 0, and hence p = 0 or 1, proving (ii). O

We take up the general question of domains of attraction of the extreme
value distributions (using Theorem 1.5.1 in an essential way) in the next
section. For the purposes of this volume, however, normal sequences occupy
a most important position. We therefore show here how Theorem 1.5.1
may be used directly to obtain the (Type I) limit law for i.i.d. normal sequences.
As will be seen, the application is straightforward, even though some calcula-
tions are involved. Throughout this and all subsequent chapters, ®@, ¢ will
denote the standard normal distribution function and density, respectively.
We shall repeatedly have occasion to use the well-known relation for the
tail of @, stated here for easy reference:

P(u)

1 — ®u) ~ e asu — oo, (1.54)

Theorem 1.5.3. If {&,} is an iid. (standard) normal sequence of r.v.’s, then
the asymptotic distribution of M, = max(¢,, .. ., £,) is of Type I. Specifically,

P{a, (M, — b,) < x} - exp(—e™ %), (1.5.5)
where
a, = (2logn)'’?
and
b, = 2log n)'’? — 42 log n)~V*(log log n + log 4n).
PrROOF. Write t = ¢~ * in (1.5.1). Then we may take 1 — ®(u,) = (1/n)e™*.
Since 1 — ®(u,) ~ ¢(u,)/u, we have (1/n)e”*u,/¢d(u,) - 1, and hence

—logn — x + log u, — log ¢(u,) — O or

2

—logn — x + logu, + 3log 2n +u7"—>0. (1.5.6)

It follows at once that u?/(2 log n) — 1, and hence
2logu, —log2 —loglogn—-0
or

log u, = 4(log 2 + log log n) + o(1).
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Putting this in (1.5.6), we obtain

2
%"::x+logn—%log4n—%loglogn+o(1)

or
— 1 _1
2 = 2logn 1+x 3 log 4n zloglogn+o 1 ,
" logn logn
and hence
1 1
_ 12 x — 3 logdn — 3 loglogn 1
u, = (2logn) {1+ 2logn +o0 fog 1
so that

U, = = + b, + o((log n)~?) = ai + b, + o(a; b).
a

n n

Hence, since by (1.5.2) we have P{M, < u,} - exp(—e ) where 1 = ¢~ %

P{M,, < ai + b, + o(a,,"l)} —exp(—e™¥)

or
P{an(Mn - bn) + 0(1) < x} - exp(——e"‘),
from which (1.5.5) follows, as required. O

While there are some computational details in this derivation, there is no
difficulty of any kind, and (1.5.5) thus follows in a very simple way from the
(itself simple) result (1.5.2). The same arguments can, and will later, be
adapted to a continuous time context.

1.6. General Theory of Domains of Attraction

It is, of course, important to know which (if any) of the three types of limit
law applies when each r.v. £, has a given d.f. F. Various necessary and
sufficient conditions are known—involving the “tail behaviour” 1 — F(x)
as x increases—for each type of limit. We shall state these and prove their
sufficiency, omitting the proofs of necessity since, as already mentioned,
these are somewhat lengthy and less germane to our purposes here. Proofs
may be found, e.g., in Gnedenko (1943) or de Haan (1976).

Before presenting the general theorems, we give some very simple and
useful sufficient conditions which apply when the d.f. F has a density function
/- These are due to von Mises, and simple proofs are given in de Haan
(1976). Here we reproduce one of the proofs as a sample and refer the reader
to de Haan (1976) for the details of the others.
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Theorem 1.6.1. Suppose that the d.f. F of the r.v.’s of the i.i.d. sequence {&,}
is absolutely continuous with density f. Then sufficient conditions for F to
belong to each of the three possible domains of attraction are:

Type 1. f has a negative derivative ' for all x in some interval (xq, Xp),
(xp < ), f(x) =0 for x = xp, and

S0 - F@)

lim = —1;
ixe SO
Type II:  f(x) > O for all x = x, finite, and
li A0 o> 0;

m =
t—-’oo1 - F(t)

Type III: f(x) > 0 for all x in some finite interval (x,, xg), f(x) = 0 for
X > Xp,and

. (xp =0 f() _
llmm—a>0.

t1xp
PRrOOF FOR TYPE II CasE. As noted, complete proofs may be found in de Haan
(1976), and we give the Type II case here as a sample. Assume, then, that
lim,, , tf (t)/(1 — F(t)) = a > 0, where f(x) > 0 for x > x,. Writing a(t) =
tf (1)/(1 — F(t)), it is immediate that, for x, > x; > x,,

rz@dt = —log(1 — F(x,)) + log(l — F(x,))

vy

so that

X2 t
1 - F(x,) =1 — F(xy)) exp(—f g(t—)dt>.
Clearly there exists y, such that 1 — F(y,) = n~ !, and (by writing x, = y,,
X, = 7,X or vice versa according as x > 1 or x < 1) we obtain

n(l — F(3,%)) = exp<-f"x5(ti)dt) - exp(-fx%_s—)ds),

1 S

n

which since y, — 00, converges to e~ *!°#* = x~*as n — 0o. Hence for x > 0,
by Theorem 1.5.1,

P{M, <y,x} >exp(—x~%) asn— 0.

For x <0 since P{M, < y,x} < P{M, < y,y} for y >0 and P{M, <
Y.y} — exp(—y~%), we see by letting y — 0 that lim,, , P{M, < y,x} = 0.
Hence the Type II limit holds with the normalizing constants a, = y, !,
b, = 0. O

The above proof for the Type II case relied on the existence of a sequence
{yn} such that 1 — F(y,) ~ 1/n, and the normalizing constants a,, b, in the
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relation P{a,(M, — b,) < x} » G(x) were then obtained in terms of y,.
(In this case, we had a, = y, !, b, = 0.) For an arbitrary d.f. F, such a y,
does not necessarily exist. However, if F € D(G) for one of the extreme value
distributions, then a y, with this property may be found. For if

P{an(Mn — bn) < X} - G(X),
since G is continuous x may be chosen so that G(x) = e~ ! so that
P{M, <y} —>e!

with y, = x/a, + b,. Hence 1 — F(y,) ~ 1/n by Theorem 1.5.1.

The general criteria whose sufficiency is to be proved will also rely on
the existence of such a y,, which follows in each case, as we shall see, from
the assumptions made. Again, in the following results we write x; =
sup{x; F(x) < 1} for any d.f. F.

Theorem 1.6.2. Necessary and sufficient conditions for the df. F of the r.v.’s
of the i.i.d. sequence {£,} to belong to each of the three types are (in order
of increasing complexity):

Type II: xp = oo and lim,_, , (1 — F(tx))/(1 = F(t)) = x~ % a > 0,for each
x>0;
Typelll: xp < o© and lim, o (1 — F(xp — xh))/(1 — F(xp — h)) = x%,
o > 0, for each x > 0;
Type I: There exists some strictly positive function g(t) such that

1 — F(t + xg(t)) -

lim T—F0)

ttxp

for all real x.

It may in fact be shown that [§ (1 — F(u)) du < co when a Type I limit
holds, and one appropriate choice of g is given by g(t) = {*F (1 — F(u)) du/(1 —
E(@)) fort < xg.

PROOFs OF SUFFICIENCY. To highlight the simplicity of the proof, we assume
first the existence of a sequence {y,} (which may be taken nondecreasing in
n) in each case such that n(1 — F(y,)) — 1. (This will be proved—also very
simply—below.) The y, constants will, of course, differ for the differing
types. Clearly y, — xp and y, < xp for all sufficiently large n.

If F satisfies the Type II criterion we have, writing y, for ¢, for each x > 0,

n(l = F(y,x)) ~ n(1 — F(y,))x™* - x*
so that Theorem 1.5.1 yields, for x > 0,
P{Mn < '))nx} - exp{—'x_a}‘



18 1. Asymptotic Distributions of Extremes

Since y, > 0 (when n is large, at least) and the right-hand side tends to zero
as x | 0, it also follows that P{M, < 0} - 0, and for x < 0, that P{M, <
7.X} < P{M, < 0} - 0. Thus P{M, < y,x} = G(x), where G is the Type
II representative d.f. listed in Theorem 1.4.1. But this may be restated as

P{a, (M, — b, < x} - G(x), (1.6.1)

where a, = 7, ! and b, = 0 so that the Type II limit follows.
The Type 11T limit follows in a closely similar way by writing h, = xp —
. (1 0) so that, for x > 0,
lim n(l - F{xF - x(xF - yn)}) = xa:’

h=> o

and hence (replacing x by —x) for x < 0,

lim n(1 — F{xp + x(xr — 7,)}) = (—x)~

n— oo

Using Theorem 1.5.1 again, this shows at once that the Type III limit applies
with constants in (1.6.1) given by

a, = (xF - yn)_l’ bn = XF-

The Type I limit also follows along the same lines since, when F satisfies
that criterion, we have, for all x, writing t = y, T Xz (< ©0),
limn(l — F{y, + xg(3,)}) = ¢77,
giving (again by Theorem 1.5.1) the Type I limit with a, = (g(y,)) ™', b, = 7,
Finally, we must show the existence of the (nondecreasing) sequence {y,}
satisfying lim,. , n(1 — F(y,)) = 1. For y,, we may take any nondecreasing
sequence such that

FG,—) < 1= < FG

(such as the sequence y, = F~'(1 — 1/n) = inf{x;F(x) > 1 — 1/n}). For
such a sequence, n(1 — F(y,)) < 1 so that, trivially, lim sup n(1 — F(y,)) < L.
Thus it only remains to show that in each case lim inf n(1 — F(y,)) = 1,
which will follow since n(1 — F(y,—)) = 1 if we show that

1= FGw) (1.6.2)

lim inf > 1.
L~ F(y,—)

n— o

For a df. F satisfying the listed Type II criterion, the left-hand side of
(1.6.2) is, for any x < 1, no smaller than

P (L
S Ry o S

from which (1.6.2) follows by letting x — 1.
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A similar argument holds for a d.f. F satisfying the Type III criterion,
the left-hand side of (1.6.2) being no smaller (for x > 1, h, = xz — y,) than

o 1-FGe—h)
T — Fler =y~
which tends to 1 as x — 1, giving (1.6.2).

Finally for the Type I case, the left-hand side of (1.6.2) is no smaller
(if x < 0) than

lim inf = e%,
n— oo 1 - F(')),, + xg(yn))
which tends to 1 as x — 0, so that again (1.6.2) holds. O

Corollary 1.6.3. The constants a,,, b, in the convergence P{a, (M, — b,) < x} -
G(x) may be taken in each case above to be:

Typell: a,=7y;'b,=0;
Type I1I: a, = (xp — )" ', b, = xp;
TypeI: a, = [g(3)1"", by = 7,
withy, = F~'(1 — 1/n) = inf{x; F(x) > 1 — 1/n}.

PROOF. These relationships appear in the course of the proof of the theorem
above. (]

It is perhaps worth noting that the criteria given above apply to any d.f.
in each domain of attraction, regardless of whether the limit appears as the
specific distribution G(x) listed in Theorem 1.4.1 representing a type, or any
other d.f. G(ax + b) of that type. Indeed, if the limit appears as G(ax + b),
G(x) is also a limit with a simple change of normalizing constants. For if

P{a,(M, — b,) < x} - G(ax + b),
then clearly
Po,(M,, — B,) < x} - G(x),
with o, = aa,, B, = b, — b/(aa,).

1.7. Examples

We shall give examples of distributions belonging to each of the three
domains of attraction and then cases where no nondegenerate limiting
distribution exists. For reference, the constants a,, b, will appear in the
usual form (1.1.3), viz.

P{a, (M, — b,) < x} > G(x). (1.7.1)
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The examples in the first group (1.7.1-1.7.5) all involve the Type I domain.

Example 1.7.1 (Normal distribution). As shown in Theorem 1.5.3, the
(standard) normal distribution belongs to the Type I domain of attraction
with constants

a, = (2log n)'/?
b, = (2log m)''? — (2 log n)” ¥?(log log n + log 4n)

Note that it is very easy to determine that a Type I domain of attraction
applies by means of Theorem 1.6.1, though this does not provide the constants.
Corollary 1.6.3 does give the constants, but the work involved in trans-
forming these to the above values differs very little from the calculations of
Theorem 1.5.3. (]

(1.7.2)

Example 1.7.2 (Exponential distribution). In the case of an exponential
distribution with unit parameter, we have

F(x)=1—-¢"%

Theorem 1.6.1 is easily applied to demonstrate a Type I domain. However,
it is very simple to show this (and obtain the constants) directly. For if
7 > 0, we may choose u, so that 1 — F(u,) = t/n simply by taking

U, = -—log% = —logt + logn,

so that by Theorem 1.5.1,
P{M, < —logt +logn} »e™"
By writing 7 = ¢ *, we obtain (1.7.1) with
a, =1, b, = logn, G(x) = exp{—e™*}. U
Example 1.7.3 (Type 1 extreme value distribution itself). As previously
noted, each extreme value distribution belongs to its own domain of attrac-

tion (Theorem 1.3.1). The constants are easily obtained using the max-stable
property. If F(x) = exp(—e™ ™), then

F'(x) = exp(—e™"*®"),

so that
F'(x + log n) = F(x).

By taking

a,=1 and b, =logn,
we have, for all n,

P{a (M, — b,) < x} = F'(x + log n) = F(x),

so that the Type I limit holds with these constants. d
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Example 1.7.4 (A monotone transformation (lognormal) of the normal
distribution). If f is a monotone increasing function and ¢&; = f(&;), then
clearly

M, = max(&,, ..., &) = f(M,).
If {&;} is any i.i.d. sequence such that (1.7.1) holds, we have
X
P{M,, < o + b,,} - G(x)

n

so that

P{M; < f(ai + b)} - G(x).

In some cases, f may be expanded and linear terms only retained to give the
same limiting d.f. G for M, (with changed constants, e.g. a, = a,/f'(b,),
b, = f(b,)). For example, if the &; are normal, then a,, b, are given by (1.7.2)
above. Taking f(x) = e*, we obtain lognormal ¢; and

P{M;l < exp(ai + b,,)} - G(x) = exp(—e™™),

n

giving

P{e-bnM; <1+>4 o(i)} > G(),
a

from which it follows (since a, — o0) that
Pla,e™ (M, — ") < x} = G(x),
so that M, has the Type I limit with the constants

a, = a,e ™ b, = e |

The above Type I examples have all involved cases where the distributions
have infinite upper endpoints, i.e. x; = co. It is easy to construct cases
where the Type I distribution occurs with x; < o0, as the following example
shows.

Example 1.7.5 (F(x) = 1 — e'*for x < 0, F(x) = 1 for x > 0). By Theorem
1.5.1, if {u,} is such that ne'/* — ¢ > 0, it follows that

PM,<u,}-e "

By writing 7 = e™* (— 00 < x < o) and taking u, = (log T — log n)™ 1, it
follows that

P{M, < —(logn + x)"'} > exp(—e™"),
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from which it is readily checked that
1
P{(log n)Z[M,, + —] <x+ o(l)} — exp(—e™ %),
logn
giving a Type I limit with
a, = (logn)*>, b, = —(logn)™ L. O

Turning now to Type II cases in the next examples, we see first that it is
very simple to “manufacture” such cases by using the criterion of Theorem
1.6.2.

Example 1.7.6 (Pareto distribution). Let F(x) =1 — Kx™% a > 0, K > 0,
x > K'* Then (1 — F(tx))/(1 — F(t)) = x™* for each x > 0, when ¢ is
sufficiently large so that Theorem 1.6.2 shows that a Type II limit applies.
Indeed, for u, = (Kn/t)'"* we have 1 — F(u,) = t/n, so that Theorem 1.5.1
gives

Putting 1 = x™ % for x > 0, we have, on rearranging,
P{(Kn)™ "M, < x} — exp(—x"*),
so that a Type II limit holds with
a, = (Kn)~ 1/, b, = 0. O

Example 1.7.7 (Type 11 extreme value distribution). As with the Type I case,
we know from Theorem 1.3.1 that a Type II d.f.

_ exp(—x7%), x=0, a >0,
Feay = {0, x <0,

belongs to its own domain of attraction. Since clearly F"(n'*x) = F(x),
it follows that

P{n~'"M, < x} = F(x)
for all n, and hence the Type II limit holds with
a,=n"'" b, =0. O

Example 1.7.8 (Cauchy distribution). For the standard Cauchy distribution,

1
F(x)=4%+ ;tan’l x
so that
1 — F(tx) m/2 —tan™'tx
1—F(t) m2—tan"'t’
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But it is readily checked (e.g. by writing tan™'t = /2 — 0) that
lim,, , t(n/2 — tan™ ! ¢) = lim,_ o 0 cot § = 1 with the same limit when ¢ is
replaced by tx, so that (1 — F(tx))/(1 — F(t)) » x~! as t -» oo, demon-
strating that a Type II limit applies by Theorem 1.6.2. We may simply
obtain the constants from Corollary 1.6.3 as a, = y, !, b, = 0, where 1 —
F(y,) = 1/n, from which y, = tan(n/2 — n/n) = cot n/n. Hence appropriate
constants are

a,,=y,,_‘=tanz~ﬁ, b, = 0. O

n o n

For Type III cases, the distribution must, by Theorem 1.6.2, have a finite
upper endpoint x;. The simplest such example is the uniform distribution, as
We now see.

Example 1.7.9 (Uniform distribution on (0, 1)). Here F(x) = x, 0 < x < 1.
Fort > 0and u, =1 — t/n, we have 1 — F(u,) = t/n for n > 1, so that by

Theorem 1.5.1,
P{M,, <1- 3} Ser
n

Hence for x < 0 and t = —Xx we have
P{n(M, — 1) < x} - ¢,
which shows a Type III limit with & = 1,
a, = n, b, = 1. ]
The uniform distribution is a particular case of the following obvious

class of distributions with Type III limit.

Example 1.7.10. (Polynomial growth at a finite endpoint). Let x; < o,
K > 0, and

F(x) =1 - K(xp —x)%, xp— K Y <x<xg.

It follows at once from Theorem 1.6.2 that a Type III limit exp(—(—x)%)
holds and, directly as in Example 1.7.9 or by Corollary 1.6.3, that we may
take

a, = K%, b, = xp. O

Since the asymptotic behaviour of the tail 1 — F(x) determines which
(if any) domain of attraction a d.f. F belongs to, one may get a different
limiting type, or none at all, by truncating F on the right—regardless of its
form left of the truncation point. This is illustrated by the following simple
example.

Example 1.7.11 (Truncated exponential distribution). We saw in Example
1.7.2 that an exponential distribution on (0, c0) belongs to the Type I domain
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of attraction. If we truncate at a finite value xp, writing F(x) = K(1 — e™%)

for 0 < x < xp (with K = (1 — e™**)71), it is readily seen from Theorem
1.5.1, writing © = —x, for x < 0, that

1 1
p{Mn <xp+ XD ()} e
n n

giving a Type III limit with

n

=m, bn=xF'

a,

Example 1.7.12. (Type III extreme value d.f.). Here

_ jexp{=(=x)}, x<0, a>0,
R”_{L x>0,

As in the Type I and II cases, F belongs to its own domain of attraction.
Also, for each n, F"(n™'*x) = F(x) so that

P{n'*M, < x} = F(x)
for all n, demonstrating the Type III limit with
a,=n'"  b,=0. O

These examples illustrate the complete range of possibilities for limiting
distributions. The constants b, may—as expected—take positive, negative,
or zero values according to the particular cases involved. One might feel
that the (strictly positive) scaling constants a, should either tend (universally)
to infinity or (universally) to zero. However, it is interesting to note that both
such limits may occur, as well as other cases, such as that in Example 1.7.2
where a,, is constant.

We turn now to consider cases in which nondegenerate limiting distribu-
tions for the maximum do not exist under any linear normalization. As noted
in Section 1.4, this is certainly the case if the common d.f. F of the members of
the iid. sequence {£,} has a finite right endpoint x; and a jump at that
point. Indeed, Corollary 1.5.2 shows that then if for any sequence {u,},
P{M, < u,} — p, then p is either zero or one.

A perhaps more common situation in which this same result applies
occurs for certain discrete distributions (such as the Poisson and geometric),
as we shall now see from the following theorem.

Theorem 1.7.13. Let {&,} be an iid. sequence of r.v’s with common df. F.
Then, if 0 < T < o0, there exists a sequence {u,} satisfying (1.5.1) (ie. 1 —
F(u,) ~ t/n) if and only if

1 — F(x)

m -1 asx-— XF, (1.7.3)
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or equivalently, if and only if
p(x)
1-F(x-)
where p(x) = F(x) — F(x—).
Hence, by Theorem 1.5.1, if 0 < p < 1, there is a sequence {u,} such that

P{M, < u,} — p ifand only if (1.7.3) (or (1.7.4)) holds. For p = QO or 1, such a
sequence may always be found.

-0, (1.7.4)

PrOOF. We suppose that (1.5.1) holds for some 7, 0 < T < oo but that, say
(1.7.4), does not. Then there exists ¢ > 0 and a sequence {x,} such that
X, = xp and

p(x,) = 2e(1 — F(x,—)). (1.7.5)

Now choose a sequence of integers {n;} so that 1 — t/n; is “close” to the
midpoint of the jump of F at x;, i.e. such that

1 -

T < F(x;—) + F(x)) <1- T

n; 2 n+1°

Clearly we have either

(1) u,, < x; for infinitely many values of j, or
(i) u,, > x; for infinitely many j-values.
If alternative (i) holds, then for such j,
n;(1 — F(u,)) = n;(1 — F(x;—)). (1.7.6)

Now, clearly

n(l — F(x,i—)) = 7 + n-[(l B 1) _Fx) + FO=) p(xj)]

n; 2 2
s Px) (T T
2 An; nj+1
T
>t+en(l — F(x;—)) —
I J ni+1
by (1.7.5) so that
1- (1 —-—F(x;—)>1t— .
(1 — &ny( (x;—=)N =+ P

Since clearly n; — oo, it follows that (since 0 < T < oo by assumption)

limsupn;(1 — F(x;—)) > 1,
Jj=
and hence by (1.7.6),
lim sup n(1 — F(u,)) > 1,

j
Jjo o
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which contradicts (1.5.1). The calculations in case (ii) (u,, > x; for infinitely
many j) are very similar, with only the obvious changes.

Conversely, suppose that (1.7.3) holds and let {u,} be any sequence
such that F(u,—) < 1 — t/n < F(u,) (e.g. u, = F~'(1 ~ t/n)), from which
a simple rearrangement yields

1 — F(u,)
1 - F(un_)

from which (1.5.1) follows since clearly u, — xp as n — oo. O

1<n(l—-—F@u)) <=z

It is of interest to note from the theorem that the existence of a sequence
{u,} such that (1.5.1) holds for some 7, 0 < 7 < oo (or such that P{M, <
u,} — p for some p, 0 < p < 1) implies the existence of such a sequence for
every such 7 (or p).

If the r.v’s {£,} are integer valued, and x; = oo, (1.7.3) becomes
(1 - F@n)/(1 — F(n—1)) > 1 as n—> oo, whereas (1.74) is just
/(1 — F(n — 1)) - 0 where p, = P{£, = n}. If either of these two (equi-
valent) conditions is violated, it follows at once (writing u, = x/a, + b,)
that there can be no nondegenerate limit for M,,. In particular, the Poisson
and geometric distributions are examples of such cases, as we now see.

Example 1.7.14 (Poisson distribution). In this case, p, = e *A"/r! for A > 0,
r=20,1,2,...,so that

Dn _ A'n!
1-Fn—-1 &
r=n;i
_ 1
B x n! '
1+ _Ar—n
r=;+l '

The sum in the denominator may be rewritten as

0 e o /15—- l/n
z (n+1)(n+2)---(n+s)ss§’1 (ﬁ) T 1-—An

s=1
(when n > 1) and thus tends to zero asn — oo so thatp,/(1 — F(n — 1)) — 1.
Hence Theorem 1.7.13 shows that no limiting distribution exists and,
indeed, that no limit of the form P{M, < u,} — p exists other than for
p = O or 1, whatever the sequence of constants {u,}. d

Example 1.7.15 (Geometric distribution). Here p, = (1 — p)’ " !p,0 < p < 1,
forr =1,2,...s0 that

P _ (d=-p!
I=Fo-D" 3 _ s

=p,
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which again shows that no limit P{M, < u,} — p exists exceptfor p = Oor 1
and that there is no nondegenerate limiting distribution for the maximum in
the geometric case. O

Finally, we re-emphasize that the existence of a limit other than zero or
one for P{M, < u,} (and, in particular, of nondegenerate limiting distribu-
tions) depends precisely on whether or not 1 — F(u,) ~ t/n for some T,
0 <1 < o0. If F is continuous, a sequence u, may be chosen (by taking
u, = F~1(1 — 1/n)) for any given 1, and then such a limit exists (though not
necessarily leading to a limiting nondegenerate d.f. for M, under linear
normalization).

If F is not continuous, the existence of any {u,}-sequence satisfying
1 — F(u,) ~ t/n is not guaranteed and fails if the jumps continue to be so
“large” that there is no number u, such that F(u,) is a “good approximation
to 1 — t/n”. Specifically it is necessary and sufficient for the existence of
such a {u,} — sequence that the jumps p(x) = F(x) — F(x —) satisfy (1.7.4),
viz. p(x)/(1 — F(x=)) -0 as x — xf, ie. p,/(1 — F(n — 1)) -0 in the
case of integer-valued r.v.’s. For positive integer-valued r.v.’s, this has the
interesting interpretation as the convergence to zero of the “conditional
failure” or “hazard” rate. For p,/(1 — F(n — 1)) is clearly the conditional
probability P{¢; = n|; > n} that the “lifetime” &; of an item surviving
to time n, will then terminate at n. Note that the hazard rate is actually the
constant p for the geometric distribution considered, and converges to 1 in
the Poisson case.

1.8. Minima

As noted, the minimum
m, = min{&,, ..., &}
is simply given as
m, = —max{—¢&;,..., =&}
so that limiting results for minima can clearly be obtained from those for
maxima. This will be useful below in obtaining the possible limiting distribu-

tions for minima. However, some rather obvious facts follow at least as
simply directly, as is the case for the following analogue of Theorem 1.5.1.

Theorem 1.8.1. Let {£,} be an i.i.d. sequence. Let 0 < n < oo and suppose
that {v,} is a sequence of real numbers such that

nF(v,) - n asn— oo. (1.8.1)
Then
P{m, > v,} - e " asn- oo. (1.8.2)
Conversely, if (1.8.2) holds for some 1,0 < n < o0, then so does (1.8.1).
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Proor. This result is proved in an exactly analogous fashion to Theorem 1.5.1,
simply noting that P{m, > v,} = (1 — F(v,))". a

It is also easy to see that the events {M, < u,} and {m, > v,} are asymp-
totically independent (and hence so are the events {M, < u,}, {m, < v,}) if
the sequences {u,}, {v,} satisfy (1.5.1) and (1.8.1), respectively.

Theorem 1.8.2. Suppose that the sequences {u,}, {v,} satisfy (1.5.1) and (1.8.1),
respectively. Then

P{M, <u,,m,>uv,}—e 0 (1.8.3)
so that by Theorem 1.5.1,
P{M, <u,,m, <v,} =P{M, <u,} — P{M, <u,,m, > v,}
—e (1 -e™, (1.8.4)

Also by Theorems 1.51 and 18.1 we have P{M, < u,,m, > v,} —
P{M, < u,}P{m, > v,} - O, withthe same relationship holding with {m, > v,}
replaced by {m, < v,}.

PRrROOF. The probability in (1.8.3) is just
Plv,< & <u,fori=1,2,...,n} =(F(u,) — F(v,))"
= {l = F(v,) — (1 = F(u,))}"
)
n n

— e ¥

if 0 < 1,7 < o0 so that the result follows. The cases where 7 or # is infinite
are dealt with simply since if, e.g. 7 = o0, P{M, < u,,m, > v,} <
P{M, <u,}—0. O

As a corollary, we find at once that if M,, m, have limiting distributions
under linear normalizations, then their limiting joint distribution is just the
product of these.

Theorem 1.8.3. Suppose for some constants {a, > 0}, {b,} and {a, > O},
{Bn} and d.f’s G, H,
P{a, M, — b,) < x} B G(x), (1.8.5)
Po(m, — B,) < x} 5 H(x). (1.8.6)
Then
P{a,(M, = b,) < x, a,(m, — B,) <y} GO)H(). (1.8.7)

ProOF. This follows from Theorem 1.8.2 by identifying u,, v, with x/a, + b,
and y/a, + B,, 7, n with —log G(x) and —log(1 — H(y)), respectively. O
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The final question of this section concerns the nondegenerate distributions
H which are possible in (1.8.6). As suggested above, these may be obtained
from the known results for maxima given by the Extremal Types Theorem.
The possible limiting laws form the class of min-stable distributions, i.e.
are the d.f’s F such that, for each n = 2, 3,..., there are constants a, > 0,
b, such that

(1 — F(a,x + b,))" = 1 — F(x). (1.8.8)

Theorem 1.8.4 (i) (Extremal Types for Minima). Let m, = min(¢,, &5, ..., &),
where &; are iid. random variables. If for some constants a, > 0 and

B, we have
P{an(mn - ﬂn) < X} % H(X) (189)
for some nondegenerate H, then H is one of the three following extremal
types for minima:
Type I: H(x) =1 — exp(—e%), —0 <X < 00,
1 —exp{—(—x)"%, a>0, x <0,
Type II: H(x) =
el e =
0 x<0
Type III: H(x) =<~ ’
ype (x) {1 —exp(—x%), a>0, x>0

(As with maxima, transformations ax + b (a > 0) of the argument are
permitted for each type.)
(ii) The min-stable distributions are those given in (i) above.

PROOF. (i) Suppose that (1.8.9) holds so that, writing
M;n = max(_éh _62, R} _én) = —m,,

P{an(M;: + .Bn) < X} =1- P{an(M;l + :Bn) 2 x}
=1- P{an(mn - ﬁn) < —X}
-1 — H(—x) = G(x), say,

where convergence occurs at all points x of continuity of G. But for such x
and ¢ > Osuch that G is also continuous at x + ¢, since

P{a (M, + B,) < x} < P{a,(M, + B,) < x} < P{a,(M, + B,) < x + ¢},
we have, letting n — oo and then ¢ — 0,
P{a (M, + B,) < x} > G(x),
so that G is one of the three (maximal) extreme value d.f.’s. Since
H(x) =1 - G(-x),

the three forms listed above follow from the three possible forms for G
given by the Extremal Types Theorem.
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(i) If F is min-stable and (1.8.8) holds, then the d.f.

Gx)=liml —F(—x —¢g)=1—F(—x-)
el 0

satisfies | — F(—x) < G(x) < 1 —~ F(—x — ¢) for all ¢ > 0, and hence
G"(@,x — b)) < (1 = F(—a,(x + & + b,))" =1 — F(—x — &) < G(x + ¢),
and

G'a,x—b)=>(10—-F(—a,x+5b))'=1—-F(—x)= G(x —¢)

for any ¢ > 0. Since G(x) and G"(a,x — b,) are right continuous it follows
that G"(a,x — b,) = G(x), so that G is max-stable and, by Theorem 1.4.1,
is one of the three extreme value distributions for maxima. This proves
part (ii). l

Note that the Type III limit for minima is simply the Weibull distribu-
tion—containing the exponential as a special case when o = 1. Note also
that since the d.f. of —¢; is clearly 1 — F(—x—), the criteria for domains of
attraction for maxima may be readily adapted for minima (replacing the
“tail” 1 — F(x) by F(—x—) or, indeed, by F(—x)). The condition for a
Type II limit, for example, then reads (for a distribution F which is not
bounded on the left):

. Fix)
tlu_nﬂc O x~% o >0, foreachx >0,

with corresponding modifications in the other cases.




CHAPTER 2
Exceedances of Levels and kth
Largest Maxima

In this chapter, we investigate properties of the exceedances of levels {u,}
by &, &,,. .., 1.e. the points i for which £; > u,, and as consequences, obtain
limiting distributional results for the kth largest value among &,,...,¢&,.
In particular, when the familiar assumption n(1 — F(u,)) > 7 (0 < 7 < o)
holds (Equation (1.5.1)), it will be shown that the exceedances take on a
Poisson character as n becomes large. This leads to the limiting distributions
for the kth largest values for any fixed rank k = 1, 2,... (the kth “extreme
order statistics”) and to their limiting joint distributions.

It is obviously of interest to gain some sense of how fast the convergence
properties of this chapter and Chapter 1 take place, and questions of this kind
will be discussed in Section 2.4.

For our purposes, the Poisson results arising from (1.5.1) are of most
interest—especially in dependent cases to be considered in subsequent
chapters. However, we also briefly indicate other cases (when 1 = 0)
leading to normal distributions for numbers of exceedances, and thence to
limiting distributions for kth largest values when the rank k = k, may de-
pend on the sample size n.

2.1. Poisson Properties of Exceedances

We now look at the choice of u, which makes (1.5.1) hold in a slightly
different light. Let us regard u, as a “level ” (typically becoming higher with n)
and say that an exceedance of the level u, by the sequence occurs at “time” i
if §; > u,. The probability of such an exceedance is clearly 1 — F(u,), and
hence the mean number of exceedances by ¢&,,...,¢&, is n(1 — F(u,)) - 1.
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That is, the choice of u, is made so that the mean number of exceedances by
&4, ..., &, is approximately constant. We shall pursue this theme further now
in developing Poisson properties of the exceedances. In the following, S,
will denote the number of exceedances of a level u, by &,,...,¢&,.

Theorem 2.1.1. If {£,} is an i.id. sequence, 0 < t < oo, and if {u,} satisfies
(1.5.1),ie.n(l — F(u,)) > 1, thenfork =0,1,2,...,

kTS

P{S, <k}-oe’" = 2.1.1)
s=0 5
(the right-hand side being taken as zero when © = o).
Conversely, if (2.1.1) holds for any one fixed k, then (1.5.1) holds (and

(2.1.1) thus holds for all k).

PrOOF. We shall show that if S, is any binomial r.v. with parameters n, p,,
and 0 < 7 < o0, then (2.1.1) holds if and only if np, — . The result will then
follow in this particular case, with p, = 1 — F(u,).

If S, is binomial and np, — 7, then (2.1.1) follows at once from the standard
Poisson limit for the binomial distribution when 0 < 7 < o0, and simply
when t = 0 since then P{S, < k} > P{S, =0} = (1 — p)" = (1 — o(1/n))"
so that P{S, < k} —» 1. When t = oo, we have, for any 8 > 0,

P{S, <k} < i)(:') <§)<1 - g)m

when np, > 0 (the right-hand side being decreasing in 6), so that

k S
limsup P{S, <k} <e™® ) %—»O as 0- oo,
n— o s=0°°
giving lim,,_, , P{S, <k} = 0.

Conversely, if (2.1.1) holds for some k but np, +# 7, there exists " # T,
0 < 7' < o0, and a subsequence {n;} such that n,p,, — t’. The same argument
as above shows that P{S, < k} - e * Y*_, 7"¥/s! as | - oo, which contra-
dicts (2.1.1) since the function e *)*_, x%/s! is strictly decreasing in
0<x< . O

Note that if the “time scale” is changed by a factor of n so that when
& > u,,an exceedance is plotted at i/n (rather than at i), S, is then the number
of such plotted exceedances in the unit interval (0, 1] and has a limiting
Poisson distribution. Similarly, the number plotted in any (bounded) set B
has a limiting Poisson distribution, and the numbers in two or more disjoint
sets are clearly independent. This suggests that the exceedances of u,, if
plotted at points i/n rather than at i, behave like a Poisson process on the
positive real line when n is large. This is pointed out now for its interest, but
will be taken up much more explicitly in subsequent chapters, for dependent
cases.

Note also that it would be natural to say that an upcrossing of u, occurs at i
if ¢, < u, < &, . Then the random variable S, used above is asymptotically
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the same as the number of upcrossings of the level u, between 1 and n. Thus
we may obtain a Poisson limit for the number of such upcrossings. Such
Poisson properties of upcrossings will play an important role when we
consider continuous time processes.

2.2. Asymptotic Distribution of kth Largest Values

Write, now and subsequently, M® for the kth largest among ¢,,..., &, and,
as above, S, for the number of &, . .., &, which exceed u,. It is readily checked
that the events {M® < u,}, {S, < k} are identical since, if the former occurs,
the kth largest of &,, ..., &, does not exceed u,, and hence no more than
k—1loré&,...,¢&, exceeds u,, so that S, < k and vice versa. Thus

P{M® < u} = P{S, < k}. 2.2.1)

By using this relationship, Theorem 2.1.1 may be immediately restated as
follows.

Theorem 2.2.1. Let {£,} be an i.i.d. sequence. If {u,} satisfies (1.5.1) for some
7,0 < 1 < o0, then

k-1 _s
PMP <u} ey % 2.2.2)
§s=0 9-

k=1,2,....
Conversely, if (2.2.2) holds for some fixed k, then (1.5.1) holds and so does
222) forallk =1,2,....

We may further restate this result to give the asymptotic distribution of
M® in terms of that for M, (= M).

Theorem 2.2.2. Suppose that
P{a, (M, — b,) < x} 3 G(x) (2.2.3)

Jor some nondegenerate (and hence Type I, 11, or 1I1) df. G. Then, for each
k=1,2,...,

« (—log G(x))*

R (2.2.4)

k
P{an(Milk) - bn) < X} > G(X)
s=0
where G(x) > 0 (and zero where G(x) = 0).
Conversely, if for some fixed k,

P{a,(M® —b,) < x} % H(x) (2.2.5)

Jor some nondegenerate H, then H(x) must be of the form on the right-hand
side of (2.2.4), where (2.2.3) holds with the same G, a,, b,. (Hence (2.2.4) holds
for all k.)
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ProOF. If (2.2.3) holds, then (2.2.2) holds with k = 1,7 = —log G(x) < o0, s0
that by Theorem 2.2.1, (2.2.2) holds for all k, 1.¢. (2.2.4) follows.
Conversely, if (2.2.5) holds for some fixed k and x is given, we may clearly
find 7,0 < 7 < oo, such that
,L.S

k-1
Hx)=e") —,
s=0 s!

since this function decreases continuously from 1 to 0 as t increases. Thus
(2.2.2) holds for this k and hence, by Theorem 2.2.1, for all k including k = 1,
which gives (2.2.3) with G(x) = ¢~ " (nondegeneracy of G being clear). []

We see that for iid. random variables any limiting distribution of the
kth largest, M®), has the form (2.2.4) based on the same d.f. G as applied to
the maximum, and moreover, that the normalizing constants are the same
for all k including k = 1 (the maximum itself). Thus we have a complete
description of the possible nondegenerate limiting laws.

2.3. Joint Asymptotic Distribution of the
Largest Maxima

The asymptotic distribution of the kth largest maximum was obtained above
by considering the number of exceedances of a level u, by &4, ..., &,. Similar
arguments can, and will presently, be adapted to prove convergence of the
joint distribution of several large maxima.

Let the levels u() > - -- > u satisfy

n(l - Fu)) - 14,
: (2.3.1)
n(l — Fu®)) - 1,

where 0 <1, <1, <--- <1, < 0, and define S¥ to be the number of
exceedances of u® by ¢,,...,¢&,.

Theorem 2.3.1. Suppose that {&,} is an iid. sequence and that {u®},
k=1,...,r, satisfy 2.3.1). Then, fork, > 0,...,k, >0,

P{S® =k, 8P =ky + ky,..., SO =ky + -+ + k,}

ki — ko _ Ky
Ju Eon)e &= %) - (2.3.2)
ki! k! k,!
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as n — oo (the right-hand side being interpreted as zero if T, = 0, regardless
of whether any other t; = ).

PROOF. Writing p, = 1 — F(u®) for the probability that &, exceeds ul,
it is easy to see that the left-hand side of (2.3.2) equals

n\ ke n—ky - k2, ...
(kl)pn,l( k2 )(pn,l pn,l)

—k —..'_kr— n—ky— 0 —
. (n 1 k 1>(pn,r - pn,r—l)kr . (1 - Pn,.-) k1 k'- (233)

From (2.3.1), it follows in turn that (for 7, < o)

n ne---- (n =k + Dpfy Tl
( )Pﬁ,‘l = : >

ky k,! k"
n—ky—---—k_
( ! k : 1)(Pn,1‘Pn,z—1)kl
1
=k == k) (n—ky ==k + D)p1 = Pn,1—1)k'
- k!
(v, - 71—1)"'
k!

for 2 < I < r, and that
R

and thus (2.3.2) is an immediate consequence of (2.3.1) and (2.3.3) when z,,
and hence all 7;, are finite. On the other hand, if 7, = oo, (2.3.2) does not
exceed P{SY =k, + --- + k,}, which tends to zero by Theorem 2.1.1, so
that again (2.3.2) holds. ]

Clearly, reasoning as in (2.2.1),

PIMY < u®,... M < 4
=P{SV =08 <1,...,80<r—1), (2.3.4)

and thus the joint asymptotic distribution of the r largest maxima can be
obtained directly from Theorem 2.3.1. In particular, if the distribution of
a, MV — b,) converges, then it follows not only that a,(M® — b,) converges
in distribution for k = 2, 3,... as was seen above, but also that the joint
distribution of a, (M — b,),...,a,(M® — b,) converges. This is, of course,
completely straightforward, but since the form of the limiting distribution
becomes somewhat complicated if more than two maxima are considered, we
state the result only for the two largest maxima.



36 2. Exceedances of Levels and kth Largest Maxima

Theorem 2.3.2. Suppose that
P{a,(M{ —b,) < x} % G(x) (2.3.5)
for some nondegenerate (and hence Type 1,11, or I11)d f. G. Then, for x; > x,,

P{an(Mfll) - bn) < X1 an(Msln - bn) < x2}
* G(xp){log G(x,) — log G(x,) + 1},  (2.3.6)

when G(x;) > 0 (and to zero when G(x;) = 0).
PRrOOF. We have to prove that
PIMP < uP, MY < u?y

converges if u{" = x,/a, + b, and u?® = x,/a, + b,. If (2.3.5) holds, then
by Theorem 1.5.1, n(1 — Fu{")) - t,, n(1 — F(u{?)) - t,, where 7, =
—log G(x,), 7, = —log G(x,) (0 < 7, < 1, < 0). Hence, by Theorem 2.3.1,

P{SH = 0,5? < 1}
= P{S{V = 0,5? = 0} + P{S = 0, S? = 1}
—e P+ (p—T)e P =e M — 1 + 1),

which by (2.3.4) proves (2.3.6). O

2.4. Rate of Convergence

Every convergence result is accompanied by the question of rate of con-
vergence. We shall in this section examine the basic limit theorems for
maxima (Theorems 1.4.2, 1.5.1, 1.5.3), the Poisson limit theorem (Theorem
2.1.1), and the convergence theorems for kth maxima (Theorems 2.2.1 and
2.2.2) from this point of view. Let {u,} be a sequence of levels, where u, may
or may not be one of a family u, = u,(x) = x/a, + b,, and let as before F be
the common d f. of the ii.d. sequence &, &,, ... . If {u,} satisfies the hypothesis
of Theorem 1.5.1, i.e. if n(1 — F(u,)) — 7, then, writing t, = n(1 — F(u,)),

P(M, <u,} = (1 -~ E)" Se 2.4.1)

If the d.f. F is continuous, one can always obtain equality in (2.4.1) for any
7, n (by taking u, = F~ (e~ ")), but often {u,} will be determined by other
considerations, e.g. it may be of the form u,(x) = x/a, + b,, in which case
it is not possible to have (1 — 1,(x)/n)" = e~ "™, for 1,(x) = n(1 — F(u,(x))),
unless F is max-stable.
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It is instructive to consider separately the two approximations

(1 - E) x e (24.2)
n
and
eTmxe ", (24.3)

which together make up (2.4.1). As will be seen shortly, there is a quite
satisfying uniform bound of the order 1/n on the approximation in (2.4.2).
As for (2.4.3), a Taylor expansion gives a precise pointwise estimate of the
approximation, but unfortunately it does not seem possible to find a useful
uniform bound on (2.4.3) for 1, = 1,(x), 7= 17(x), —c0 < x < oo. The
essential part of proving these results is contained in the following lemma.

Lemma 2.4.1. (i) If 0 < x < n then

1
<03 ] forn=1,2,..., (244)

and further

n 2, —x 1
e ¥ — (1 _ -’f) _xe’l (1 n o(-)) asn— oo,  (24.5)
n 2 n n

uniformly for x in bounded intervals.
(i) If x — y < log 2 then

e? —e F=e (x —y) + 0(x — y)*}, (2.4.6)
with0 <8 < 1.

PROOF. (i) The first inequality in (2.4.4) is an immediate consequence of the
inequality e™*" > 1 — x/n, and since the third and fourth inequalities are
obvious only the second one remains to be established. We shall instead
prove the equivalent inequality

2

x X x n_.
Ogm-—1+e(1—z> = f(x), say. (2.4.7)

-y -3}

Now,
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and the expression within brackets assumes its minimum in [0, n] for x = 1.
Since 1 — e(1 — 1/n)" > 0 according to the first inequality in (2.4.4), this
shows that f'(x) = 0 for 0 < x < n, and since f(0) = 0, (2.4.7) follows.
Next, let f,(x) = 1 — exp{x + nlog(l — x/n)}. It is then straightforward
to check that £,(0) = f.(0) =0, f2(0) = 1/n, and that f}(x) = O(1/n?),
uniformly for x in bounded intervals. Hence, Taylor expansion gives that

e % — (1 - %) = f(x)e™* = X Z_x% (1 + 0(—3))

uniformly for x in bounded intervals, which proves (2.4.5).
(i) Again, by Taylor’sformula,

e —e F=e" eV~ 1}

= e x =y + x - ),

with 0 < @ < 1, which proves (2.4.6) since 0 < exp{f'(x — y)}/2 < 1 for
x —y<log2 O

First-order bounds on the rate of convergence now follow simply. The

reader is also referred to Dziubdziela (1978) and Galambos (1978) for
related results.

Theorem 2.4.2. Let {&,} be an ii.d. sequence, put t, = n(1 — F(u,)), and write

T
n - ’ — -
A'l = (1 - ’—) —_— e 'En, An = e n e f,

n
so that
PM,<u,} —e *=A+ A,
Then
T2e 1 1
< -A < . <03 - ——
0= "2 n—17" n—1°

where the first bound is asymptotically sharp, in the sense that if 1, — 7 then
A, ~ —(t%e"%/2)/n. Furthermore, for © — 1, < log 2,

A;l = e-t{(.c - Tn) + 6(7 - Tn)z}a
with0 <0 < 1.
Proor. Since P{M, < u,} = (1 — 7,/n)" this follows at once from Lemma
2.4.1, after noting that 0 < 7, = n(1 — F(u,)) < n. |

If 7, — 1, so that (24.1) holds, for u, = u,(x) = x/a, + b,, 7, = 1,(%),
7 = 7(x), then by Theorem 1.2.3, (2.4.1) holds also if a, and b, are replaced by
different constants «, and f, such that a,/a, — 1, (8, — b,)a, — 0. However,



2.4. Rate of Convergence 39

the speed of convergence to zero of A, (and thus of P{M,, < u,}to e %) clearly
can be quite different for different choices of the constants, and one may be
interested in finding good choices of a, and b, from this point of view.
Further, even if the “best” a,’s and b,’s are used the rates of convergence can
be completely different for different distributions.

As was noted already by Fisher and Tippett, extremes from the normal
distribution converge remarkably slowly to their limiting form. In fact, for
a, and b, as in Theorem 1.5.3, and with u, = u,(x) = x/a, + b,, we have

%’3 = x + logn — log(2 log n)'/?
- logw/ﬂ + %ﬁi‘-—?—z
o((log log ")
logn
and hence, using
B(x) ¢(x)

—~x——(1——x-2)_<_1—<I>(x)s for x > 0,

x
ty = n(l = Ou,)) = $u)(l + 0y %)

n 1
= . exp{—x — log n + log(2 log n)'/?
{2logn}'? " /2n

+ log,/2n — (log log n)*(16 log n)~1(1 + o(1))}

g (1 4 0<log log n))
log n
= e *{1 — (log log n)%(16 log n) " *(1 + o(1))}.

Thus, for 7(x) = ™7,

e”* (log log n)*

%) = (x) ~ 7o log 1

Ed

and hence, as the error A, in Theorem 2.4.2 is of the order n™*, for i.id.
standard normal r.v.’s {£,},

P{an(Mn - bn) < X} - exp(_e_x)

N exp(—e~")e”* (log log n)?
16 logn

, (2.4.8)

so the convergence in Theorem 1.5.3 is extremely slow. Of course this might
depend on the particular choice of a, and b, used above. P. Hall (1979)
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investigated this problem further, and by elementary, but rather complicated,
calculations proved that if a, and b, are chosen as solutions to

@ =1, b,=a, (2.4.9)
then

C, _ C,
_— < —_ _ Nl <
fogn < _msff<w|P{“"(M" b,) < x} —exp(—e )| < fog n

, (24.10)

for some strictly positive constants C,, C,, with C, < 3. He further proved
that one cannot improve on this rate of convergence by choosing a, and b,
in some other way. Thus, even if the constants a, and b, used in Theorem
1.5.3 do not give the optimal rate of convergence, not very much can be gained
by using different a, and b,.

Figures 2.4.1 and 2.4.2 illustrate the rate of convergence for normal r.v.’s.
It can be seen that notwithstanding the slow rate of convergence, the dif-
ferences P{a, (M, — b,) < x} — exp(—e™*) are fairly small even for small n.
The problem is just that the fit improves little with increasing n. This is
explained by the form of the right-hand side of (2.4.8). The first factor,
exp(—e~)e”*/16, is rather small, with a maximum of 0.023 for x = 0,
while the second factor, (log log n)?/log n, is virtually constant for moderate
values of n. For example, for 10> < n < 10'° it varies between 0.43 and 0.54.
Thus, the first-order approximation to P{a,(M, — b,) < x} —exp(—e™ ™)
changes very little for nin this range, but on the other hand itis small (<0.013).
In fact, there is some improvement of the approximation for n increasing
from, say, 10® to 10, but this is due to higher-order effects. Further, for
moderate values of n it does not make much difference in the maximal error
whether one defines q,, b, by (2.4.9) or as in Theorem 1.5.3.

Next, we shall turn to the rate of convergence in Theorem 2.1.1, i.e. to the
question of how well the distribution of S, = Y 7~ ; (>4, is approximated by
a Poisson distribution with mean t, where y is the indicator function, equal
to 1 if the event within brackets occurs, and zero otherwise.

Figure 2.4.1. Plot of exp(—e™ ™) (—) and of P{a (M, — b,) < x} for n = 10 (~~~)
and n = 103 (---); (a) for a,, b, given by (1.7.2), (b) for a,, b, given by (2.4.9).
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(@ (b)
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Figure 2.4.2. Plot of (exp(—e~*)e™*/16)(log log n)*/log n (—-) and of
P{an(Mn - bn) < x} - exp(—e‘—x)
for a,, b, given by (1.7.2) (---) and as given by (2.4.9) (---); (a) n = 10, (b) n = 10°.

Suppose X and Y are positive, integer-valued r.v.’s. We then define the
variation distance d between their d.f’s as

dX,Y) = %kilp{x =k} — P{Y = k}|.

Clearly d(X, Y) = 0, with d(X, Y) = 0 if and only if X and Y have the same
distribution, d(X, Y) = d(Y, X), and

d(X,Z) < d(X, Y) + d(Y, Z), (2.4.11)

so d is a metric on the space of distributions on the positive integers. Further,
it is easily seen that d is a metric for convergence in distribution of positive,
integer-valued r.v.’s, i.e. d(X,, X) — 0if and only if X, tends to X in distribu-
tion. We shall use a simple and very elegant approach due to Serfling (1978)
in deriving variation distance bounds for the convergence in Theorem 2.1.1.
We first note some basic properties of the variation distance which are of use
in the proofs below, and which also show the interest and usefulness of this
distance. Clearly, for h denoting a real-valued function,

d(X, Y) =+ sup |E(h(X)) — E(K(Y))|. (2.4.12)
lhl<1
Further, writing a* = max(a, 0), a~ = —min(a, 0),

0=k§ (P{X =k} —P{Y =k}) = f(P{X=k} — P{Y =k})?
=0 k=0

s

(P{X =k} = P{Y =k})",

k=0

1]

and hence

d(X,Y) = fj (P{X =k} — P{Y = k})*
k=0

= L (P =) - P(Y = k),
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from which it follows easily (e.g. taking 4 = {k; P{X = k} > P{Y = k}}),
that

d(X,Y) =sup|P{XeA} — P{YeA}| = sup ]P{X <k} — P{Y < k}|,

k=1,

(2.4.13)
where the supremum is over all sets 4 of integers. We note in passing that
since {M® <u,} = {S, <k} the latter inequality shows that variation
bounds for S, directly lead to corresponding bounds for M%),

It will be convenient to extend the notation by writing d(X, G) for the
variation distance between the d.f. of X and the d.f. G and d(F, G) for the
distance between the d.f’s F and G. Further we shall denote the d.f. of a
Poisson r.v. with mean t by P(t) and that of a binomial r.v. with parameters n
and p by B(n, p). The following lemma is due to Serfling (1978).

Lemma 2.4.3. (i) Suppose X and Y are defined on the same probability space.
Then
dX,Y)< P(X #Y)

@) If Xy,...,X, are mutually independent and Y,,...,Y,, similarly, are
mutually independent, then

d(ix,-, ZY) zd(x,, :
=1 i=1

(iii) d(P(t1), P(1;)) < |1y — 12|

. o(s(n ) o) s

PROOF. (i) follows easily from (2.4.13), since

[P{XeA} — P{YeA}| < P{Xed, Y¢A}

+P{X¢A, YeA} <P{X #7Y}
Next, suppose the hypothesis of (ii) is satisfied and let & be a function with

[h(x)| < 1 for all x, so that by (2.4.12) |[E(W(X ,)) — E(W(Y))1/2 < d(X, Y})
and, similarly, |E(W(X, + k)) — E(W(Y; + k)|2<d(X,, Y)) fork=1,2,....
Thus, since X, is independent of X, and Y, is independent of Y,,

|E(h(X + X)) — E(h(Y; + 1)))]

)

2
= 3| X (EHCE, + 0)PLX; = k) — B + )P = )
<3 5B, + 19 — EGCY, + DIPLE: —
k=0
+3 3 B, + )IPLX; = k) — P(%, = K]

k

< Z d(Xy, Y)P{X; =k} + 5 Z IP{X, =k} — P{Y, = k}|

=d(X,, Y+ d(X,, ).
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By (2.4.12) this proves that
dX; + X5, Y, + V) <d(X,, 1) +d(X,, 1)),
and the general case then follows by induction.

To prove (iii), suppose first 7, > 7,, and let X and Y have independent
Poisson distributions with means t;, — 7, and 7,, respectively. Then by (i),

d(P(ty), P(1,)) =d(X + Y, Y) < P{X > 0}
=1—-exp{—(1;, — 1)} <1y — 1,.
The same argument for 1, < 7, concludes the proof of (iii).
We shall first prove (iv) for n = 1. Let X be binomial with parameters 1
and 7 and let Y have a Poisson distribution with mean 7. Then
IP{IX =0} - P{Y =0}|=e"-1+7
[P{X =1} - P{Y =1} =1 — 17",

i|P{X=k}—P{Y=k}|=P{Y22}=1—e”—re"
k=2

and thus, using the definition of d.
dX,Y)=3Qt —2te ) =11 —e™ ") < 72

Next, let the r.v’s X4,..., X,, Y,,..., Y, be mutually independent, with
X, ..., X, binomial with parameters 1, t/n, and with Y,,..., Y, having
Poisson distributions with means t/n. Then, by (ii),

d@G&}Pm}u«ixmgx)

1
2 2
T T
< n(—) =—. O
n
As in Theorem 2.4.2, the error in approximating the distribution of S,,,
the number of exceedances of u, by &,, ..., &,, by a Poisson distribution with
mean 7 can be split up into two parts; the first error term is of the order 1/n

and arises from approximating the binomial distribution of S, by a Poisson
distribution with mean 7,, and the second part comes from replacing 7, by .

=

Theorem 2.4.4. Suppose {&,} is an i.i.d. sequence with d.f. F, put
Ty = n(l - F(un))’
and let S, = Y7 Yie,>u,y- Then

d(S,, P(z,) < -

s |

and
2

a&mms%+m—m
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ProoOF. Since S, is binomial with parameters n and 7,/n, this follows from
Lemma 2.4.3(iii) and (iv), and the fact that

d(S,, P(7)) < d(S,, P(z,)) + d(P(z,), P(1)). o

Corollary 2.4.5. With hypothesis and notation as in Theorem 2.4.4, let M" be
the kth largest among &, ..., &,. Then

k—1 73 1:2
PMP <u}— Ye ™| <=
s=0 s! n
and
k=1 s| g2
PMP <u}— Ye " —| <2+t -1l
s=0 ! n

ProoF. These follow at once from the theorem and the relation {S, < k} =
{M® < u,}, using (2.4.13). O

By comparing the corollary with Theorem 2.4.2 it is seen that it gives the
right order of convergence but that the constants in the bounds are too large.

2.5. Increasing Ranks

The results of Sections 2.2 and 2.3 apply to the kth largest M® of ¢, &,, ..., &,
when k is fixed. We refer to this as the case of fixed ranks (or extreme order
statistics). It is also of interest to consider cases where k = k, — 00 asn — 0,
and we shall call this the case of increasing ranks. Two particular rates of
increase are of special interest:

(i) k,/n— 6(0 < 6 < 1), which we shall call the case of central ranks;
(ii) k, - oo but k,/n — 0, which will be referred to as the intermediate rank
case.

For the consideration of fixed ranks, it was useful to define levels {u,}
satisfying (1.5.1), i.e. n(1 — F(u,)) — 7. In the case where k, — oo, we shall
find that the appropriate restrictions are that nF(u,)(1 — F(u,)) —» oo, and
writing p, = 1 — F(u,),

k, — np
__m  "Pmn 251
ol — p) 2 @31

for a fixed constant 1, or equivalently (as we shall see),

kn — hp,
n —k, — oo, W - 1. (2.5.2)
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Theorem 1.5.1 now has the following counterpart (in which S, is again
the numbers of exceedances of a level u, by &,, &,,...,&,).

Theorem 2.5.1. With the above notation, let k, — oo, write p, = 1 — F(u,), and
suppose np,(1 — p,) = . If {u,} satisfies (2.5.1), then
P{S, < k,} - ®(t) asn - oo. (2.5.3)

Conversely, if (2.5.3) holds so does (2.5.1).
In the above statements, (2.5.1) can be replaced by the equivalent condltzon
(2.5.2).

Proor. We may write S, = )} x;, where x; = 1 or 0 according as ; > u, or
& <u,. The y; are thus iid. with P{y; =1} =p,=1—-P{y;=0}. It
follows from the Berry—Esseen bound that, for some constant C,

k,, — hp, C
P{S, < k,} — q)((np,,(l — p,,))m) = (np (1 — p)'*’

which tends to zero since np,(1 — p,) - co. The main result follows since

kn — hp,
q)<(npn(1 - )Y 2) = o0
if and only if (k, — np,)/(np,(1 — p,))*'* = = (® and its inverse function both

being continuous).
Finally, that (2.5.1) implies (2.5.2) follows by writing

ky = np, + t(np,(1 — p))*"*(1 + o(1))

and noting that this implies k, ~ np, and (n — k,) ~ n(1 — p,). Similarly,
(2.5.2) implies (2.5.1). O

Corresponding to Theorems 2.2.1 and 2.2.2, we thus have the following
results.

Theorem 2.5.2. With the above notation, suppose that k, - «,np,(1 — p,) > ©
(r, =1 — F(u,)). If (2.5.1) or (2.5.2) holds, then

P{M¥ < u} - ®(1). (2.54)
Conversely, if (2.5.4) holds so do (2.5.1) and (2.5.2).

PRrOOF. If (2.5.1) holds, it also holds with k, replaced by k, — 1, so that by
Theorem 2.5.1,

P{S, < k,} = P{S, < k, — 1} — ®(1),

and hence (2.5.4) follows from (2.2.1). The converse follows along the same
lines. ]
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Theorem 2.5.3. Again, with the above notation, suppose that (2.5.1) or (2.5.2)
holds with u, = u,(x) = x/a, + b, (t = 1(x)) for some sequences {a, > 0},
{b,}. Then

Pla M%) —b) < x} % H(x), (2.5.5)

where H(x) = ®(1(x)). Conversely, if (2.5.5) holds for some nondegenerate
df. H, then we have H(x) = ®(z(x)), where (2.5.1) and (2.5.2) hold with
u, = x/a, + b,, T = 1(x).

2.6. Central Ranks

The case of central ranks, where k,/n — 6 (0 < 8 < 1), has been studied in
Smirnov (1952). While we shall have little to say about this in later chapters,
for the sake of completeness, a few basic facts for the i.i.d. sequence will be
discussed here. First, we note that it is possible for two sequences {k,},
{k;} with lim k,/n = lim k,/n to lead to different nondegenerate limiting
df’s for M%), M%), Specifically, as shown in Smirnov (1952), we may have
k,/n~ 0, k,/n - 0 and

P{a (M%) — b)) < x} % H(x), 2.6.1)
P{a(M® — b)) < x} % H'(x), 2.62)

where a, > 0, b,, a, > 0, b, are constants and H(x), H'(x) are nondegenerate
d.f’s of different type. However, this is not possible if

Jn <% - 9) -0, (2.6.3)

as the following result shows.

Lemma 2.6.1. Suppose that (2.6.1) and (2.6.2) hold, where H, H' are non-
degenerate and k,, k,, both satisfy (2.6.3). Then H and H' are of the same
type, i.e. H(x) = H(ax + b) for some a > 0, b.

PrOOF. If the terms of the i.i.d. sequence £, &,, . . . have d.f. F, then by Theorem
2.5.3,

k, — n(1 — F(x/a, + b,))
k(1 — ky/m))!/?
where H(x) = ®(z(x)). By (2.6.3), we then have

— 17(x), (2.6.4)

\/; 0 — (1 — F(x/a, + b,))

-y
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Again by (2.6.3), with k, replaced by k,, we must therefore have that (2.6.4)
holds with k;, replacing k,, and hence by Theorem 2.5.3, that

P{a, (M — b,) < x} — ®(1(x)) = H(x).

But if H, is the d.f. of M%), this says that H,(x/a, + b,) % H(x), whereas also
H,(x/a, + b)) % H'(x) by (2.6.2). Thus by Theorem 1.2.3, H and H' are of
the same type, as required. O

It turns out that, for sequences {k,} satisfying (2.6.3), just four forms of
limiting distributions H satisfying (2.6.1) are possible for M*". For complete-
ness, we state this here as a theorem—and refer to Smirnov (1952) for proof.

Theorem 2.6.2. If the central rank sequence {k,} satisfies (2.6.3), the only
possible nondegenerate d.f’s H for which (2.6.1) holds are

0, x <0,
L Hx) = {(D(cx“), x>0, ¢c>0,a>0;
) O(—c|x[), x <0, c>0,0>0,
2. H(x) = {1’ a0
O(—cy|x[), x <0,
3. H(x) =
(x) {d)(czx“), x>0, ¢, >0,¢,>0a>0;
0, x < —1,
4. H(x) ={%, —-1<x<1,
1, x =1

It may be noted that only the third of these distributional types is con-
tinuous—in contrast to the situation for the fixed rank cases.

If the restriction (2.6.3) is removed, the situation becomes more compli-
cated, and the range of possible limit distributions is much larger. These
questions, as well as domains of attraction, are discussed in two papers by
Balkema and de Haan (1978a, b).

2.7. Intermediate Ranks

By an intermediate rank sequence, we mean a sequence {k,} such that k, - oo
but k, = o(n). The general theory for increasing ranks applies, with some
slight simplification. For example, we may rephrase (2.5.2) as

k k1/2 k1/2
pn:__"__rn +0(n>-

n n n
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The following result of Wu (1966) gives the possible normalized d.f.’s of
M%) when k, is nondecreasing.

Theorem 2.7.1. If &,,&,, ... areiid. and {k,} is a nondecreasing intermediate
rank sequence, and if there are constants a, > 0 and b, such that
P{an(ank") - bn) < x} » H(X)

Jor a nondegenerate d.f. H, then H has one of the three forms

_ f®(—alog|x]), x<0, a>0,
1 HEx) = {1, x>0
0, x<0, a>0,
2. HR) = {(D(a logx), x> 0;

3. H(x) = ®(x), -0 < x < 0.

This theorem is rather satisfying, though it does not specify the domains of
attraction of the three limiting forms. Some results in this direction have been
obtained in Chibisov (1964), Smirnov (1967), and Wu (1966). However,
these are highly dependent on the rank sequence {k,}. For example, a class of
rank sequences {k,} such that k, ~ [?n® (0 < 0 < 1) are studied in Chibisov
(1964). If F is any d.f., it is known that there is at most one pair of (I, §) such
that F belongs to the domain of attraction of Type 1, and the same statement
holds for Type 2. In addition, there are rank sequences such that only the
normal law, Type 3, is a possible limit, and moreover, there are distributions
attracted to it for every intermediate rank sequence {k,}.

As for central ranks, we shall not be concerned with intermediate ranks for
the dependent cases considered in the sequel. A reader interested in the be-
haviour of intermediate ranks for dependent sequences is referred to Watts
(1977), (1980), Watts et al. (1982), and references in these works.



PART II

EXTREMAL PROPERTIES OF
DEPENDENT SEQUENCES

In Chapters 3-6, which comprise Part II, we focus on the effects of dependence
among &,,. .., &,, on the classical extremal results. For the most part it will
be assumed that the £’s, while dependent, are identically distributed, and in
fact form a strictly stationary sequence. However, some important non-
stationary cases will also be briefly considered.

The task of Chapter 3 is to generalize basic results concerning the maxi-
mum M, to apply to stationary sequences. As will be seen, the generalization
follows in a rather complete way under certain natural restrictions limiting
the dependence structure of the sequence. In particular, it is shown that
under these restrictions the limit laws in such dependent cases are precisely
the same as the classical ones, and indeed, in a given dependent case, that
the same limiting law applies as would if the sequence were independent, with
the same marginal distribution. Some results and examples of non-normal
sequences where this is not true are also given.

In Chapter 4 this theory is applied to the case of stationary normal se-
quences. It is found there that the dependence conditions required are
satisfied under very weak restrictions on the covariances associated with
the sequence.

Chapter 5 is concerned with the topic of Chapter 2—namely, the proper-
ties of M%), the kth largest of the &;. The discussion is approached through
a consideration of the “point process of exceedances of a level u,” by the
sequence &y, &,,.... This provides what we consider to be a helpful and
illuminating viewpoint. In particular, a simple convergence theorem shows
the Poisson nature of the exceedances of high levels, leading to the desired
generalizations of the classical results for M®,

Two topics complementing the theory for normal sequences are dealt
with in Chapter 6. In the first the previous extremal results are shown
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(appropriately modified) to apply to a class of nonstationary normal se-
quences. This, in particular, provides the asymptotic distribution of the
maximum of a stationary normal sequence to which an appropriate trend,
or seasonal component, has been added. The second topic concerns stationary
normal sequences under very strong dependence. There is no complete
theory for this case but a variety of different limiting results are exhibited.



CHAPTER 3
Maxima of Stationary Sequences

In this chapter, we extend the classical extreme value theory of Chapter 1 to
apply to a wide class of dependent (stationary) sequences. The stationary
sequences involved will be those exhibiting a dependence structure which is
not “too strong”. Specifically, a distributional type of mixing condition—
weaker than the usual forms of dependence restriction such as strong
mixing—will be used as a basic assumption in the development of the theory.

3.1. Dependence Restrictions for
Stationary Sequences

There are various ways in which the notion of an i.i.d. sequence may be
generalized by permitting dependence, or allowing the &, to have different
distributions, or both. For example, an obvious generalization is to consider
a sequence which is Markov of some order. Though the consideration of
Markov sequences can lead to fruitful results for extremes, it is not the direc-
tion we shall pursue here.

We shall keep the assumption that the £, have a common distribution; in
fact, it will be natural to consider stationary sequences, i.e. sequences such
that the distributions of (§;,,..., ¢; ) and (¢ ji+ms-+-»Cj,+m) are identical for
any choice of n, j;, ..., j,, and m. Then we shall assume that the dependence
between &; and ¢&; falls off in some specified way as | i — j| increases. This is
different from the Markov property where, in essence, the past, {&;;i < n},
and the future, {;;j > n}, are independent given the present, &,.



52 3. Maxima of Stationary Sequences

The simplest example of the type of restriction we consider is that of
m-dependence, which requires that ¢; and ¢; be actually independent if
li—jl>m

A more commonly used dependence restriction of this type for stationary
sequences is that of strong mixing (introduced first by Rosenblatt (1956)).
Specifically, the sequence {£,} is said to satisfy the strong mixing assumption
if there is a function g(k), the “mixing function”, tending to zero as k - oo,
and such that

|P(A ~ B) — P(A)P(B)| < g(k)

when Ae #(¢,,...,&,) and Be F(&,4441,ps+k+2,--.) for any p and k;
F(-) denotes the o-field generated by the indicated random variables. Thus
when a sequence is mixing, any event 4 “based on the past up to time p” is
“nearly independent” of any event B “based on the future from time
p + k + 1 onwards” when k is large. Note that this mixing condition is
uniform in the sense that g(k) does not depend on the particular 4 and B
involved.

The correlation between £; and &; is also a (partial) measure of their de-
pendence. Hence another dependence restriction of the same type is
| Corr(&;, &) | < g(li — j 1), where g(k) > 0 as k — oo. Obviously such a
restriction will be most useful if the &, form a normal sequence.

Various results from extreme value theory have been extended to apply
under each of the more general restrictions mentioned above. For example,
Watson (1954) generalized (1.5.2) to apply to m-dependent stationary se-
quences. Loynes (1965) considered quite a number of results (including
(1.5.2) and the Extremal Types Theorem under the strong mixing assumption
for stationary sequences. Berman (1964b) used some simple correlation
restrictions to obtain (1.5.5) for stationary normal sequences.

It is obvious that the results of Loynes (1965) and Berman (1964b) are re-
lated—similar methods being useful in each—but the precise connections
are not immediately apparent, due to the different dependence restrictions
used. Berman’s correlation restrictions are very weak assumptions, leading
to sharp results for normal sequences. The mixing condition used by Loynes,
while being useful in many contexts, is obviously rather restrictive. In this
chapter, we shall propose a much weaker condition of “mixing type”, which
first appeared in Leadbetter (1974), and under which, for example, the results
of Loynes (1965) will still be true. Further, this condition will be satisfied for
stationary normal sequences under Berman’s correlation conditions (as we
shall see in the next chapter). Hence the relationships between the various
results are clarified.

3.2. Distributional Mixing

In weakening the mixing condition, one notes that the events of interest in
extreme value theory are typically those of the form {£; < u} or their inter-
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sections. For example, the event {M, < u} is just {& <u, &, <u,...,
¢, < u}. Hence one may be led to propose a condition like mixing but only
required to hold for events of this type. For example, one such natural con-
dition would be the following, which we shall call Condition D. For brevity,
we will write F;, ; (w) for F; ; (u,....u)if F; ;(xy,...,X,) denotes the
jointd.f of & ,..., ¢ .

The condition D will be said to hold if for any integers iy < --- < i, and
J1 < v+ <jp for whichj, — i, > 1, and any real u,

Vi cipiie g @) = Fip i (F;, 5, )] < g(D), (321)

where g(I) - 0 as | - 0.

We shall see that the Extremal Types Theorem—and a number of other
results—hold under D. However, while D is a significant reduction of the
requirements imposed by mixing, it is possible to do better yet. We shall
consider a condition, to be called D(u,), which will involve a requirement
like (3.2.1) but applying only to a certain sequence of values {u,} and not
necessarily to all u-values. More precisely, if {u,} is a given real sequence, we
define the condition D(u,) as follows.

The condition D(u,) will be said to hold if for any integers
l<ip < <i,<ji<--<j,<n
Sor which j, — i, > I, we have

VFiy i g () — Fip i W)Fy, () | < o, 3.2.2)

where o, , — 0 as n — oo for some sequence l, = o(n).

The modifications of the condition D(u,), indicated in the following
lemma, are sometimes convenient. In the following [ ] denotes integer part.

Lemma 3.2.1. (i) The o, ; appearing in D(u,) may be taken to be nonincreasing
in [ for each n.

(i) For such a, ; taken nonincreasing in l for each fixed n, the condition o, ; — 0
as n — oo, I, = o(n), may be rewritten as

Oy iy = 0 for each A > 0. (3.2.3)

Proor. For (i), we simply note that «, ; may be replaced by the maximum of
the left-hand side of (3.2.2) over all allowed choices of i’s and j’s to obtain a
possibly smaller «, ; which is nonincreasing in [ for each n and still satisfies
oy, = 0asn— oo,

For (ii), it is trivially seen that if a, ; — 0 for some [, = o(n), then (3.2.3)
holds.
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The converse may be shown by noting that (3.2.3) implies the existence
of an increasing sequence of constants m, such that a, ,,; < k™' for n > m,.
If k, is defined by k, = r for m, <n <m,,,, r > 1, then m; < n so that
Uy (kg < kn ' — 0, and the sequence {,} may be taken to be {[n/k,]}. O

Strong mixing implies D, which in turn implies D(u,) for any sequence
{u,}. Also, D(u,) is satisfied, for appropriately chosen {u,}, by stationary
normal sequences under weak conditions, whereas strong mixing need not
be.

The following lemma demonstrates how the condition D(u,) gives the
“degree of independence” appropriate for the discussion of extremes in the
subsequent sections. If E is any set of integers, M(E) will denote max{¢; ; j € E}
(and, of course, M(E) = M, if E = {1,...,n}). It will be convenient to let
an “interval” mean any finite set E of consecutive integers {j;,...,/,}, say;
its length will be taken to be j, — j, + 1. f F = {k,,..., k,} is another in-
terval with k; > j,, we shall say that E and F are separated by k, — j,.

Throughout, {¢,} will be a stationary sequence.

Lemma 3.2.2. Suppose D(u,) holds for some sequence {u,}. Let n, r, and k be
fixed integers and E, . . ., E, subintervals of {1, ..., n} such that E; and E; are
separated by at least k when i # j. Then

P () ME) < 1) - [1PME) < )| < 0 = 1.

ji=1

Proor. This is easily shown inductively. For brevity, write 4; = {M(E;) < u,}.
Let E; = {k;,...,1;}, where (by renumbering if necessary) k; < I; <
k, < --- < l.Then

|P(A; 0 Ay) — P(A)P(A)| = |Fi, .1y, kyts(Un) — Fkl...ll(un)sz...lz(un)l
< “n,k

since k, — [; = k. Similarly,

|P(A; N Ay 0 A3) — P(A,)P(A4,)P(45)]
< |P(4; 0 A; 0 A3) — P(4; N A)P(43)] + [ P(4; 0 A4y)
— P(4,)P(4,)| P(45)
< 20,

since E; UE, € {ky,...,1,} and k3 — I, > k. Proceeding in this way, we
obtain the result. O

This lemma thus shows a degree of independence for maxima on separated
intervals, which will be basic to the proof of the Extremal Types Theorem
for stationary sequences.
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3.3. Extremal Types Theorem for Stationary
Sequences

Our purpose in this section is to show that the Extremal Types Theorem
applies also to stationary sequences under appropriate conditions. That is,
if M, = max(&,, ..., &,) where {¢;} is stationary, and if

P{a(M, — b,) < x} - G(x) (3.3.1)

for some constants {a, > 0}, {b,} and nondegenerate G, we wish to show
(under conditions to be stated) that G is an extreme value distribution, or
equivalently (by Theorem 1.4.1), that it is max-stable. By Theorem 1.3.1,
this will follow if

P{ay(M, — by) < x} 3 G'(x) (332)

foreach k = 1,2,.... Since the case kK = 1 in (3.3.2) is just (3.3.1), it is suffi-
cient (as noted after Theorem 1.4.2) to show that if (3.3.2) holds for k = 1,
then it also holds for k = 2, 3,.... This will clearly be the case if, for each
k=23,....

P {M,,k <Xy bnk} _ P {M,, <X 4 bnk} -0 (333)
Ak Ak

asn — o0. Hence it is sufficient to show that (3.3.3) holds to obtain the desired

generalization of the Extremal Types Theorem.

The method used is to divide the interval {1,..., n} into k intervals of
length [n/k] and use “approximate independence” of the maxima on each
via Lemma 3.2.2 to give a result which implies (3.3.3). To apply Lemma
3.2.2, we must shorten each of these intervals to separate them. This leads to
the following construction—used, for example, in Loynes (1965) and given
here in a slightly more general form for later use also.

Let k be a fixed integer, and for any positive integer n, write n’ = [n/k]
(the integer part of n/k). Thus we have 'k < n < (0’ + 1)k. Divide the first
n’'k integers into 2k consecutive intervals, as follows. For large n, let m be an
integer, k < m < n’, and write

IL={1L2,....,.0 —m}, If={n —m+1,...,n},

I, I%,..., I, I¥ being defined similarly, alternatively having length ' — m
and m. Finally, write

Liyio={(k—-Dn"+m+1,...,kn'}, I ={kn' + 1,..., kn' + m}.

(Note that I, 1, I}, | are defined differently from I}, I'¥ for j < k.)

The main steps of the approximation are contained in the following
lemma. These are, broadly, to show first that the “small” intervals I* can
be essentially disregarded and then to apply Lemma 3.2.2 to the (now separ-
ate) intervals I;,..., I,. In the following, {u,} is any given sequence (not
necessarily of the form x/a, + b,).
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Lemma 3.3.1. With the above notation, and assuming D(u,) holds,
k

0 o<pP < () {MUI)) < u,,}) - PM, <u,}

J=1

< (k + HP{M{U,) < u, < M(I%)},

(ii) IP<‘(’£\ M) < un}) — PX{M(I}) < u,}
(i) |P{M(I,) < u,} — PX{M,, <u,}| < kP{M(I,) < u, < MUI})}.

< (k - l)an,ma

Hence, by combining (i), (ii), and (iii),

|P{Mn S un} - Pk{Mn’ S un}[ S (2k + I)P{M(Il) S un < M(IT)}
+ (k — Doy . (3.34)

ProoF. The result (i) follows at once since ()%= {M(I};) <u,} > {M,<u,},
and their difference implies M(I;) < u, < M(I¥)for somej < k, or otherwise
¢ <u,forl <j<kn'butl; > u,forsomej = kn' + 1,..., k(n" + 1), which
in turn implies M(I,,,) < u, < M(I¥,,) (since m > k and hence k(n' + 1)
< kn" + m). Since the probabilities of the events M(I;) < u, < M(I}) are
independent of j by stationarity, (i) follows.

The inequality (ii) follows from Lemma 3.2.2 with I; for E;, noting that
P{M(I;) < u,} is independent of j.

To obtain (iii), we note that

0 < P{M(I,) < u,} — P{M,, <u,} = P{IM(I,) < u, < M(I})}.

The result then follows, writing y = P{M(l,) < u,} and x = P{M, <u,)},
from the obvious inequalities
0<y*—x*<k(y—x) when0<x<y<l O

We now dominate the right-hand side of (3.3.4) to obtain the desired
approximation.

Lemma 3.3.2. If D(u,) holds, r > 1 is any fixed integer, and if n > (2r + 1)mk,
then with the same notation as in Lemma 3.3.1,

1
PML,) < ty < MU} <~ + 2. (3.3.5)

It then follows from Lemma 3.3.1 that
P{M, <u} — P*{My <u,}—>0 asn— . (3.3.6)

PRrOOF. Since n’ > (2r + 1)m, we may choose intervals E,, ..., E,, each of
lengthm, from I, = {1,2,...,n" — m} (' = [n/k]), so that they are separated
from each other and from I} by at least m (k < m < n’ again). Then

P{M(I,) < u, < M(IT)} < P(h {M(E) < u,}, (M) > un})

s=1

=1 =1
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By stationarity, P{M(E,) < u,} = P{M(I¥) < u,} = p, say, and by Lemma
3.2.2, the two terms on the right differ from p” and p"*! (in absolute magni-
tude) by no more than (r — 1)«, ,, and ra,_,,, respectively. Hence

P{M(Iy) <u, <MUIP} < p" = p™ ! + 2ra,

from which (3.3.5) follows since p" — p"*! < 1/(r + 1),for0 < p < 1.
Finally by (3.3.4) and (3.3.5), taking m = [, according to (3.2.2) (I, = o(n)),

lim sup|P{M,, < u,} — P*{M,, < u,}|

n— o

2k + 1
< h +(k—1+2r(2k+1))1imsupoc,,,,n=2k:—1,
from which it follows (by letting » — oo on the right) that the left-hand side
is zero. Thus (3.3.6) is proved. O

It may be noted that if
lim sup n(1 — F(u,)) < oo
(which, e.g. is the case if (1.5.1) holds with t < o), then (3.3.6) is an even
more direct consequence of Lemma 3.3.1. In fact, taking m = I, = o(n), we
then have

PMU) < u, < MUD) < LPLE > )
=1 — P

-0 asn— o0.

Thus (3.3.6) follows at once from D(u,) and (3.3.4).
The Extremal Types Theorem now follows easily under general conditions.

Theorem 3.3.3. Let {&,} be a stationary sequence and a, > 0 and b, given
constants such that P{a (M, — b,) < x} converges to a nondegenerate df.
G(x). Suppose that D(u,) is satisfied for u, = x/a, + b, for each real x. Then
G(x) has one of the three extreme value forms listed in Theorem 1.4.1.

Proor. Writing u, = x/a, + b, and using (3.3.6) (with nk in place of n), we
obtain (3.3.3). As remarked in connection with (3.3.3), (3.3.2) holds for all
k since it holds by assumption for k = 1. Hence if F,, is the d.f. of M,, by
Theorem 1.3.1 G is max-stable and thus an extreme value type by Theorem
1.4.1. O

Corollary 3.3.4. The result remains true if the condition that D(u,) be satisfied
for each u, = x/a, + b, is replaced by the requirement that Condition D holds.
(For then D(u,) is satisfied by any sequence, in particular by u, = x/a, + b,
Jor each x.)

It is intuitively plausible that the same criteria for domains of attraction
should apply to the marginal d.f. F, as in the classical i.i.d. case. We shall
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show that this is, in fact, true (under a further assumption at least) as a simple
consequence of the results of the next section. It may be noted that for ex-
tremes of continuous parameter processes (dealt with in Chapter 13), such
an assertion does not hold exactly as for sequences, but that the application
of the criteria must be modified in a simple (and rather interesting) way.

3.4. Convergence of P{M, < u,} Under Dependence

The results so far have been concerned with the possible forms of limiting
extreme value distributions. We now turn to the existence of such a limit, in
that we formulate conditions under which (1.5.1) and (1.5.2) are equivalent
for stationary sequences, i.e. conditions under which

P{M, <u,} »e" 34.1)
is equivalent to
n(l — F(u,)) = nP{¢; > u,} >t asn— oo. (34.2)

As noted above, it will follow directly from these results (as shown expli-
citly in the next section) that the classical (i.i.d.) criteria for domains of attrac-
tion may be applied for such appropriate dependent sequences.

It may be seen from the derivation below that if (3.4.2) holds, then Condi-
tion D(u,) is sufficient to guarantee that lim inf P{M, < u,} > e *. However,
we need a further assumption to obtain the opposite inequality for the upper
limit. Various forms of such an assumption may be used. Here we content
ourselves with the following simple variant of conditions used in Watson
(1954) and Loynes (1965); we refer to this as D'(u,).

The condition D’(u,) will be said to hold for the stationary sequence {&;} and
sequence {u,} of constants if
[n/k]
limsupn ) P{& >u,, & >u,} >0 ask— oo (3.4.3)

n—w j=2

(where [ ] denotes the integer part).

Note that under (3.4.2), the level u, in (3.4.3) is such that there are on the
average approximately t exceedances of u, among &,,...,¢&,, and thus
t/kamong &, ..., &yy- The condition D'(u,) bounds the probability of more
than one exceedance among ¢,,. .., &, This will eventually ensure that
there are no multiple points in the point process of exceedances which, of
course, is necessary in obtaining (as we shall later) a simple Poisson limit
for this point process.

Our main result generalizes Theorem 1.5.1 to apply to stationary sequen-
ces under D(u,), D'(u,). A form of the “only if” part of this theorem was first
proved by R. Davis (1979).
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Theorem 3.4.1. Let {u,} be constants such that D(u,), D'(u,) hold for the station-
ary sequence {£,}. Let 0 < 1 < 0. Then (3.4.1) and (3.4.2) are equivalent, i.e.
P{M, < u,} - e “ifand only if n(1 — F(u,)) — 7.

PROOF. Fix k, and for each n, write n’ (=n,, ;) = [n/k]. Since
{Mn’ > un} = U {61 > un}a
j=1
we have

i P{Ei>uy — ) P{&>u, & >u) < P{M, > u,}
i=1

1<i<j<n

3

< P{¢; > u,).
=1

J

Using stationarity, it follows simply that
1-n(l-Fu) <PM, <u}<1-n(-Fu))+S, 344

where S, = S, = n' Y1_, P{&; > u,, &; > u,}. Since n’ = [n/k], condition
D'(u,) gives lim sup,_, , S, = k~'o(1) = ok~ 1) as k - co.

Suppose now that (3.4.2) holds. Then n'(1 — F(u,)) — 7/k so that n —» o
in (3.4.4) gives

1
1 - % < lim inf P{M,, < u,} <limsup P{M,, <u,} <1 — % + o(;).

By taking the kth power of each term and using (3.3.6), we have

k K
(1 - %) < lim inf P{M, < u,} <lim sup P{M, <u,} < <1 - % + o<%)) .

n— oo n— oo

Letting k —» oo, we see that lim,_  P{M, < u,} exists and equals ™%, as
required to show (3.4.1).

Conversely, if (3.4.1) holds, ie. P{M, < u,} > e * as n - oo, we have
from (3.4.4) (again with n' = [n/k]),

1-PM, <u}<n(l-Fu)<1-PM, <u}+S, (345)
But since P{M, < u,} — e~ %, (3.3.6) shows that P{M,. <u,} - e ", so

that letting n —» oo in (3.4.5), we obtain, since n’ ~ n/k,

o 1
lim inf n(1 — F(u,)) < —lim sup n(1 — F(u,))

n—aw n— o

1
<1~ —/k —
< e + O(k),

from which (multiplying by k and letting k — oo) we see that n(1 — F(u,)) = ©
so that (3.4.2) holds. U

1 _ e—t/k <

| =
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If n(1 — F(u,)) > oo, the condition D'(u,) is not satisfied even for i.i.d.
sequences, as is easily seen. However, the result also applies when 1 = oo if
we modify the D(u,), D'(u,) conditions in a natural manner for such sequences.
We show this in the following corollary.

Corollary 3.4.2. The same conclusions hold with t = oo (i.e. P{M, < u,} - 0
if and only if n(1 — F(u,)) — o) if the requirements that D(u,), D'(u,) hold
are replaced by the condition that, for arbitrarily large © (< 0), there exists a
sequence {v,} such that n(1 — F(v,)) — t and such that D(v,), D'(v,) hold.

ProoF. Fix © < co. If n(1 — F(u,)) — oo, then clearly u, < v, for sufficiently
large n so that

lim sup P{M, < u,} < limP{M,<v,}=¢e"
by the theorem. Since this holds for arbitrarily large 7, by letting 1 - co we
see that P{M, < u,} — 0.

Conversely, if P{M, < u,} = 0, fix t > 0 and let v, be chosen (satisfying
D(v,), D'(v,)) such that n(1 — F(v,)) » 7. Then P{M, <v,} > e 7> 0 so
that clearly v, > u, for sufficiently large n, giving n(1 — F(u,)) > n(l — F(v,))
— 1. Since this holds for arbitrarily large 7 > 0, we must have n(1 — F(u,))
— o0, as desired. O

Note that if D(u,), D'(u,) hold and it is assumed that (3.4.2) holds just for
some subsequence {n;} of integers, i.e. n(l — F(u,)) — t asj — oo, then the
same proof shows that (3.4.1) holds for that subsequence, i.e. P{M, < u,}
— ¢~ % This observation may be used to give an alternative proof of the
statement that (3.4.1) implies (3.4.2) in this theorem by assuming the existence
of some subsequence n; for which n{1 — F(u,)) = ' # 1,0 < 7 < 0.

3.5. Associated Independent Sequences and
Domains of Attraction

In order to discuss the domains of attraction for dependent sequences in the
Extremal Types Theorem, itisuseful to introduce an i.i.d. sequence {€,} having
the same common d.f. F as each member of the stationary sequence {£,}. The
sequence {&,} will be termed (following Loynes (1965)) the “indep;ndent

sequence associated with {£,}”, and we write M, = max(é,,&,,..., ). The
following result is then a direct corollary of Theorem 3.4.1.

Theorem 3.5.1. Let D(u,), D'(u,) be satisfied for the stationary sequence {£,}.
Then P{M, < u,} — 6 > 0 if and only if P{M, < u,} - 0. The same holds
with 0 = 0 if the conditions D(u,), D'(u,) are replaced by the requirement that
for arbitrarily large T < oo there exists {v,} satisfying n(1 — F(v,)) - © and
such that D(v,), D'(v,) hold.
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PRrOOF. The condition P{M, < u,} — 0 may be rewritten as P{M, < u,} - e "
with 7 = — log 6, and by Theorem 1.5.1, holds ifand only if 1 — F(u,) ~ t/n.
By Theorem 3.4.1, the same is true for P{M, < u,}, so that the result follows
when 6 > 0. When 8 = 0 the result follows similarly using Corollary 3.4.2.

O

We may also deduce at once that the limiting distribution of a,(M, — b,)
is the same as that which would apply if the &, were i.i.d., i.e. it is the same as
that of a,(M, — b,) under conditions D(u,) and D’'(u,). Part of this result was
proved in Loynes (1965) under conditions which include strong mixing.

Theorem 3.5.2. Suppose that D(u,), D'(u,) are satisfied for the stationary se-
quence {&,}, when u, = x/a, + b, for each x ({a, > 0}, {b,} being given
sequences of constants). Then P{a, (M, — b,) < x} > G(x) for some non-
degenerate G if and only if P{a, (M, — b,) < x} - G(x).

Proor. If G(x) > 0, the equivalence follows from Theorem 3.5.1, with
0 = G(x).

In the case where 6 = 0, the continuity of G (necessarily an extreme value
distribution) shows that, if 0 < 7 < oo, there exists x, such that G(x,) = e~
D(v,), D'(v,) hold for v, = xo/a, + b, and P{M, < v,} - e *or P{M, < v,}
— ¢~ *depending on the assumption made, so that Theorem 3.4.1 or Theorem
1.5.1 shows that n(1 — F(v,)) — t. Thus the case 8 = 0 follows from the
second statement of Theorem 3.5.1, on writing u, = x/a, + b,. (|

Note that the case § = 0 may alternatively be obtained from that for 6 > 0
by using the continuity of G at its left-hand endpoint, where this is finite, in
an obvious way. However, the above proof using the previous results for
T = o0, seems natural and instructive.

In view of this result, the same criteria may be used to determine the
domains of attraction (under D and D’ conditions), as in the classical i.i.d.
case. Further, the same constants may be used in the normalization, as if
the sequence were i.i.d. This will be illustrated for normal sequences in the
next chapter, where we verify the D and D’ conditions.

3.6. Maxima Over Arbitrary Intervals

It will be necessary in the development of the Poisson theory of exceedances
(in Chapter 5) to use asymptotic results for the maximum of &, for i belonging
to “intervals” (i.e. sets of consecutive integers) whose lengths are asymptoti-
cally proportional to n. First we give two lemmas which are useful here and
elsewhere, showing how a sequence {u,} may be replaced byan “appropriately
close” sequence {v,} in considering P{M, < u,}, and D(u,). The first of these
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results gives the replacement results, and the second provides a specific
useful case of such replacement.

Lemma 3.6.1. Let {&,} be a stationary sequence and {u,}, {v,} real sequences
such that n(F(u,) — F(v,)) >0 as n— oo (which holds, in particular, if
n(1 — F(u,)) — 1, n(1 — F(v,)) — t for some 1,0 < 1 < o0). Then

() if I, is an interval containing v, integers, where v, = 0(n), then
P{M(,) < u,} — P{M(,) <v,} -0 so that for 0 < p <1, P{M(1,)
< u,} = pifand only if P{M(I,) < v,} — p,

(ii) D(u,) holds if and only if D(v,) holds.

Proor. Let K be a constant, m < Kn, k,, ..., k, distinct integers in
(1, 2,..., Kn). Then with the standard notation,

Pt <) - P(Ate =)

IFkl...km(un) - Fk,...km(vn)l =

If u, > v, the right-hand side is

P(ﬂ{éki sw}) —P(ﬂ{fk,. svn}) SP(U{vn<§k.. Sun})
i=1 i=1 i=1
< Kn(F(u,) — F(v,))-
This and the corresponding obvious modification when u, < v, yield
I Fiy . tnn) — Fiy ok, ()| < Kn|F(u,) — F(v,)| >0 asn— 0. (3.6.1)

In the above calculations, m and the k; may depend on n. In particular by
taking m = v,(<Kn) and k; = i, 1 <i <v,, it follows that P{M, < u,} —
P{M, < v,} - 0, from which (i) also follows by stationarity.

To prove (ii) suppose that D(u,) holds and let 1 <i; < ---<i, <
J1 £ -+ <j,y <n,with j; — i, > L Then, with an obvious compression of
notation (writing i = (iy,..., i,), j = (iy,---,Jp))

lFij(un) - Fi(un)Fj(un)l < X, 15
where «, ;, — 0 for some I, = o(n). Now
|F ij(Un) — Fy(v,)F j(Un)| <|F ij(Un) —-F ij(”n)| + |F ij(un) — Fi(u,)F j(“n)|
+ Fi(u) | Fy(u,) — Fy(vi)l
+ Fi(v,)|Fi(un) — Fi(v,)l-

By taking K = 1, and applying (3.6.1) three times, successively identifying
(kyyooos k) With (g, evvs 80y Gaseoos dpdsand (iyy ey ipsfys o5 fp)s

|Fij(vn) - Fi(vn)Fj(vn)I < a;k,lb

where of; = o, + 4,, and 4, - 0 as n > oo Hence «f; — 0 as n — o0, so
that D(v,) follows. O
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The next result shows that if u, is defined to satisfy (3.4.2) for some 7, then
v, may be naturally defined so that n(1 — F(v,)) — ©’ for another given 7/,
and moreover if D(u,) (or D’(u,)) holds, then so does D(v,) (or D'(v,)) when
T <1

Lemma 3.6.2. Suppose that {u,} satisfies (3.4.2) for a fixed © > 0, ie.
n(1 — F(u,)) — t, and for a fixed 6 > 0 define

Up = Upjy- (3.6.2)
Then
(i) {v,} satisfies
n(l — F(v,)) — 01, (3.6.3)

(ii) if 6 < 1 and D(u,) holds, so does D(v,),

(iii) if 6 < 1 and D'(u,) holds, so does D'(v,),

(iv) if {w,} is a sequence satisfying n(1 — F(w,)) > v < 1 and D(u,) holds,
so does D(w,).

ProoOF. (i) By (3.4.2) n(l — F(v,)) = n(1 — F(uyq)) ~ nt/[n/0] - 0t as
required.
(i) f Du,) holdsand 1 <i; <--- <i, <j; <+ <j,<nj —i, =1,

|Fiy(v,) — F W) (o) = |F ij(u[n/O]) — Fy(ume)F (Ui |

which does not exceed of; = %p4y,, since j, < n < [n/0]. If ,;, — O then
o s = 0 with I¥ = I, = o(n), so that (ii) follows.
Part (iii) also follows simply, since for § < 1,

[n/k} [n/k]
n.z P{, > v,,¢> 0,0 = n-z P{E1 > upmeys &; > tpner}

j=2 j=2
{[n/61/k]
< [n/6] 'Zz P{&y > upne), &5 > Upne)-
i=

By D'(u,) the upper limit of this expression over n, or [n/6], tends to zero
as k — o0, so that (iii) follows.

(iv) Write 7" = frsothat 6 < 1, and by (ii) D(v,) holds. Then n(1 — F(v,))
— 0t and n(1 — F(w,)) — 67 so that D(w,) holds by Lemma 3.6.1(ii). ]

Our first main result is an easy corollary of Theorem 3.4.1

Theorem 3.6.3. Let {&,} be a stationary sequence and {u,}, {v,} real sequences
such that n(1 — F(u,)) = 1, n(1 — F(v,)) = 6t as n —» o0, where t > 0,0 > 0
are fixed constants. Suppose that D(v,), D'(v,) hold. Then if {1,} is a sequence
of intervals with v, members, and v, ~ On, we have

P{M(,) <u,}—>e " asn— . (3.6.4)
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PROOE. By stationarity it is sufficient to show that P{M, < u,} - e~ % Now
it follows from Theorem 3.4.1 that P{M, < v,} = e~ °® and hence it is only
necessary to show that

P{M, <u,} — P{M, <v,}—0. (3.6.5)

This follows simply by the same argument as in Lemma 3.6.1(i), or altern-
atively from that result by writing w, = u,4;, and noting that n(1 — F(w,)) -
07 so that Lemma 3.6.1(i) gives

PM, <w,}—PM,<0y}—-0 asn- c0.

Replacing n by v, and using the fact that w, = u, 4 and Lemma 3.6.1(i)
again gives (3.6.5) and hence the desired result. O

Of course, if {u,} is given, and n(1 — F(u,)) - 1, {v,} may be chosen as
v, = Uye and will satisfy n(1 — F(v,)) - 0t by Lemma 3.6.2(i). This leads
to the following simpler sufficient conditions for (3.6.4) when 6 < 1.

Corollary 3.6.4. Let {{,} be a stationary sequence and {u,} a real sequence
such that n(1 — F(u,)) — 1, a fixed constant, and such that D(u,), D'(u,) hold.
Then if 0 < 0 < 1, (3.6.4) holds for a sequence {1,} of intervals with v, ~ n
members.

PROOF. As noted above, define v, = uy, . By Lemma 3.6.2, v, satisfies the
conditions required in Theorem 3.6.3 so that the result follows. U

The case T = oo which was not included in the above theorem, is also
simply dealt with as follows.

Theorem 3.6.5. Suppose that n(l — F(u,)) —» oo, and for arbitrarily large =,
0 < 1 < 0, there exists a sequence {v,} such that n(1 — F(v,)) = t and such
that D(v,), D'(v,) hold. Then for 8 > 0, v, ~ 6n and I, as above, having v,
members,

P{M(,) <u,} -0 asn—- .

ProoF. Again by stationarity, it is sufficient to show that P{M, < u,} — 0.
But for arbitrarily large t > 0, there is a sequence {v,} such that n(1 — F(v,))
— 1,and hence since v, ~ 0n,n(1 — F(v, )) — t/6, which implies thatu, < v,
for sufficiently large n. Hence

P{M,, <u} < P{M, <v,}—>e"

by Theorem 3.4.1, and letting t — co shows that P{M, < u,} — 0,asdesired.
O]

The conditions of Theorem 3.6.5 are in fact more natural than might
appear at first sight. If 1 = o0, i.e. if n(1 — F(u,)) - oo, then D’(u,) may not
hold even for ii.d. random variables. Hence some modification of at least
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the D'(u,) condition is desirable in that case. But for finite 7, Lemma 3.6.2
shows that if n(1 — F(u,)) —» 7 and D(u,), D'(u,) hold, then for any 7' < t
there is a sequence {v,} such that n(1 — F(v,)) —» t" and D(v,), D'(v,) hold. It
is the translation of this property into the case where T = o, that constitutes
the conditions of Theorem 3.6.5.

From these results, we may see simply that, under D and D’ conditions,
the asymptotic distribution of M(1,) is of the same type as that of M,, when
I, has v, ~ 6n members.

Theorem 3.6.6. Let {&,} be a stationary sequence, let a, > 0 and b, be constants,
and suppose that

P{a, M, —b,) < x} 5 G(x) asn—> o

for a nondegenerate d.f. G. Suppose D(u,), D'(u,) hold for all u, of the form
x/a, + b,, and let I, be an interval containing v, ~ On integers for some § > 0.
Then

P{a(M(,) — b,) < x} - G%x) asn-— .

Proor. Consider a point x with G(x) > 0 and write 1 = —log G(x), u, =
x/a, + b,. Then n(1 — F(u,)) - 1, by Theorem 3.4.1. Now since G is con-
tinuous (being an extreme value d.f.), there exists y such that G(y) = e ™%
Write v, = y/a, + b,. By assumption D(v,), D'(v,) hold, and since
P{M, < v,} - G(y) = e~ %, Theorem 3.4.1 shows that n(1 — F(v,)) - 0.
Thus the conditions of Theorem 3.6.3 are satisfied, so that P{M(I,) < u,} —
e % = G%x), which at once yields the desired conclusion, when G(x) > 0.
The case G(x) = 0 follows from the continuity of G and the fact that

P{a(M(,) - b,) < x} < P{a,(M(1,) — b,) < y}for any y > x with G(y) > 0.
O

Finally, note that since G is an extreme value d.f., it is max-stable, and
Corollary 1.3.2 shows that G’ is of the same type as G, i.e. G%(x) = G(ax + b)
for some a > 0, b. This of course gives the not unexpected result that the limit
for M(1,) is of the same type as that for M,,.

3.7. On the Roles of the Conditions D(u,), D’'(u,)

It will be evident from the preceding sections that the conditions D(u,),
D’(u,) together imply the central distributional results of extreme value
theory, for stationary sequences. As mentioned already it will be shown in
Chapter 5 that these conditions ensure that the exceedances of the
“level” u, by &,,..., &, take on the character of a Poisson process when n
is large—leading to even further asymptotic distributional results, for kth
largest values as well as for the maximum. In this, the condition D(u,) provides
the independence associated with the occurrence of events in a Poisson
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process and, as already noted, D'(u,) limits the possibility of clustering of
exceedances so that multiple events are excluded in the limit.

Apart from these intuitive comments, it is, of course, of interest to see
specifically what kinds of behaviour can occur when the conditions are re-
laxed in some way. Trivial examples (e.g. taking all £, to be the same) show
that the total omission of dependence restriction leads to quite arbitrary
asymptotic distributions for the maximum. More interesting examples
(cf. Chapter 6) exhibit nontrivial cases in which an asymptotic distribution
for the maximum exists but is not of extreme value type, when the
“dependence decay” is so slow that D(u,) does not hold.

Of course, if D(u,) holds for the appropriate sequences {u,}, the Extremal
Types Theorem shows that any nondegenerate limiting distribution for the
maximum of the stationary sequence {£,}, must be one of the extreme value
types. Still more interesting questions concern the role of D'(u,), and the
extent to which the previous results can be modified to apply when only
D(u,) is assumed. We shall in fact find the intriguing result that in many
(perhaps most) cases of interest, the existence of a limiting distribution for
the maximum M, in the associated independent sequence, implies a limiting
distribution of the same type for M, itself—indeed with the same norming
constants {a,}, {b,}. (Or the limits may be taken to be identical by an obvious,
simple change of one set of the norming constants.)

Examples will be quoted from the literature (and an interesting class of
such examples discussed in more detail in the next section) to illustrate the
possible range of behaviour when D'(y,) is not assumed. However, we first
give some general results, modifying those of the previous sections.

It has been noted already in Section 3.4 that (3.4.2) and D(u,) alone are
sufficient to guarantee that lim inf P{M, < u,} > e even though the full
limit (3.4.1) will not hold in general without D'(u,). This fact will be useful
to us in proving a modified form of Theorem 3.4.1. In this result it will be
shown that if, for each T > 0, {u,(t)} is a sequence satisfying (3.4.2), and such
that D(u,) holds when u, = u,(z) and if P{M, < u,(1)} converges for at least
one t > 0, then P{M, < u, (1)} — e~ % for all 7 > 0, for some fixed 6 with
0 < 0 < 1. This result was proved under the further assumption that
lim P{M, < u,(z)} exists for all T > 0, by Loynes (1965) for strongly mixing
sequences, and by Chernick (1981a) under D(u,). The proof here is along
similar lines to those of Loynes, and of Chernick.

Theorem 3.7.1. Suppose u,(t) is defined for © >0 and is such that
n(1 — F(u,(z))) — 1, and that D(u,(7)) holds for each such 1. Then there exist
constants 0, 8,0 < 0 < & < 1 such that lim sup,_, , P{M, < u, (1)} = e” %,
lim inf, , P{M, < u,(t)} = e %" Hence if P{M,<u,t)} converges
for some © > 0, then 0 = 0’ and P{M,, < u,(v)} = e~ % for all = > 0.

PROOF. It follows from Lemma 3.3.2 that for a fixed integer k,

P{M, < uv)} — P{M,, <u, (1)} >0 asn— oo,
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where n’ = [n/k]. Hence if lim sup, ., , P{M,, < u,(1)} = (1), it follows that
lim sup P{M,, < u,(v)} = ¢y *(x). 3.7.1)

n— o

Now it may be simply seen by considering cases where u,(t) > u,(t/k),
u,(1t) < u,(t/k) (cf. proof of Lemma 3.6.1(i)) that

I P{M, <uft)} — P{M", < u,,(%)} F(u, (7)) — F<un,(£)) |
(1 - F(u(%))) - (- F(un(r»)‘

T o) - 201+ o)

<n

7

=n

=n,’

= o(1),

since n’ ~ n/k. Since clearly limsup,_, , P{M, < u,(t/k)} = Y(t/k) it follows
that lim sup,. , P{M, < u,(1)} = ¥(z/k) which with (3.7.1) shows that
Y(t/k) = Yl¥(x) for all t > 0, k = 1,2.... Now, if 7 < t it is clear that
u,(t') > u,(r) when n is sufficiently large, so that y(t) is nonincreasing,
and is strictly positive since as observed before the theorem,
lim inf, ., P{M, < u,(t)} = ¢~ ". But it is well known that the only such
solution to the functional equation is ¥(t) = ¢~ % where 8 > 0. Since as
above (1) > e it follows that 0 < 0 < 1.

It follows similarly that lim inf,_, , P{M, <u,(t)} > e **where0 < ¢ < 1,
and clearly 8’ > 6, completing the proof of the theorem, since the final state-
ment is obvious. O]

Later we shall cite examples which show that every value of 6,0 < 6 < 1,
may occur in this theorem. The case 8 = 0 is “degenerate” in that it leads to
P{M, < u,(t)} = 1 for each 7, but its existence does have some, at least
marginal, bearing on the range of limiting types, as will be seen.

In order to simplify statements, it will be convenient to have a name for
the property shown in the above theorem. Specifically we shall say that the
process {£,} has extremal index 0 (0 < 6 < 1) if (with the usual notation) for
eacht >0

(i) there exists u,(t) such that n(1 — F(u,(1))) - 1,
(i) P{M, < u, (1)} - e %

By Lemma 3.6.2 if (i) holds for one fixed 7 > 0 it holds for all 7 > 0, and by
Theorem 1.7.13 this is equivalent to (1.7.3). By Theorem 3.7.1, if (i) holds
and D(u,(7)) is satisfied for each 7, and if P{M, < u,(1)} converges for some
7 > 0, then (ii) holds with some 6, 0 < 0 < 1 for all T > 0 and thus {{,} has
an extremal index.

The next result modifies Theorem 3.5.1 when D'(u,) does not hold and
generalizes a theorem of O’Brien (1974c) proved there under strong mixing
assumptions. Here and subsequently in the section we continue to use the
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previous notation—for example, with M, denoting the maximum of the first
n terms of the independent sequence {¢,} associated with {&,}.

Theorem 3.7.2. Let the stationary sequence {£,} have extremal index 6. Let
{v,} be a sequence of numbers, and 0 < p < 1. Then

@) forf >0,
if P{M, <v,} = p then P{M, < v,} — p° and conversely;
(i) for 6 =0,
() if lim inf,_, , P{M, < v,} > O then P{M, < v,} — 1,
(b) if lim sup,_,, P{M, < v,} < 1 then P{M, < v,} = 0.

PRrOOF. (i) Suppose 8 > 0 and P{M, < v,} » p where 0 < p < 1. Choose
7 > O such that e * < p. Then

P{M, <u()} »>e™,, P{M,<p}-p>e,
so that we must have v, > u,(t) for all sufficiently large n, and hence

lim inf P{M,, < v,} > lim P{M,, < u,(1)} = e~ .
Since this is true for any 7 such that e™* < p it follows that

lim inf P{M, < v,} > p°.

(In particular, it follows that if p = 1, then P{M,, < v,} — 1 = p® as desired.)

Similarly by taking e * > p it is readily shown that lim sup P{M, < v,} <
p® when 0 < p < 1. Hence P{M,, < v,} — 0 when p = 0, as desired and for
0<p<l1, P{M, < v,} - p° by combining the inequalities for the upper
and lower limits.

The proof that P{M, < v,} — p° implies P{M, <v,} - p is entirely
similar, so that (i) follows.

For (ii) we assume that 6 = 0 so that P{M, < u,(7)} - 1 as n — o, for
each 7 > 0. If lim inf P{M, < v,} = p > 0, and t is chosen with e™* < p,
then since P{M, < u,(t)} — e~ * it follows that v, > u,(t) for all sufficiently
large n, and hence

lim inf P{M, < v,} > lim P{M, < u,(1)} = 1,
from which (a) follows.

On the other hand, if lim sup P{M,, < v,} < 1, it is readily seen from the
fact that P{M, < u,(t)} — 1 that, for any t > 0, v, < u,(r) when 7 is suffi-
ciently large, so that

lim sup P{M, < v,} < lim P{M, < u,(t)} = e~

Since this holds for all z, (b) follows by letting 7 — 0. O

As a corollary we may give general conditions under which the existence
of an asymptotic distribution for M, implies that M, has an asymptotic dis-
tribution and conversely.
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Corollary 3.7.3. Let the stationary sequence {{,} have extremal index 6 > 0.
Then M, has a nondegenerate limiting distribution if and only if M, does and
these are then of the same type. Further the same normalization may be used,
or one set of norming constants may be altered to give precisely the same limiting

df.

ProoF. If P{a,(M, — b,) < x} = G(x), nondegenerate, then part (i) of the
theorem shows (with v, = x/a, + b,) that P{a,(M, — b,) < x} - G%(x).
Since G is max-stable, G® is of the same type as G (cf. Corollary 1.3.2). The
converse follows similarly, noting that if P{a,(M, — b,) < x} - H(x) non-
degenerate, then P{a (M, — b,) < x} - HY®(x), and H'® must, as a limit
for the maxima of an i.i.d. sequence, be max-stable.

Finally if P{a,(M, — b,) < x} — G(x) then, by the above,

P{a,M, — b,) < x} > G(ax + b)
where G%x) = G(ax + b) for some a > 0, b. Hence also
P{a,(M, — ) < x} > G(x),
where «, = aa,, B, = b, — b/(aa,). O

It follows, in particular, from this corollary (and Theorem 1.2.3) that when
6 > 0, if M, and M, both have nondegenerate limiting distributions, then
these must be of the same type. If 6 = 0, however, it may be shown by an
argument of Davis (1981) as in the following corollary, that M, and M,
cannot both have nondegenerate limiting distributions based on the same
norming constants. Of course if D(u,()) does not hold, the trivial examples
already referred to, provide cases where M, can have a rather arbitrary
distribution while M, has a limiting distribution of extreme value type. We
cite an example below where D(u,(t)) does hold, but 6 = 0. Further, a
recent example by de Haan (cf. Leadbetter (1982)) shows that when 6 = 0
it is possible for M, and M, to have limiting distributions (of different type)
based on different norming constants.

Corollary 3.7.4. Let the stationary sequence {&,} satisfy D(u,(t)) when u,(t)
satisfies n(1 — F(u,(1)) > 1, 0 < 7 < o0, and let {&,} have extremal index
0 = 0. Then M, and M, cannot both have nondegenerate limiting distributions
based on the same norming constants, i.e. it is not possible to have both

P{an(Mn - bn) < X} - G(X), P{an(Mn - bn) < X} = H(X)
for nondegenerate G, H.

PRrOOF. Suppose that the above convergence for both M, and M, does in
fact occur. Then writing v, = x/a, + b,, it follows from Theorem 3.7.2(ii)
that H(x) =1 whenever G(x) > 0. Hence it is readily seen that
xo = inf{x; G(x) > 0} is finite and H(x) = 1 for x = x,.
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Since G is of extreme value type with finite left endpoint it must be of
Type II, ie. G(x) = Y{a(x — x;)} where Y(x) = 0 for x < 0 and Y(x) =
exp(—x"% for x > 0, some o > 0. Further by Corollary 1.6.3, if y, = u,(1),

P{M, < y,x} = Y(x).
But also P{M, < x/a, + b,} = ¥{a(x — x,)} so that Theorem 1.2.3 gives
Yalast=a, 9, by — 0) = — axg.

Since P{M, < x/a, + b,} ® H(x), a further application of Theorem 1.2.3
yields

P{M, < y,x} % H (2 + xo).

Now since D(u,) must hold when u, = x/a, + b,, H is of extreme value
type and hence continuous so that P{M, < 0} — H(x,) = 1. But

P{M, < 0} < P{¢, < 0} = F(0)

and F(0) < 1 since F"(0) = P{M, < 0} - ¥(0) = 0. This contradicts the
limit P{M, < 0} — 1 and completes the proof of the corollary. O

We conclude this section with some examples from the literature showing
something of the range of possible asymptotic behaviour for M,. These
examples are substantially concerned with cases where the index 6 is less
than 1. The more usual case in practice (where D'(u,) holds and § = 1) is
illustrated in much more detail in Chapter 4 where normal sequences are
considered.

Example 3.7.5. This example due to Chernick (1981a) concerns a strictly
stationary first-order autoregressive sequence

1
én = ;én—-l + &n>s

where r > 2 is an integer, {¢,} are iid. and uniformly distributed on
{0, 1/r, ..., (r — 1)/r}, &, being independent of £, _ ;, and £, having a uniform
distribution on the interval [0, 1].

By the uniformity of &,, u,(t) may be defined as 1 — t/n. Chernick shows
that with u, = u,(z), T > 0, D(u,) holds, but D'(u,) fails. He then shows by
direct argument that, for x > 0,

-1
P{M,, <1l- S} — exp (— r " x). (3.7.2)

Replacement of x by —x shows the Type III limit for M, with the same
norming constants as in the iid. case (Example 1.7.9). This, of course,
illustrates Corollary 3.7.3. Further, setting u,(t) = 1 — t/n, (3.7.2) may be
written as

P{M, < u(1)} > &7,
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showing that the extremal index § = (r — 1)/r. Since r > 2,0 < 0 < 1, and
as r takes on the values 2, 3,..., the index 6 takes a sequence of values in
the range (0, 1). (However it seems that this example cannot be easily ex-
tended to other values of 8.) It is interesting to note that if ¢, , = (r — 1)/r
(which happens with probability 1/r) then &,,; > &, and hence however
large (i.e. close to 1) &, is, there is a fixed probability 1/r that £, , is larger and
then a probability 1/r? that ,,, is even larger and so on. Thus large
values tend to occur in clusters, causing successive exceedances of u, to be
“too related” to allow D'(u,), 8 = 1, or the Poisson properties of exceedances
discussed in Chapter 5. Cl

Example 3.7.6. Denzel and O’Brien (1975) consider a “chain dependent”
process {¢,} defined by means of an ergodic Markov chain {J,; n > 0} with
the positive integers as states and connected by the requirement

P{Jn =j7€n —<-x'£1"'~,€n~1’ J15---’Jn—2,‘]n—1 = l}
= P{Jn :j, én S xl‘]n—l = l} = Pini(x)7

where P;; are the transition probabilities for the chain and H(x) is, for each
i, a nondegenerate d.f. By appropriate choices of parameters they thus exhibit
processes {£,} which are strongly mixing, have marginal d.f. H(x) =
Y9 m; H{x) (in which =; are the stationary chain probabilities) and for which
any value of the extremal index 6 in (0, 1] may be realized. Further a modifi-
cation is given, choosing P; ;, ; = (i + 1)(i + 3)~ ! producing an example with
6 = 0. In this latter case H(x) = 1 — ([x] + 2)" %, so that M, has a non-
degenerate, Type II limiting distribution. The level u,(t) is given explicitly
as the smallest integer greater than or equal to (n/t — 2) and

P{M, <u,(0)} > 1,

but it is not obvious whether M, has any sort of limiting distribution (com-
patible with Corollary 3.7.4). O

It is also possible to give examples where D(u,) hold (and even strong
mixing) but where there is no extremal index.

Example 3.7.7. O’Brien (1974c) considers a sequence {£,} where each r.v.
¢, is uniformly distributed over the interval [0,1], &,, &5, &5, ... being inde-
pendent, and ¢£,, being defined as a function of £,, , for each n. In this way
he obtains an obviously strongly mixing sequence, and further exhibits a
sequence {v,} for which P{M, < v,} converges to e~ '/2, but P{M, < v,}
does not converge at all. It thus follows (Theorem 3.7.2) that {£,} has no extre-
mal index and hence (Theorem 3.7.1) that P{M, < u,(t)} does not converge
forany 7 > 0.

By modifying the example a strongly mixing sequence {&,} is exhibited
for which P{a, (M, — b,) < x} converges to a nondegenerate distribution
(hence of extreme value type) but P{a,(M, — b,) < x} does not converge.
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That is P{M, < v,} converges for each member of the family v, = x/a, + b,,.
This, of course, again reflects the fact that no extremal index exists in this case.
0
The almost pathological nature of the available examples for which D(u,)
holds but an extremal index is zero or does not exist, suggests that the cases
of most practical interest are those for which an extremal index 8 does exist
and is nonzero. We turn now to another interesting class of such examples,
for which 0 < 6 < 1. Examples of a different type with 0 < 6 < 1 have also
been given recently by de Haan (cf. Leadbetter (1982)).

3.8. Maxima of Moving Averages of Stable Variables

In this section we shall consider extreme values of i.i.d. stable (or “sum-
stable” as opposed to max-stable) random variables with characteristic
function given by (3.8.1) below, and of dependent sequences which are simply
obtained from them, viz. as moving averages. This will give a conceptually
easy illustration to one way in which dependence influences the behaviour
of extremes, and also provide examples of processes with extremal index 6,
for any 8 € (0, 1].

Because of the heavy tails of non-normal stable distributions, extreme
values are caused by individual large summands, each creating a small cluster
of extremes in the moving average process, and this explains why D'(u,) does
not hold and extremal indices less than one are possible. In contrast, it can
be seen that extreme values of moving averages of normal sequences are
caused by rare combinations of moderately large summands, and that this
is enough for D’'(u,) to hold and for the extremal index to be equal to one.

Stationary normal sequences, of course, provide the most important ex-
ample of sequences which are not independent, and as already mentioned
they are treated in some generality in Chapter 4, and, later in Chapter 6.
However, the stable sequences also seem to be interesting in their own
right. In particular, they have the same linear structure as normal processes;
arbitrary linear combinations of stable variables are stable. For the reader
familiar with these concepts, it may also be mentioned that ARMA-processes
with stable innovations are a special case of stable moving averages, as is
casily seen by inverting the autoregressive part of the ARMA-process.

By definition, a random variable is (strictly) stable (y, a, B) if it has the
characteristic function

V() = GXP{—V“IuI“<1 ~ iph(u, @) ﬁ)} (38.1)
with 0<y, O0<a <2 |B] <1 and with h(u, «) = tan(re/2) for o # 1,
h(u, 1) = 2n~ ' log|u|. Here y is a scale parameter, « is called the index of
the distribution, and f is the symmetry parameter. If § = 0 the distribution is
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symmetric, while if | f| = 1 and a < 2 the distribution is said to be completely
asymmetric. For o < 1, the completely asymmetric stable distributions are
concentrated on the positive real line if § = 1, and on the negative real line
ifg=—-1

If « = 2 the distribution is clearly normal, and thus we shall in this section
consider thecase 0 < o < 2. If y = o = 1 and f = 0, then y is the character-
istic function of a Cauchy distribution with density

S =

nl+ x*’

which was studied in Example 1.7.8. For y = 1,a = 4, B = 1, the distribution
has a density

-0 <X < 0,

1
fx)=——— V3 x>0,

2m x3?
(and f(x) = 0, x < 0), but apart from these cases, no simple expressions for
the densities of stable distributions are known.
We shall derive here the limiting distribution of the maximum M, of a
moving average process {£,}, defined by

o0
it = ) z ciCt—i’
i=—a
where the (s are independent and stable (1, &, ) and where the constants
{c;} are assumed to satisfy

Y lel* < oo and in addition, fora = 1,  # 0,
> c;log|c;| is convergent. (3.8.2)
It follows from (3.8.1) that ) 2 _  ¢;{,_; converges in distribution if and
only if (3.8.2) holds. Moreover, since the summands are independent, con-
vergence in distribution of the sum implies convergence almost surely, and
hence (3.8.2) is necessary and sufficient for &, to be well defined as an a.s.
convergent sum.
The only facts about the stable distributions we shall need in addition to
(3.8.1) are the following estimates of the tails of F,;, the stable (1, a, )

distribution. Let k, = n~'T'(«) sin(am/2). Then (cf. Bergstrom (1953))
1 — F,(z2) ~2k,z7* asz— o0,
Fou(@) = o(|z|™®) asz— — oo,
and for some suitable constants K,
Fo(—2) + (1 — Fg(2)) < K, z7% z>0. (3.84)

For completeness we shall, without proof, state an elementary result
about convergence of distributions, which will be used below.

(38.3)



74 3. Maxima of Stationary Sequences

Lemma 3.8.1. Let {5,};, and (¥} .,k =1,2,...ber.v.’s and let F be a
distribution function. Suppose that, for any ¢ > 0,

lim sup P{|n, — n®| >¢e} -0 ask— oo,

n—w

and that for all large k,
P{n < x} % F(x) asn— o0.

Then «
P{n, < x} B8 F(x) asn— co.
Let
c, = max ¢, c_ = max ¢,
—o0<i<oo —o0<i<oo
where ¢; = max(0, ¢,), ¢; = max(0,— c;), and let M, = max{(,,..., (s}

The essential idea of the derivation of the limiting distribution of M, is that
a large value of a ¢, is caused by just one of the summands (,_; being large.
In the particular case when the (’s are completely asymmetric, with f = 1,
this means that M, and ¢, M, are asymptotically of the same size. This is
proved in the next lemma for finite moving averages, together with some
further useful estimates.

Lemma 3.8.2. Let the (s be stable (1, o, B) and write

égk) = Z Ci ct—b M:;k) = maX(é(lk)9 RS 6:1())_

lil<k
(i) Then, for e > 0,
lim sup P{n~"* max(|&; — EP,...,|1& =P > e -0 ask - co.

Ifinaddition p = 1,¢c, > 0,and k > |ky|, where ky is such that c ; = ¢y,

(ii) then, for ¢ > 0,
P{n~ Y5\ M® — ¢, M,| >¢e} >0 asn— oo,

and
(iii) P{n " M® < x} - exp{—k,c% 2x™*} asn— oo.
PROOF. (i) Suppose first that a # 1. Then it follows from (3.8.1) that

&1 — 5(1k) = Z ¢i {1
lilzk

is stable with some (in general different) symmetry parameter and with scale
parameter (3,;»/c;/)""* and index o. Hence, by (3.8.4)

P{n™1o)¢, — &) > ) = P{( ) lc.-l“)—”“!«:l - &)

li| =k

> ( Z Ici|a)—1/an1/m8}
li| =k

Z lc;[*
< Ka(ilzk

ne*
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and thus, by stationarity,
P{n™"* max(1& — &P, 18, — &) > e < Ko™ ) [ail

li|=k
which tends to zero as k— oo, and thus (i) holds if a# 1. If «=1 then instead
2
& — &P — —ﬂ Z ¢; log|¢|
lif=k

is stable with scale parameter ) ;5 |c;| and index 1. Hence

-1
Pin=|¢, — &P > e < P{( Y 'Cil) & — &P — 2 Y ciloglc
HE

L2k
> ( Y |c,~|>_l(n£— |2—ﬂ Y ¢ loglcl )}
lil=k T ijzk
I'IZlel
]
nle —

— ¢; logl¢,|
nnw IiIsz g'

for large n, by (3.8.4), and in the same way as above it then follows that (i)

holds also for o = 1.

(i) Let g, = n'g/(4k(c, + c_)) and define events
A, ={{i>¢e,j>¢,forsomei,jwihl —k<i<j<n+k|j—i|l <2k},
B,={{;< —¢,forsomeiwithl —k <i<n+k},

and
C,={l{il >¢,forsomeiwithl —k<i<l+korn—k<i<n+k}
We shall show that

(n VA M® — ¢, M, >¢ = A,UB,uC, (3.8.5)
and that P(4, u B, C,) > 0asn — oo.

Now if neither 4, nor C, occurs, for 1 <t < n the largest of {,_4,...,
{i+x—1doesnotexceed M, + ¢,and the others are not greater than g,,and then

1/a

n've

Z Ci+ Ct-i <cy Mn + (2k - 1)C+8n < C+Mn +
Jif<k 2
Similarly, if neither B, nor C, occurs, {; > — ¢, for 1 — k <i <n + k, and
hence

s t=1,...,n

1/a

= Y LS @k =Deg, <=, t=lLaon
i<k 2
Thus, on (4, U B, U C,),
gk)‘= Z ¢ Goi - z ¢ LSy Mn + ntl%, t=1...,n

lif<k Ji|<k
ie.

M® < c, M, + n'ie. (3.8.6)
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Next, suppose to, ko are such that {,, = M,, ¢,, = c, and 1 <ty <n,
|ko| < k. If B, does not occur, then

nll7g
Y € gengmi 2 = 2k = erey = — —
i#ko
li]<k
Further, on 45 n C&,
ni/eg
= 2 lgrkg-i 2 = 2k = 2egy 2 — -,
i%ko
li] <k

since if {,, > ¢, then A; implies that {, 4,o—g+1,--+» {igrro+x—1 are smaller
than ,, and if instead {,) = M, < ¢,, this holds trivially on C;. Thus

§r0+ko CroCro T Z Cilio+ko—i

i#ko
li|<k
— ¢, N + -
- C+Mn + Z Ci Cto+k0—i - Z Ci Cto+k0—i
i#ko i#ko
li| <k li|<k

> c, M, — n'l%,
on (4, v B, u C,), and, if in addition 1 < t, + k, < n, then
M, >c, M, —n'e (3.8.7)

However, if instead ¢, + ky < 1 or ¢ty + ky > nand neither B, nor C, occurs
then |{,| < g, for 1 — k <i < n + k,and then |M¥| < (¢, + c_)2k — 1)g,
and |M,| < ¢,, and it follows that

MO—c, M, > — 2k — )(c, + c_)e, — Cy &, = — nl%g,

so (3.8.7) holds on (A4, v B, v C,) also in this case. Together (3.8.6) and
(3.8.7) prove (3.8.5).
Now, by the independence of {;, {;, i # j,

n+k—-2i+2k—1

P(4,) < Z Y Plli>e, (> 8}

-k j=it+1

<(n+2k—3)2k— )P, >e}* >0 asn— oo,

since P{{, > ¢,} = O(1/n) by the first part of (3.8.3) and the definition of
&,. Further, this time by the second part of (3.8.3),

PB,) <(n+ 2k - 2)P{{, < —¢,} >0 asn— o,
and finally
P(C,) < (4k — 2)P{|{,| > &,} = 0 asn-— oo,
since ¢, — o0. Thus, by (3.8.5), it follows that
P{n~ "My — c, M,| > ¢} < P(4,) + P(B,) + P(C,) >0 asn— oo.
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(iii) By (3.8.3)
P{{, > n'"x/c,} ~ 2k,c, x *n~ 1,
and thus Theorem 1.5.1shows that
P{n~Y*c M, < x} - exp(—2k, c% x~%),
and (iii) now follows from (ii) and Lemma 3.8.1. (I
In the last part of the lemma we have obtained the limiting distribution

of M, for the case when § = 1 and the moving average is finite. The general
result then follows easily, as we shall now see.

Theorem 3.8.3. Suppose {&, = Z,- ¢; (- i}2, is a moving average of stable
(1, &, B) variables {(,}, with the constants {c;}%* ., satisfying (3.8.2). Then
exp{—k (¢} (1 + f) + c*(1 — B)x~*}, ifx >0,
0, ifx <0.
(3.8.8)

P{n"'*M, < x} - {

PrOOF. By Lemmas 3.8.1 and 3.8.2 it is sufficient to show that

Pin 1* M® < x} - exp{—k(c*(1 + B) + (1 — B)x % asn— o,
(3.89)
for k large (and x > 0). Suppose a # 1, and let {{}, {{}*, beindependent and
stable (1, «, 1). It is then immediate from (3.8.1) that ((1 + B)/2)}* {} —
((1 = B)/2)Y* ] is stable (1, a, B), and thus, defining

1+ ﬁ l/a 1 — ﬂ l/a‘l

G = ¢ (—) C—is P = —Ci|\—5— t—is
' |i|z<k 2 ! |i|Z<k 2 JC

the sequences {EM}¥ and {& + &/} have the same distribution. Hence,

(3.8.9) is equivalent to

P{n™ " *max(Zy + &L, & + &) < x}

— exp{ —k(cA(1 + B) + = (1 — B)x~2}. (3.8.10)
Let M}, = max(&y,..., &) and M, = max(&],..., &) If k > |k,| for k,
satisfying max(cZy 4 1,..., Chy—1) = €4, MAX(C 4415 - -5 Coy—q) = C—, then,

since M, and M,, are independent,
P{n~Y* max(M,,, M}) < x} = P{n'*M,, < x}P{n'* M’ < x}
= exp{—k, % (1l + f)x™* — k,c*(1 — B)x~ %},
(3.8.11)
by Lemma 3.8.2(iii). Further, it can be seen that, for ¢ > 0,
P{|max(¢} + &1,..., & + &) — max(M,, M,)| > n'/%e}
< P{|&| > n'%, |£| > n''* for some t with 1 <t < n}
+ P{max(M,, M}) < n'/%}. (3.8.12)
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Clearly

P{|&] > n'"%, |&/| > n'/* for some t with 1 <t < n}
< nP{&| > n'Pe}P{|&]| > nt*%e} >0 asn— oo,
1 1

since P{|&,| > n'*e} = 0(1/n) and P{|&]| > n'/*e} = 0(1/n) by (3.8.4), and
further
lim sup P{max(M,, M, < n'"¢} -0 ase—0,

n- o

by (3.8.11). Thus it follows from (3.8.12) that
lim sup P{n~'*|max(&; + &1,..., & + &) — max(M,, M})| > &} -0

n— o

as k — oo.

By Lemma 3.8.1 and (3.8.11) this proves (3.8.10) and hence (3.8.9) holds for
all large k, which proves the theorem for o # 1.
If « = 1 then, with {(;, {;} as above, for |f] < 1,

(e (5 e+ sarmioe (M5F) - a - pioe (1)

is stable (1, 1, 8). However, to deal with the additional constant term requires
only trivial changes in the proof above, of a similar kind as in the proof of
Lemma 3.8.2(i) and we omit the details. O

The reader is referred to Rootzén (1978) for further results on the extremal
behaviour of {¢,}, including counterparts to the point process convergence
to be proved in Chapter 5 for processes with extremal index one, and quite
detailed information on the behaviour of sample paths near extremes, as
well as the corresponding results for continuous parameter processes. Fur-
ther, it may be noted that essentially it is the tail behaviour of the {’s which
determines the behaviour of extremes of {£,}, and that similar results hold
for other distributions of {’s, which are in the domain of attraction of the
Type II max-stable distribution.

Finally, by (3.8.1),ifa # 1,¢&,isstable (3. [¢;[)"% 0, B Y cilc;*™ /Y |l
and hence, if M, is the maximum of the associated independent process,

P{n "M, < x} > CXP{"ka Y, (al + ﬁci)'ci{a_lx-a},
by Theorem 3.8.3 (with ¢, = (3]¢;1))"* and ¢; = 0, i # 0). By comparing
with the limit for n~ /* M, it follows that {£,} has an extremal index

(1 + B) + (1 — )
Z (leil + el

i=—o

which clearly can take any value in (0, 1].



CHAPTER 4
Normal Sequences

Normality occupies a central place in probability and statistical theory,and a
most important class of stationary sequences consists of those which are
normal. Their importance is enhanced by the fact that their joint normal
distributions are determined by the mean and the covariance structure of the
sequence. In this chapter we investigate the extremal properties of stationary
normal sequences. In particular covariance conditions will be obtained for
the convergence of maxima to a Type I limit, both directly and by application
of the general theory of Chapter 3.

4.1. Stationary Normal Sequences and
Covariance Conditions

A sequence {{,} of r.v.’s is said to be normalif for any choice of n, iy, ..., i,,
the joint distribution of &;, &;,, ..., &; is an n-dimensional normal distribu-
tion. These finite-dimensional distributions are clearly determined by the
means of the individual £, and the covariances between the pairs &,, &, for
all n, m.

For stationary normal sequences the mean and variance of &, do not
depend on n and may—without loss of generality—be conveniently taken
as zero and one, respectively, yielding a “standard normal sequence.” We
shall assume—usually without comment—that the sequences considered
have been so standardized.

Further by stationarity, the covariances between pairs such as &,, &,
depend only on the difference between m and n (and indeed only on its
absolute value) so that we write

COV(f,‘, im) =Them = Tin—m»
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where {r,} is termed the covariance sequence of the process. By the standard-
ization it follows that ry = Var({,) = 1 and r, = Cov(¢{;, &;4,) = E(E;E;4,)

Clearly all of the finite-dimensional distributions F;, ; (xy,...,X,) =
P, < xy,..., ¢, < x,} of a standard normal sequence, are determined
by the covariance sequence {r,}. Of course a covariance sequence cannot be
arbitrarily specified, since the covariance matrix of any group &;,..., &,
must be non-negative definite.

As noted in Chapter 3, Berman (1964b) has given simple conditions on {r,}
to ensure that (1.5.5) holds, i.e. that M, = max(&,,...,¢&,) has a limiting
distribution of the double exponential type,

P{a, (M, — b,) < x} > exp(—e™¥) asn — o0,

with the same constants as in Theorem 1.5.3, viz.

I

a, = (2log n)"'2,
b, = a, — (2a,)” *{log log n + log 4=n}.
One of Berman’s results is that it suffices that
r,logn—-0 asn— oo, 4.1.1)

and we will devote the first part of this chapter to a proof of this. However,
(4.1.1) can be replaced by an appropriate Cesaro convergence,

1 n
= Y |l log ke’ loek 0 asn - oo,
n =1

for some y > 2, and this and some other conditions will be discussed at the
end of the chapter.

It has been shown by Mittal and Ylvisaker (1975) that (4.1.1), and therefore
also the Cesaro convergence, is rather close to being necessary, in that if
r,logn -y > 0 a different limit applies. In fact, this strong dependence
destroys the asymptotic independence of extremes in disjoint intervals
(cf. Lemmas 3.2.2, 3.3.1, and 3.3.2). We return to these matters in more detail
in Chapter 6.

In this chapter we obtain the relevant convergence results for normal
sequences, including the Type I limit, under various covariance assump-
tions, starting with the transparent condition (4.1.1). This will first be done (in
Section 4.3) by a direct comparison with an ii.d. normal sequence without
reference to the D(u,), D'(u,) conditions. It will then be shown, with very
little further effort, that these conditions hold, so that the results also follow
from the general theory of Chapter 3. For subsequent results, e.g., in Chapter
5, it will be more convenient to rely solely on the general theory via D(u,),
D'(u,) for applications to normal sequences but here both approaches are
simple and instructive. Finally, the rates at which convergence occurs will be
discussed in Section 4.6.
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4.2. Normal Comparison Lemma

Our main task is to show that if (4.1.1) holds, then D(u,) and D’'(u,) are
satisfied for appropriate sequences {u,}. The main tool for this purpose is a
widely useful result—here called the Normal Comparison Lemma—which
bounds the difference between two (standardized) n-dimensional d.f’s, by a
convenient function of their covariances. This result has been developed in
various ways by Slepian (1962), Berman (1964b, 1971a), and Cramér (see
Cramér and Leadbetter (1967)). The lemma is given here in some generality
for use in later chapters, even though only a simple special form is needed at
this point.

Theorem 4.2.1 (Normal Comparison Lemma). Suppose &,,...,¢&, are

standard normal variables with covariance matrix A' = (A}), and 1y, ..., 1,
similarly with covariance matrix A° = (AY), and let p;; = max(|A}l, |A%]).
Further, let uy, ..., u, be real numbers. Then

P{;<ujforj=1,...,n} = P{n;<u;forj=1,...,n}

1 3} + u})
< AL — A%)F(1 — p2)~ 12 2 TR (421
- 27'[ IS;J'S"( iJ U) ( pl]) exp( 1 + pij ’ ( )

where (x)* = max(0, x).
In particular, if max; ;| p;;| = 6 < 1, then

P{;<u;forj=1,...,n} — P{n; <u; forj=1,...,n}

Lu? + u?
<K Y (AL, —AY* exp< - l(i‘—i'fﬁ) (4.2.2)
1si<j<n 1 + p;;

for some constant K, depending only on 8. Further
|P{¢;<u;forj=1,...,n} — P{n; < uj forj=1,...,n}|

L Wi + u?)
< — AI—AO — p2)y—1/2 _ 2\ Ry

27[ lsigjsnl Y Ul(l p”) exp( 1 + pij
where the factor (1/2n)(1 — p3)~'/* can be replaced by K if max,,; p;; =
o<1

Proor. We shall suppose that A' and A° are positive definite (as opposed to
semi-definite) and hence that (¢,, ..., &) and (4, ..., n,) have joint densities
f1 and f,, respectively. (The semi-definite case is easily dealt with by con-
sidering &; + ¢; and #; + ¢;, where the ¢; are independent normal variables
with mean zero and then letting Var(g;) — 0, using continuity.) Clearly,
withu = (uy, ..., u,),

P <wlorj=1oont = [ [ fitn .y

), 4.2.3)

n
P{mﬁu,-forj=1,...,n}=f---ffo(yl,...,y.,)dy,
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where f;, f, are the normal density functions based on the covariance matrices
A', A° the integration ranges being {y; y; < u;,j = 1,...,n}.

If we write A, = hA' + (1 — h)A, (0 < h < 1), the matrix A, is positive
definite with units down the main diagonal and elements hAj; + (1 — h)A]
for i # j. Let f, be the n-dimensional normal density based on A,, and

Ry = [ [ f0ncon)dy
The left-hand side of (4.2.1) is then easily recognized as F(1) — F(0). Now

F(1) — F(0) = [ lF’(h) dh,

Jo

where
v ) seevs Vn

The density f, depends on h only through the elements A; of A, (regarding
fnas a function of A% for i < j, say). We have A, = 1 independent of h, while

for i < j, Alj = hA}; + (1 — h)A]; so that 6A"/6h = A}, — AJ. Thus
of, OA L o v oo,

F(h) = f f iy —Z(As-—l\i-)f-'-f dy.
i<j - aAh i<j ! J — aAh

Now a useful property of the multidimensional normal density is that
its derivative with respect to a covariance A,; is the same as the second mixed
derivative with respect to the corresponding variables y;, y; (cf. Cramer
and Leadbetter (1967, p. 26)), i.e.

o _ %
oA;; 0y, aJ’j.
Thus
92
fh
Fh) = f f
( l<_] ) ayl ayj

The y; and y; integrations may be done at once to give
iy = ¥ (=AY [~ [ =y =wydy @29
i<j -

where f,(y; = u;, y; = u;) denotes the function of n — 2 variables formed by
putting y; = u;, y; = u;, the integration being over the remaining variables.

Further, we can dominate the last integral by letting the variables run
from — oo to 4 co. But

J‘.-Zfﬁ'(y‘ =u;, y; = u) dy
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is just the bivariate density, evaluated at (u; u;), of two standard normal
random variables with correlation A?;, and may therefore be written

ijs
1 ex 1
2a(l = ARHT TP T 21 — (AP
Now, since [ALl = |hA}; + (1 — W)AY| < max(AL, AY) = p;;, it may be
easily shown that the above expression does not exceed
1/0,,2 2
_ 7(ui + u3)
2n(1 — P exp( T+p, )
(Note that (u® — 2puv + v”)/1 — |p]) = @* = 2|pl|ullv] + v/ — |p])

which is a minimum when p = 0.) Eliminating any negative terms in (4.2.4)
we thus obtain

W — 2ALuu; + uf)}.

1 1wl +u?
F'(h) < 7 Z,j (A — AT = pf)~'7? exp(— Z—(T_*‘_—ITJ))
and since F(1) — F(0) = {4 F'(h) dh, this proves (4.2.1).
The conclusion (4.2:2) follows at once from (4.2.1) since (1 — p})™"? <
(1 — %712, and (4.2.3) follows by using (4.2.1) as stated and with the roles
of &;, n; interchanged, noting that (Af; — A)* and (A}, — A})* are each
no greater than |[A}; — Al O

Some obvious but useful corollaries are stated here for later reference. The
first of these gives a slight simplification of the bounds which is sometimes
convenient.

Corollary 4.2.2. With the notation of the theorem writeu = min(u,, 5, - . ., ).
Then the factor exp(—%u? + u})/(1 + p;)) may be replaced by
exp(—u?/(1 + p;)) in each of (4.2.1), (4.2.2), and (4.2.3). In particular, (4.2.2)
and (4.2.3) become, respectively,

P{élsujfor]= 1’~-"n}'—P{11jSujf0rj= 1,...,"}

2
<K AL — A%+ exp[—2 ), 42.5
152‘1-5»-( b p<1+/’ij) @23
|P{{;<ujforj=1,....,n} —P{n;<u;forj=1,...,n}
2
<K Y lAilj—Ag-|exp< “ ) (4.2.6)
1<i<j<n 1+ p;;

PROOF. These results follow immediately since clearly 3(u? + u?) > u®. [

The next corollary shows that if the covariances of the ¢’s are dominated
by those of the #’s, then the £’s are stochastically larger than the #’s and the
maximum of the &’s is stochastically larger than that of the #’s.
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Corollary 4.2.3. Let &,,...,¢&,, 11,..., 1, be standard normal r.u.s with
Cov(¢;, &) < Cov(n;, n;) for each i, j. Then, for any uy, ..., u,,

P{;<ujforj=1,...,n} < P{n;<u;forj=1,...,n}. (427)
In particular
P{max(¢y, ..., &) < u} < P{max(ny, ..., n,) < u} (428

Sor all u.
Proor. This follows at once from (4.2.2) since (A}; — A))* =0 when
A}; < A as assumed. O

The final corollary explores the consequences of taking the #;s to be
independent.

Corollary 4.2.4. Let &,,...,¢&, be jointly normal (standardized) r.v.s with
Cov(¢;, &) = Ayj, such that 6 = max;4;|A;;| < 1. Then for any real u and
integersl <, <--- <l <n,

2
IP{C,J.Suforj=1,...,s}—(I)(u)s|SK1 Yy, Irij[exp(— ! ),

<i<j<s L+ |ryl
4.29)

where r;; = Ay, is the correlation between &, and &, and K is a constant
(depending on 6).

If, furthermore, {&,} is stationary withr; = Cov(é, é14.), 1<, <+ <
ly<n|r| <0 <1 foreachi=1; — | then

n 2
|P{&, <uforj=1,...,s} — Ouy|< KnY |r|exp(— —0).
’ i=1 L+ |rl

4.2.10)
In particular, taking s = n, it follows that, for any u,
2

u
L+ |rl

13

[P{M, < u} — ®u)'| < Kn ) |r exp(-— ) (4.2.11)
i=1

PRrOOF. Let 4, ..., 1, be independent standard normal r.v.’s, and A}j = Ayj,

Ad =1 or 0 according as i = j or i # j. Then (4.2.9) follows from (4.2.6),

and (4.2.10) is an immediate consequence of (4.2.9). O

Note that if the right-hand side of (4.2.10) is small, then (taking s = n),
the events {{; < u} are almost independent for 1 < j < n. Further by (4.2.11)
the d.f. of the maximum is then close to the value ®(u)" which it would take
if the ¢; were independent, and in fact (4.2.11) provides an explicit bound for
the difference. Clearly in both of these observations the approximation
improves as u increases. By allowing u to depend on n, u = u, » o as
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n — o0, the limiting behavior of P{M, < u,} may thus be discussed by use
of the known i.i.d. results and the Type I limit obtained. This will be described
in the next section. Similarly the explicit bound in (4.2.11) may be used in
conjunction with whatever knowledge one has about rates of convergence
m the ii,d. case, to provide such knowledge for stationary sequences. This will
be taken up in Section 4.6—based on a somewhat sharper version of (4.2.11).

4.3. Extremal Theory for Normal
Sequences—Direct Approach

In this section it will be shown how the standard extremal results for station-
ary normal sequences may be obtained directly from the corresponding i.i.d.
theory by use of (4.2.11). As noted earlier, these results may also be obtained
simply from the general theory of Chapter 3 by verifying D(u,), D'(u,)—an
approach which will be taken in the next section. The central parts of the
basic result are contained in the following lemma.

Lemma 4.3.1. Let the covariances {r,} satisfy sup,» |r,| = 6 < L.

(1) Let {u,} be a sequence of constants such that

njiil ;] exp(—- 1 ':'lflrjl) =0 asn- . 4.3.1)
Then, if 0 < 1 < o0,
PM, <u,}—>e’" 4.3.2)
if and only if
n(l — ®(u,)) - . 4.3.3)

(ii) Suppose that for each 0 < © < oo, the constants v, = v,(1) defined by
1 — ®(v,) = t/n satisfy (4.3.1) with v, replacing u,. Then if {u,} is a
sequence of constants, n(1 — ®(u,)) — oo if and only if P{M, < u,} — 0.

PRrOOF. Suppose (4.3.1) holds. The conditions of Corollary 4.2.4 hold so that
by (4.3.1) and (4.2.11), P{M, < u,} — e~ " if and only if ®"(u,) > ¢”". But
®"(u,) is simply the probability that the maximum of n iid. normal r.v.’s
does not exceed u, which, by Theorem 1.5.1, converges to e~ * if and only if
n(l — ®(u,)) — 7, hence proving (1).

To prove (ii), note that it follows from (i) that P{M, <v,} —e”"
(v, = v(1)). Now if n(1 — ®(u,)) - oo we must have u, < v, for sufficiently
large n so that lim sup,. , P{M, < u,} < lim,_ , P{M, < v,} = e"". Since
this holds for arbitrary t it follows that P{M, < u,} — 0. Conversely if
P{M, < u,} = 0, since P{M, < v,} — ¢ * we must again have u, < v, for
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sufficiently large n, so that then n(1 — ®(u,)) > n(1 — ®(v,)) = 7, from which
it follows that n(1 — ®(u,)) — oo since 7 is arbitrary. O

Note that (ii) of the theorem is another version of (i) in the case T = c0.
It may be simply checked that the version (ii) is a stronger result than that in
(i) when 7 = oo.

The next result is a technical lemma given by Berman (1964b), showing
that the covariance condition (4.1.1) (r, log n — 0) implies (4.3.1) when u, is
such that n(1 — ®(u,)) is bounded—so that u, - oo in a manner which is
not too slow. This lemma will be used here, and also in the next section in
verifying D(u,), D'(u,) to obtain the same results.

Before stating the lemma, we note the easily proved fact that if the co-
variance r, - 0 as n — oo then |r,| cannot equal 1 for any n # 0. (For
if |r,| = 1 for some n # 0, it follows that £, and &, , are linearly related, as
are also &,,, and &,,.,, and hence so are &,, &,,4, so that |r,,| = 1. In
this way it follows that |r,,| = 1 for all k, contradicting the requirement that
r, — 0.) Hence it is easy to see that |r,| is actually bounded away from 1 for
alln > 1,ie. sup,.q [r,| =0 < L.

Lemma 4.3.2. Suppose that (4.1.1) holds (i.e. r, log n — 0), and that {u,} is a
sequence of constants such that n(1 — ®(u,)) is bounded. Then (4.3.1) holds, viz.

2

d u
n |r-|exp(— - )—»0 as n — oo.
j;1 ! 1+ Irjl

ProOF. It appears to be technically somewhat simpler to prove this result if
n(1 — ®(u,)) actually converges to a finite limit, and we shall do so. The
result will then follow as stated, since if n(1 — ®(u,)) < K, and v, is defined
by n(1 — ®(v,)) = K, then (4.3.1) will hold with v, replacing u,. But since
clearly u, > v, it follows at once that (4.3.1) holds with u,, as asserted.

Suppose, then, that n(1 — ®(u,)) converges to a finite limit, n(1 — ®(u,))
— 1, say. By using (1.5.4), we see that

Up

) exp( - ?) ~ K (4.3.4)

n
(ii) u, ~ (2 log n)''2,

using K as a constant whose value may change from line to 1ine. As above, let
d=sup,., |r,| <1, and let « be a constant such that 0 < a < (1 — d)/(1 + J).

Split the sum in (4.3.1) into two parts, the first for 1 < j < [n*] and the
second for [n*] < j < n. The first sum is dominated by

u? w2\ 21+
nn® exp(_ n ) - n““(exp(— é’)) < Kn'*o(u, /n)0+9

1+6

< Kn1+a—2/(1 +6)(log n)l/(1+6)
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(where (4.3.4), (i) and (ii), have been used). This tends to zero since 1 + a
—2/(1 + 6) < 0 from the choice of a.
To deal with the second part we define
0, = Sup ||
mz2n
and note that
d,logn <sup|r,llogm—>0 asn- o0.

m>n

Now, writing p = [n*], we have for the second part of (4.3.1), for large n,

" 2 " uz|r;|
n Y |rjlexpl — — )snépexp(—uf) ) eXp(—u->

j=p+1 1+ |ryl j=p+1 1+ |ry

< n?$, exp(—u}) exp(u2s,)
< K&,u? exp(8,u?)
by (4.3.4), (i). But by (4.3.4), (i),

2
S, up ~ 20,5 log n = , O log 1%,

which tends to zero. Thus the exponential term above tends to one and the
remaining product tends to zero, so that the desired résult follows. O

The main distributional results for stationary normal sequences are now
summarized in the following theorem.

Theorem 4.3.3. Let {£,} be a (standardized) stationary normal sequence with
covariances {r,} satisfying the condition r, log n — 0. Then

(i) for0 <t < 00, P{M, < u,} - e “if and only if n(1 — ®(u,)) - 7,

(i) P{a (M, — b,) < x} — exp(—e~ %), so that the Type I limit holds, where
a, and b, have precisely the same values as in the ii.d. case, being given
by (1.7.2).

Proor. If n(1 — ®(u,)) > © < o0, Lemma 4.3.2 shows that (4.3.1) holds and
hence P{M, < u,} —» ¢ * by Lemma 4.3.1.

Conversely suppose that 0 <t < oo and P{M, < u,} —» ¢ °. For any
given 7 < oo, define v, by 1 — ®(v,) = 7'/n. Then by what has just been
proved, P{M, < v,} — e~". First choose t" > 1. Then clearly v, < u, for
sufficiently large n so that

lim sup n(1 — ®(u,)) < lim n(1 — ®(v,)) = 7.
Since this holds for all ¢ > 1 it follows that lim sup,_ ,, n(l — ®(u,)) < 7.
This gives (i) for t=0. For t >0 the reverse inequality for
lim inf,_, , n(1 — ®(u,)) follows similarly by taking 7' <7, so that
n(l — ®(u,)) - .
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Hence (i) is proved except for the case T = co. But this follows immediately
from Lemma 4.3.1(ii), since if 1 — ®(v,) = 1/n, (4.3.1) holds with v, replacing
u,, by Lemma 4.3.2.

The Type I limit in (ii) also follows simply. For if u, = x/a, + b, with
a,, b,as given by (1.7.2), it follows from Theorem 1.5.3 that P{M, < u,} » ¢ *
where 7 = e *, and M, is the maximum of n standard normal i.d.d. random
variables. Hence Theorem 1.5.1 shows that n(l — ®(u,)) - 1, so that
P{M, < u,} — e~ " by (i), and an obvious rephrasing gives (ii). |

4.4. The Conditions D(u,), D’(u,) for Normal
Sequences

In this section we use the covariance condition (4.1.1) to obtain D(u,), D'(u,)
for stationary normal sequences. The extremal results obtained in Section 4.3
will then also follow at once from the general theory of Chapter 3. Further,
while it was natural to give the simple special derivation of the extremal
results for normal sequences, it will be much more convenient to obtain
subsequent results in the normal case by specializing the general theory.
This will continue to be based on the dependence restrictions D(u,), D'(u,). In
the following discussion the notation established above for the (standardized)
stationary normal process will again be used without comment.

Lemma 4.4.1. Let {u,} be a sequence of constants.

(i) If sup,s |r,] < 1 and (4.3.1) holds then so does D(u,).
(i) If, in addition n(1 — ®(u,)) is bounded then D'(u,) holds.
(iii) If r, log n = 0 and n(1 — ®(u,)) is bounded, both D(u,) and D'(u,) hold.

Proor. It follows from Corollary 4.2.4 (Eqn. (4.2.10)) thatif 1 <[, < -+ <
I, < n, then the joint d.f. F,, , of &, ..., ¢, satisfies

n uf
|Fyy..1(un) — ®(uy)| < Kn ), |r;] exp| — : (44.1)
i=1 1+ |rjl
Suppose now that 1 <i; <--- <i, <j, <:--<j, <n Identifying
{lyy ..., I} in turn with {iy, ..., ip 1, -« s dphs {irs---»ip) @and {jy, ..o, jp}
we thus have
n u'%
|Fi1‘...ip,j1 ...j,,,(un) - Fil...ip(un)Fh ...j,,,(un)| < 3Kn z |r;| exp| — >
j=1 1+ |"j|
which tends to zero by (4.3.1). Thus D(u,) is satisfied. (In fact lim,_, , a, ;=0
for each L) Hence (i) is proved.
To prove (ii) take s = 2, I, = 1,1, = jin (4.2.9) to obtain

2
P < thy & <t} — %) < Klrys| exp(— $)
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whence, by simple manipulation (¢, and ¢; being each standard normal),

2
|P{&1 >y, &> ta} — (1 — D(u,))’| < Klrj_y| exP(‘ 1 +L|t;._1|)'

Thus if n(1 — ®(u,)) < M, then

(/K] M? n u2
, <_ 1K , — n
njgz P{él > um éj > un} = k + njgl |r]| exp( 1 + |rj|)’
from which D’(u,) follows by (4.3.1), so that (ii) holds.

Finally if r, log n — 0 and n(1 — ®(u,)) is bounded, then Lemma 4.3.2
shows that (4.3.1) holds so that the conditions of both (i) and (ii) above are
satisfied and hence D(u,), D'(u,) hold. O

The main extremal results for normal sequences given in Theorem 4.3.3
may now be seen to follow simply from the general theory of Chapter 3.
For (i) of Theorem 4.3.3 is immediate when 0 < 7 < oo from Theorem 3.4.1
and Lemma 4.4.1(iii). The case T = oo follows at once from Corollary 3.4.2
since if v, is defined by 1 — ®(v,) = 7/n, 0 < 7 < o0, D(v,), D'(v,) hold by
Lemma 4.4.1(iii)) again. Finally, Theorem 4.3.3(ii) follows at once from
Theorem 3.5.2 and Lemma 4.4.1(iii). (The requirement of Lemma 4.4.1(iii)
that n(1 — ®(u,)) be bounded, with u, = x/a, + b,, is obvious from the
calculations in, e.g. Theorem 1.5.3, or may be easily checked directly by
considering the terms of log(n¢(u,)/u,).)

4.5. Weaker Dependence Assumptions

For practical purposes the condition (4.1.1) that r, log n — 0 is as useful and
as general as is likely to be needed. In fact this condition is rather close to
what is ‘necessary for the maximum of a stationary normal sequence to
behave like that of the associated independent sequence.

As we have seen, it is the convergence (4.3.1) which makes it possible to
prove D(u,) and D’(u,), and one could therefore be tempted to use (4.3.1) as
an indeed very weak condition. Since it is not very transparent, depending
as it does on the level u,, other conditions, which also restrict the size of r,
for large n, have been proposed occasionally. In Berman (1964b) it is shown
that (4.1.1) can be replaced by

Y ri< o 45.1)
n=0
which is a special case of

r? < oo for somep > 0. (4.5.2)

[Hagl
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There is no implication between (4.1.1) and condition (4.5.2), but they both
imply the following weak condition,

1 n
m Y |7l log k exp(y|r,| log k) > 0 asn— oo (4.5.3)
k=1

for some y > 2, as is proved in Leadbetter et al. (1978) and below after
Theorem 4.5.2. We now show that (4.5.3) may be used instead of (4.1.1) to
obtain the relevant D(u,), D'(u,) conditions and the limit theorems for M,,.

Lemma 4.5.1. If r, » 0 as n - oo, {r,} satisfies (4.5.3), and if n(1 — F(u,)) is
bounded, then (4.3.1) holds.

PROOF. As in Lemma 4.3.2 we may (and do) assume that n(1 — F(u,)) actually
converges to a finite limit 7. Using the notation in the proof of Lemma 4.3.2,
let 6 = sup,s; |r,| <1, take f = 2/y and let « be a constant such that
0 < a < min(B, (1 — 8)/(1 + 9)).

Split the sum in (4.3.1) into three parts, the firstfor 1 < j < [n*], the second
for [n*] < j < [n*] and the third for [n*] < j < n. The first sum tends to zero
as in Lemma 4.3.2.

Writing 8, = SUPs, [Tml, P = [n%], and q = [n*] and using (4.3.4), i.c.

2 1/2
exp( u,,) _Ku, KQlogn)

2

n n

we have for the second part of (4.3.1),
2

q
n Irel exp( — —22 ) < n!*P exp(—u2) exp(u2s,)

D.
k=p+1 1+ |rl

< Knf~'u? exp(6,u?)
< Knf~1y2n?%

which obviously tends to zero, since f < 1, and 6, log p — 0.
Finally, for the last part of (4.3.1) we have, again using (4.3.4),

n 2 n 4, \ 2/(1+ I
n Y |rlexpl— | <Kn ) |nl =

k=g+1 L+ |r k=g+1

<Kn~'logn Y |rylexp(2|ry|logn).
k=q+1
For k > q we have log k > f log n, and hence this expression is not larger
than

n

Kn™' Y |r|log k exp(2f~*|r,| log k)

k=q+1

< Kn™' Y |rl log k exp(y|r| log k).
k=1
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By (4.5.3) this tends to zero as n — o0, which concludes the proof of (4.3.1).
(|

The main results proved under (4.1.1) may now be extended as follows.

Theorem 4.5.2. Let {£,} be a (standardized) stationary normal sequence, with
covariances r, — 0 as n — o0, and satisfying (4.5.3) for some y > 2. Then

() if {u,} is a sequence of constants such that n(1 — ®(u,)) is bounded,
then D(u,), D'(u,) both hold,
(ii) for0 <t < 0, P{M, < u,} — e “if and only if n(1 — ®(u,)) — T,
(iii)) M, = max(¢y, ..., &,) has the Type I limiting distribution

P{a,M, — b,) < x} - exp(—e™7)

where a, and b, have the same values as in the i.i.d. case, being given by
(1.7.2).

Proor. The same arguments used in Lemma 4.4.1 and Theorem 4.3.3 may
be applied with the obvious modifications. O

A few remarks may be helpful here to provide insight into condition (4.5.3).

Define, for each positive x, the set 6,(x) = {k; 1 < k < n, |r,|logk > x}
and let v,(x) be the number of elements in 6,(x). Consider the following
condition (which we shall see is slightly stronger than (4.5.3)),

n~'y |rnllogk—>0 asn— oo, and
k=t (4.5.4y
v(K) = O(n") forsome K >0,n <1,
and the equivalent condition
v(e) =o0(n) foralle >0, and
(4.5.4)"

vi(K) = O(n") forsome K > 0,5 < 1.
Obviously (4.1.1) implies (4.5.4)". Further, if

[0}
2 InlP < o
k=1

for some p > 0 then, since

© x p

Ir |p = lr lp = vn(x)(_) >
k;1 ) ks%(x) , log n

it follows that v,(x) = O((log n)p). In particular, we see that also (4.5.1)

and (4.5.2) imply (4.5.4)", so that both (4.1.1) and (4.5.2) are stronger than

(4.5.4) and (4.5.4)". The following lemma states that (4.5.4) or (4.5.4)

imply (4.5.3) and consequently that both (4.1.1) and (4.5.2) imply (4.5.3).



92 4. Normal Sequences

Lemma 4.5.3. If r, > 0 as n — o0, then (4.5.4) and (4.54)" are equivalent
and both imply (4.5.3).

PRrOOF. It is easily seen that (4.5.4) and (4.5.4)" are equivalent so we need
only show that (4.5.4) implies (4.5.3). We have

n n

n" 'Y |rllog kexp(y|r|logk) =n"" Y |rlogkexp(y|r,|logk)
k=1 k=1
k¢ 0n(K)

+n7t Y |rdlog k exp(y|r,| log k),
ke0,(K)
(4.5.5)

and proceed to estimate the sums on the right separately, assuming that
(4.5.4) holds. Now

n

n~t Y |rllogkexp(ylr.| log k) < exp(yK)n~ ! Y |r.|log k — 0,
k=1 k=1
k¢ 6n(K)

n— oo,

by the first part of (4.5.4). Since we assume that r, — 0, there is an integer N
such that y|r,| < (1 — )/2 for k = N. Hence

n~t Y |n]logkexp(y|r|log k) < n™'v,(K)log nn* ~"/2,
which tends to zero as n — o0, by the second part of (4.5.4). Since N is
fixed, n=! Y _|r|log k exp(y|ri|log k) — 0, and it follows that also the
second term of the right-hand side of (4.5.5) tends to zero, and thus that
(4.5.3) is satisfied. O

4.6. Rate of Convergence

As was seen in Section 2.4 for independent standard normal r.v.’s, the
convergence of P{M, < u,} = ®(u,)" is quite slow if, eg u, = u,(x) =
x/a, + b,. In particular, it is of the order (log log n)*/log n if a, and b, are
chosen as in Theorem 1.5.3, and of the order 1/log n if the “best” a,’s and
b,’s are used. One should, of course, not expect more rapid convergence in
the dependent case. In fact, the proof of Theorem 4.3.3 essentially depends
on first comparing P{M, < u,} with ®(u,)" and then using the limit theorem
for independent normal variables to conclude that ®(u,)" — e, fort = e~
We shall presently show that, if Y, |r,| does not increase too rapidly, the
error in the approximation of P{M, < u} by ®(u)" tends to zero as a certain
power of n. It is then immediate that the speed of convergence of P{M, < u,}
to e~ is determined by the approximation of ®(u,)" by ¢~ %, and hence is the

same as in the independent case.
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However, since ®(u,)" can be easily calculated with high accuracy, the
bound on the size of P{M, < u} — ®(u)" which we shall derive, also has
substantial interest in itself; it shows how P{M, < u}, for M, the maximum
of dependent normal variables, can be approximated with reasonable
accuracy.

As a starting point for the estimation we shall use the equation (4.2.4),
specialized to the case Ajj = r;_;, A{; = 0, i 5 j (and hence with [§ F'(h) dh
= P{M, < u} — ®(u)"), which gives the equation

1

PM,<u} —0uy=| Y ro f f fis = vy = wdy' dh.
0 1<i<j<n -
4.6.1)

Here fi(y; = y; = u) is the function obtained by putting y; = y; = u in the
density function of n normal r.v.’s with means zero, variances one, and
covariances hr,, and the remaining variables are integrated over (— oo, u].
It is useful to write this expression in a slightly different form. Let

1 1
¢,(u) = 20l = p?)2 eXP{" 5(1——72) W* — 2pu® + uz)}

_ 1 x u?
T -2\ T T,
be the standard bivariate normal density taken at the point (u, u), and let

WY yi=yi=uw=f0=y= u)/¢hrj-i(u)

be the conditional density, given that the ith and jth variables are equal to u,
in the n-dimensional normal distribution introduced above. The equation
(4.6.1) can then be written as

P{M, < u} — ®(u)"

= ) T f01¢hrj_i(u) f_; ~[f;,(y'lyi =y;=u)dy dh, (4.62)

1<i<j<n

and we clearly have that

OSf...fﬂ(y’lyizyj=u)dy’§1, (463)

where the second inequality was one of the main steps in the proof of
Theorem 4.2.1.

Before proceeding to the estimations, we shall introduce some notation
and constants for later use. The constants are fairly involved, and could
easily be simplified by making less accurate approximations, but that would
make them less suited for numerical use. Let p = sup{0, r,, 7,,...} and,
in case p > 0, let v be the number of ¢’s such that r, = p. We will throughout
this section, without further comment, assume that the supremum is attained,
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so that v > 1. In particular, this is the case if r, - 0 as t — oo, and then also
v < oo. If p=0let v < oo be the number of nonzero r,’s. For the second-
order terms, define p’ to be the supremum for ¢ = 1 of the r,s which satisfy
r. # p, if this quantity is positive, and zero otherwise, and let

£=2<11 - 1)= A0 =p) (4.6.4)

+p 1+p/ (A+pl+p)
Next define
3/2 —
“0) = o p))m, ¢'(p) = (2—1‘3?%’2 op) = ¢/(p) (d4m) 71+,

(4.6.5)
and put 6 = sup{|r,|;¢t > L,r, # p}.

The main factor, R, in the bounds has a slightly different appearance in
the two cases (i) p>0or p=0, v< oo, and (ii) p =0, v= o0, and in
addition depends on a constant K, which will be introduced below. Define

R = c(p K v)n"(l—”)/(”‘”(log E)—M(Hp)(l + p)
n b ? K n

ifp>00rp=0v<oo, (46.6)

R, = (K, 6)(1) log( ) i lr,] fp=0,v=co. (4.6.6)"

Here
c(p, K, v) = c(p)K¥ 19y, (K, ) = 4K*(1 — 6%~ 12, (4.6.7)

and p, is defined by p, = Ofor p = 0, and

n 1+¢g/2
pn=C Z/lrtln“e(log k—) , (4.6.8)

if p > 0, with
C — Kez(l—-p’)/(l+p’)(4n)e/2(1 . p)l/Z(l + p)—3/2—1/(l+p’)(1 - 52)—1/2‘)—1’

and with ¥’ signifying that the summation is over all ¢ in {1,2,...,n} for
which r, # p.

Lemma 4.6.1. Let u > 0, suppose r # 0, |r| < 1, write p = max(0, r), and
let ¢, ¢, ¢” be given by (4.6.5). Then

1 , u? 2 c"(p)
2nu’r {c ) exp(- 1+ r) —¢ }/{1 + u? }
f Pul) dh < 53— ! {c ") exp( - Z r) — e-“}.

@
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Suppose that furthermore u > 1. Then
1
i) 0< f Grru) dh < 20210 Pe(p) |7 H{(1 — O(u))/u?}?/0 2,
0

and, if r < p’ for some constant 0 < p' < 1, then

1
(i) 0< f Gulu) dh
0
< 2(2+p’)/(1+p’)(4n)—p’/(1+p’)(1 _ r2)—1/2 {(1 _ (I)(u))u}z/(H”').

Proor. By partial integration

1 1 2
_ p2,2y—1/2 __u
2n fo On(u) dh L (1 — h*r?) exp( T hr) dh

1 2
e {c’(r) exp( —1 i r) — exp(—uz)}

12 = hr)(1 + hr)'?

1 u?
- i = hy? exp(— T hr) dh, (4.6.9)

and the second inequality in (i) follows at once, since the last integral in
(4.6.9) is positive. Moreover,

2 — hr)(1 + hr)'2(1 — hr) 732 < c"(p)(1 — h2r2)~ 112,
as is easily checked, and hence

fl Q-mA+m" [ w
o (L= ) P 1+w

Inserting (4.6.10) into (4.6.9) we obtain

" 1 2
i+ S oz Lo en( - 145) - )

which proves the first inequality in (i).
To prove (ii) we will use the inequalities

exp(—u?/2) u? exp(—u?/2)
J2n(l — O(u)) > T > »
for u > 1. Thus, if r = p > 0, by part (i),

u2
fqb,,,(u) dh < exp( 1+r)

< 2(2+P)/(1+P)(4n)—p/(1 +”)|r|_1c'(p){(1 _ (D(u))/u”}z/(””),
and similarly, forr < 0, p = 0,

)dh < 2n¢’(p) f 1¢>,,,(u) dh. (4.6.10)
0

(4.6.11)

4c'(0)

7] D))’

1
f¢h,(u) h < 5z onp(—u) <
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and hence (ii) holds in either case. Finally, it is immediate that, for u > 1,

1 dh 1 u2
< —— —_——
fo u(u) dh < 2n(1 — r?)1/2 exP( 1+ p’)
< 22+p)(1 +p’)(4n)-p’/(1 +p’)(1 _ ,.2)-1/2{(1 _ CI)(u))u}z/‘l +p’)’

by (4.6.11), which proves (iii). O
The main lemma now follows easily. We will only consider a restricted
range of u-values (which may even be empty for small n). The remaining

range of u’s of interest to us is easier to treat, as shown in the proof of Theorem
4.6.3 below.

Lemma 4.6.2. Suppose that for some constant K > 0,
n(l — ®(u)) < K, (4.6.12)
and that 1 < u < 2(1 + p)~"*(log n/K)"'?. Then

n 1
nY Inl | Sunl) dh < 4R, (4613)
t=1 Jo

for R, given by (4.6.6)' and (4.6.6)", in the separate cases.
PROOF. First, by (4.6.11) and (4.6.12),

n exp(—u?/2) -

\/2_7; 2u K,
1.€.
log =+ < u {1 + —12- log Snuz} < 22, (4.6.14)
K™ 2 u
foru > 1.

Now, suppose that p > 0. Using Lemma 4.6.1(ii) to bound summands with
r, = p and Lemma 4.6.1(iii) for the remaining summands, we have that

n 1
nY In f G () dh < n2CTOIIHOC(0) (1 — D(u))uP}2 A+ Oy
t=1 0

(2+p)/(1+p) —p' [(L+p) NV _ﬂ.ﬂ
+ n2 (4m) Z (1 =)
x {(1 — ®u))u}?/+e, (4.6.15)

where Y 'denotes summation over all ¢ in {1, ..., n} such that r, # p. Since
n(l1 — ®w)) < K and (3 log n/K)'? < u < 2(1 + p)~ ?*(log n/K)'/? by as-
sumption and (4.6.14), we have that

2/(1+p) 2/(1+p) —p/(1+p)
{1 — d)(u)} e < 2P/(1 +p) (E) g (log _n_) g g
u? n K
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and that
K\2/(1+p) n\1/a+e)
{(1 —_ (I)(u))u}z/(l +0) < 22/ +p’)(1 + p)—I/(Hp’)(_) (log __)
- n K
Inserting this into (4.6.15) we obtain, with é = sup{|r|; t = 1, r, # p},
e=2p—p)Y1 + p)~ (1 + p)" !, and C as in (4.6.8),
n

n 1 —pl(1+p)
n 3.1 [ @) dh < de(p)KZO n"“"’”“*"’(log E) v
t=1 0

n 1+¢/2
x {1 +CY’ |r,|n“5(log —IZ) },

and comparing with (4.6.6)', this proves (4.6.13) for the case p > 0.
Next, suppose p = 0, v < o0, so that by Lemma 4.6.1(ii),

n 1 n 4K2
w3 1l [ @ dh<an 0 - 0wy <22,
t=1 0 t=10 7| n

re#

which shows that (4.6.13) holds also in this case.
Finally, suppose p =0, and v < co. Then, using Lemma 4.6.1(iii),
similar calculations show that

n

2 310l [ dudh < an Y. oV (1 - 02

=1 (1 — rt2)1/2
< 16KX(1 - 3912 |r 1 Liog 2
B =1 “'n K’
proving (4.6.13) for the case p = 0, v = 0. O

The rate of convergence to zero of P{M, < u} — ®(u)" now follows easily
from (4.6.2), (4.6.3), and Lemma 4.6.2. To obtain efficient bounds we will,
as in Lemma 4.6.2, restrict the domain of variation of u by requiring that
n(l1 — ®(u)) < K, for some fixed K > 0, or equivalently that u > u,, where
u, is the solution to the equation n(1 — ®(u,))= K. According to Theorem
1.5.1, this implies that if M, is the maximum of the first n variables in an
independent standard normal sequence, then

P{M, <u,}—»e X asn- o, (4.6.16)

and conversely that if {u,} satisfies (4.6.16) then n(1 — ®(u,)) - K. Moreover,
if P{M,, < u,} — P{M, < u,} = P{M, < u,} — ®(u,)" — 0, then, of course,
the same equivalence holds for M, replaced by M,,.

Thus, since the bounds for the rate of convergence will be proved for
u > u,, they will apply to the upper part of the range of variation of
P{M, < u}, and by taking K large, an arbitrarily large part of this range is
covered, at the cost of a poorer bound.
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Theorem 4.6.3. Let {£,} be a (standardized) stationary normal sequence,
suppose that u > 1, and that (4.6.12) holds, i.e. that

n(l — ®(u)) < K,
for some constant K with n/K > e. Then
|P{M, < u} — ®u)"| < 4R,, (4.6.17)

with R, given by (4.6.6). More explicitly, writing A, = |P{M, < u} — ®(u)"|,
ifp=max{0,r,r,,...} >0,0rp=0andv= #{t > 1;r, # 0} < oo, then

n —p/(1+p)
A, < cn‘“"’”‘“”’(log E) 1 + py),
with ¢ = 4c(p, K, v) and p,, given by (4.6.7), (4.6.8), and if p = 0, v = o0, then
1 n <
<c-log—
A <o ogKt;0 |71,
with ¢ = 4¢(K, 0) given by (4.6.7).

PRrROOE. By (4.6.2) and (4.6.3)

1
IPM, <u} —0@y|< Y Irl Ld"‘"-t(“)d"

1<s<t<n

n 1
<nY |n] f G () dh,
t=1 0

and it follows from Lemma 4.6.2 that (4.6.17) holds for u satisfying (4.6.12)
and 1 < u < 2(1 + p)~ Y*(log n/K)'/%.

To complete the proof we will show that (4.6.17), rather trivially, is
satisfied also for u > 2(1 + p)~ Y*(log n/K)"/2. In fact,

[P{M, < u} — ®w)'| = |P{M, >u} — (1 — D))
< P{M, > u} + (1 — D))
< 2n(1 — O(w)), (4.6.18)
by Boole’s inequality. Since 1 — ®(u) < ¢(u)/u, we have for
2
u>21+ p)'1/2<log %)1/ > 1,

that

1 n 1/2\ 2 n -1/2
1 — ®u) < (m)~ Y2 exp{— 5(2(1 + p)'m(log E) ) }(log E)

K 2/(1+p) n —-1/2
< @Qm2(= log—|
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and hence, by (4.6.18),

K 2/(1+P) n —1/2
|P{M, < u} — ®u)"| < 2(27t)_”2n(—n—) (log —IE) < 4R,,

by straightforward calculation. O

Thus, by the theorem, if p > 0 or p =0, v < o0 and Y r_, |r,| does not
grow too rapidly, the rate of convergence is at least of the order

n- -0 +ﬂ)(10g n)—ﬂ/(l 9

This is the right order, at least if {£,} is m-dependent. In fact, if r, = 0 for
[t| > mfor some positive integer m, and n(1 — ®(u,)) > K > 0,thenif p > 0,

P{M, <u,} — ®u,)" ~ e XR,, (4.6.19)
and if p = 0, then
P{M, <u,} — ®u,)" ~ —e XR,; (4.6.20)

see Rootzén (1982). Comparing (4.6.19) and (4.6.20) with the bounds of
Theorem 4.6.3, we see that for p > O or p = 0, v < o0, the bounds asymptoti-
cally are too large by a factor 4eX. Here, the factor 4 is due to inaccuracies in
the estimates (4.6.11) and (4.6.14), and can be easily reduced by restricting the
range of u further, while the factor eX is due to the estimate (4.6.3).

If p=0,v=o00,and )2 |r,| < o0, the bound given by Theorem 4.6.3
is of the order

1
—log n.
logn

It seems unlikely that this is the correct order, but the loss does not seem
important, since clearly the rate of convergence cannot be better than 1/n, in
general.

Finally, as mentioned above, it is an easy corollary to the theorem that the
convergence to the limiting double exponential distribution is as slow as for
an independent normal sequence. For example, if a,,, b, and C,, C, are given
by (2.4.9) and (2.4.10), then, under a suitable condition on the growth of

2i=ilrd,

0<C, <lim inf{sup log n|P{a, (M, — b,) < x} — exp(—e—")l}

n—o X

< lim sup{sup log n|P{a, (M, — b,) < x} — exp(——e“)l}

n— o

<G,
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and the order 1/log n of convergence cannot be improved by choosing other
normalizing constants than a,, b,. In particular, for

a, = (2 log n)'’?,
b, =a, — (2a,)” *{log log n + log 4n},
the approximation is

2
P{an(Mn - bn) < x} - exp(——e"") ~ -11—6()_" exp(_e_x) gl_o_gi_olg%_lf_)__

The reader is referred to Rootzén (1982) for the exact condition on ) 7., |r,|
and the proofs of these assertions, and for further aspects of the rate of con-
vergence of extremes of stationary normal sequences.



CHAPTER 5

Convergence of the Point Process of
Exceedances, and the Distribution of
kth Largest Maxima

In this chapter we return to the general situation and notation of Chapter 3
and consider the points j (regarded as “time instants”) at which the general
stationary sequence {£;} exceeds some given level u. These times of exceed-
ance are stochastic in nature and may be viewed as a point process. Since
exceedances of very high levels will be rare, one may suspect that this point
process will take on a Poisson character at such levels. An explicit theorem
along these lines will be proved and the asymptotic distributions of kth
largest values (order statistics) obtained as corollaries. Generalizations of
this theorem yield further results concerning joint distributions of kth largest
values. The formal definition and simple properties of point processes which
will be needed are given in the appendix.

5.1. Point Processes of Exceedances

If uis a given “level” we say that the (stationary) sequence {£,} has an exceed-
ance of y at jif ¢; > u. Such j may be regarded as “instants of time”, and the
exceedances therefore as events occurring randomly in time, i.e. as a point
process (cf. Appendix).

We shall be concerned with such exceedances for (typically) increasing
levels and will define such a point process, N, say, for each of a sequence
{u,} of levels. Since the u, will be typically high for large n, the exceedances
will tend to be rarer and we shall find it convenient to normalize the “time”
axis to keep the expected number of exceedances approximately constant.
For our purposes the simple scale change by the factor n will suffice. Speci-
fically we define for each n a process ,(t) at the points t = j/n,j = 1,2,...by
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Figure 5.1.1. Point process of exceedances.

1a(j/n) = &;. Then n, has an exceedance of u, at j/n whenever {&,} has an
exceedance at j. Hence, while exceedances of u, may be lost as u, increases,
this will be balanced by the fact that the points j/n become more dense.
Indeed, the expected number of exceedances by #, in the interval (0, 1] is
clearly nP{¢, > u,} which tends to a finite value T, if u, is chosen by (3.4.2).

Our first task will be to show that (under D(u,), D'(u,) conditions) the
exceedances of u, by 7, become Poisson in character as n increases (actually
in the full sense of distributional convergence for point processes described
in the appendix). In particular, this will mean that the number, N,(B), say,
of exceedances of u, by #,, in the (Borel) set B, will have an asymptotic Poisson
distribution. From this we may simply obtain the asymptotic distribution of
the kth largest among &,,..., &,, and thus generalize Theorems 2.2.1 and
2.2.2. The Poisson result will be proved in the next section and the distri-
butional corollaries in Section 5.3.

It will also be of interest to generalize Theorems 2.3.1 and 2.3.2, giving
joint distributions of kth largest values. This will require an extension of our
convergence result to involve exceedances of several levels simultaneously,
as will be seen in subsequent sections.

5.2. Poisson Convergence of High-Level Exceedances

In the following theorem we shall first consider exceedances of u,, by #, on
the unit interval (0, 1] rather than the whole positive axis, since we can then
use less restrictive assumptions, and still obtain the corollaries concerning
the distributions of kth maxima.

Theorem 5.2.1. (i) Let © > 0 be fixed and suppose that D(u,), D'(u,) hold for
the stationary sequence {&,} with u, = u,(t) satisfying (3.4.2). Let n,(j/n) =
¢ji=1,2,...;n=1,2,..., and let N, be the point process on the unit
interval (0, 1] consisting of the exceedances of u, by , in that interval, (i.e.
the points j/n, 1 < j < n, for which n,(j/n) = &; > u,). Then N, converges
in distribution to a Poisson process N on (0, 1] with parameter t,as n — 0.
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(ii) Suppose that, for each t > 0, there exists a sequence {u,(t)} satisfying
(3.4.2), and that D(u,(7)), D'(u,(t)) hold for all T > 0. Then for any fixed t,
the result of (i) holds for the entire positive axis in place of the unit
interval, i.e. the point process N, of exeedances of u,(t) by n,, converges
to a Poisson process N on (0, c0) with parameter 7.

ProOF. By Theorem A.1 to prove part (i) it is sufficient to show that

(a) E(N,((c,d])) = EIN((c,d])) =td —c)asn—-> o forall 0 <c<d <1,
and

(b) P{N,(B) = 0} - P{N(B) = 0} = exp(—tm(B)) (m being Lebesgue mea-
sure) for all B of the form { Ji(c;,d;],0<¢; <dy <c, <+ <¢,<d, <1

Here (a) is immediate since
E(N,((c,d])) = ([nd] — [nch(1 — F(u,)) ~ n(d — c)t/n = t(d — c).
To show (b) we note that for 0 < ¢ < d < 1,
P{N((c,d]) = 0} = P{M(1,) < u,},

where I, = {[nc] + 1,...,[nd]}. Now I, contains v, integers where v, =
[nd] — [nc] ~n(d — ¢) as n— oo. Thus, by Corollary 3.6.4 with
6=d—-c<1,

P{N,((c,d]) = 0} » exp(— 1(d —- ¢)) asn— oo. (5.2.1)

Now, let B = [ Ji(c;, d], where0 < ¢, <d; <c, <d, <---<c¢,<d, < 1.
Then, writing E; for the set of integers {[nc;] + 1, [nc;] + 2,...,[nd;]},
it is readily checked that

PIN(B) = 0} = P ( N ME) < u,.})
j=1
= [1PINA(es 4D = 0}

+ {P ( .ﬂl {M(E) < u,,}) - .HIP{M(EJ.) < u,,}}.

J= i=
By (5.2.1), the first term converges, as n — o0, to [[j=; exp(—1(d; — c;)) =
exp(—tm(B)) (where m denotes Lebesgue measure). On the other hand, by
Lemma 3.2.2 it is readily seen that the modulus of the remaining difference
of terms does not exceed (r — 1)a,, nz Where 4 = min, _;_,_,(c;+; — d)).
But by D(u,), (cf. (3.2.3)), ,, (3 — 0 as n — oo so that (b) follows. Hence (i)
of the theorem holds.

The conclusion (ii) follows by exactly the same proof except that we use
Theorem 3.6.3 instead of Corollary 3.6.4, taking v, to be u,(f7) (thus satisfying
D(v,), D'(v,), n(1 — F(v,)) - 0t by assumption) where now we may have
0 > 1. Correspondingly ¢, d and c;, d; are no longer restricted to be no greater
than 1. O
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It is of interest to note that the conclusion of (i) applies to any interval
of unit length, so that the exceedances in any such interval become Poisson
in character. But if the assumption of (ii) is not made, it may possibly not
happen that the exceedances become Poisson on the entire axis (or on an
interval of greater than unit length).

Corollary 5.2.2. Under the conditions of (i) of the theorem, if B < (0, 1] is
any Borel set whose boundary has Lebesgue measure zero, (im(0B) = 0), then

exp(—mB)(tm(B) o,

P{N(B) =1} - S

The joint distribution of any finite number of variables N,(B,), ..., N(By)
corresponding to disjoint B;, (with m(0B;) = 0 for each i) converges to the
product of corresponding Poisson probabilities.

PRrOOF. This follows at once since (N,(B,), . . -, Nu(Bw) % (N(By), ..., N(By)
(as noted in the appendix) when N, 5 N. U

It should be noted that the above results obviously apply very simply to
stationary normal sequences satisfying appropriate covariance conditions

(e.g. (4.1.1)).

5.3. Asymptotic Distribution of kth Largest Values

The following results may now be obtained from Corollary 5.2.2 generalizing
the conclusions of Theorems 2.2.1 and 2.2.2.

Theorem 5.3.1. Let M® denote the kth largest of &,,..., &, (M(P = M,),
where k is a fixed integer. Let {u,} be a real sequence and suppose that D(u,),
D'(u,) hold. If (3.4.2) holds for some fixed finite t > 0, then
k—1 .5
PMP <u}—>e "), % as n— oo. (5.3.1)
s=09"
Conversely if (5.3.1) holds for some integer k, so does (3.4.2), and hence
(5.3.1) holds for all k.

PROOF. As previously, we identify the event {M® < u,} with the event that
no more than (k — 1) of &y,..., &, exceed u,, i.e. with {N,((0,1]) < k — 1},
so that
k-1
P{M® <u} =Y P{NO0,1]) = s}. (53.2)
s=0
1f (3.4.2) holds the limit on the right of (5.3.1) follows at once by Corollary
522
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Conversely if (5.3.1) holds but (3.4.2) does not, there is some 7’ # t
0 < 7’ < o0, and a sequence {n;} such that n1 — F(u,)) — 7. Now a brief
examination of the proof of Theorem 5.2.1 (cf. also the remark at the end of
Section 3.4) shows that if (3.4.2) is not assumed for all n but just for a sequence
{n;} then N, has a Poisson limit. If 7' < o, replacing by 7’ in the argument
above, we thus have

k-1 'S

PMY <u,}—e =R
s=09"

But this contradicts (5.3.1) since the functione ™* Y *Z1 x%/s!is strictly decreas-
inginx > Oand hence 1 — 1. Thus 7’ < oo isnot possible. But 7" = oo cannot
hold either since as in (3.4.4) we would have

P{Myy < u,y <1 —[n/k](1 — F(u,)) + Sy,

which would be negative for large n by the finiteness of lim sup,. ., S,
implied by D'(u,), at least for some appropriately chosen large k. Hence
(3.4.2) holds as asserted. O

The case k = 1 of this theorem is just Theorem 3.4.1 again. Of course
Theorem 3.4.1 is used in the proof of Theorem 5.2.1 and hence of Theorem
5.3.1. The following corollary covers the case T = oo.

Corollary 5.3.2. Suppose that, for arbitrarily large 1, there exists a sequence
{v, = v,(7)} satisfying D(v,), D'(v,) and such that n(1 — F(v,)) - 7. If, for a
sequence {u,}, n(1 — F(u,)) = oo, then P(M® < u,} - 0 for all k.

Conversely if P{IM® < u,} - 0 for some k, then n(1 — F(u,)) - o and
P{M® < u,} -0 for all k.

Proor. If n(l — F(u,)) > o, 1< 0 and v, is chosen as above then

P{M® < v,} - e " by the theorem. But clearly v, > u, for sufficiently large
n, so that

lim sup P{M® < u,} < limP{M® < v,} =7~

n— oo n—ro

Since this holds for arbitrarily large T < oo, P{M® < u,} — 0 as asserted.
Conversely, if P{M® < u,} — 0 for some k, it follows, since M, > M®,
that P{M, < u,} — 0 so that n(1 — F(u,)) — oo by Corollary 3.4.2, O

The following obvious corollary also holds.

Corollary 5.3.3. Theorem 5.3.1 holds if the assumption (or conclusion) that
{u,} satisfy (3.4.2), is replaced by either of the assumptions (conclusions)

PM,<u}->er, P{M,<u}—e"

(where M, as usual denotes the maxima for the associated independent
sequence). Correspondingly the assumption (or conclusion) n(1 — F(u,)) - oo
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in Corollary 532 may be replaced by either P{M, < u,} -0 or
P{M, <u,} - 0.

ProOOF. The statements regarding Theorem 5.3.1 follow at once from Theo-
rems 3.4.1 and 1.5.1. Those for Corollary 5.3.2 follow from Corollary 3.4.2
and Theorem 1.5.1. (N

Theorem5.3.4. Let a, > 0, b, be constantsforn = 1,2, ..., and G a nondegen-
erate d.f., and suppose that D(u,), D'(u,) hold for all u, = x/a, + b,, —o© <
x < oo. If

P{a,M, — b,) < x} - G(x), (5.3.3)
then for eachk = 1,2, ...
k—=1,__ s
Pla(MP — b) < x} - G(x) y 1OE T

s=0

(5.34)

where G(x) > 0 (zero where G(x) = 0).
Conversely if (5.3.4) holds for some k, so does (5.3.3) and hence (5.3.4) holds
for all k. Further, the result remains true if M, replaces M, in (5.3.3).

ProoF. For G(x) > 0 the result follows from the first part of Corollary 5.3.3
by writing u, = x/a, + b,, T = — log G(x). The case G(x) = 0 will follow
from the second part of Corollary 5.3.3 provided it can be shown that for
arbitrarily large 7 there is «a sequence {v,} satisfying D(v,), D'(v,) such
that n(1 — F(v,)) — 7. But since G is continuous (being an extreme value
d.f) there exists x, such that G(x,) = e™* from which it is easily seen that
X¢/a, + b, provides an appropriate choice of v,,. O

5.4. Independence of Maxima in Disjoint Intervals

It would clearly be natural to extend the theorems of Chapter 3 to deal with
the joint behaviour of maxima in disjoint intervals. We shall do so here—
demonstrating asymptotic independence under an appropriate generaliza-
tion of the D(u,) condition, and then use this to obtain a Poisson result for
exceedances of several levels considered jointly. This, in turn, will lead to
the asymptotic joint distributions of various quantities of interest, such as
two or more M®, and their locations, as n — .
As in (2.3.1), consider r levels u® satisfying

n(l — Fu®)) - 1, (54.1)

where 4l > u® >.-.> u® as in Chapter 2 and consequently 7, <71,
<---<71,.

It is intuitively clear that we shall need to extend the D(u,) condition to
involve the r values u®, and we do so as follows.
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The condition D,(u,) will be said to hold for the stationary sequence {£;}
if, for each choice of i = (iy,..., i), j= (.- Jp), 1 iy <ip <---<
I, < Jj1 <Ja < -+ <jy £n,j; — i, > I, we have (using obvious notation)

[Fi (v, W) — FMFW)| < o, g, (54.2)

where v = (vy,...,0,), W = (Wy, ..., w,), the v; and w; each being any choice
of the r values u, ..., uy, and where o, , — 0 for some sequence l, = o(n).

The condition D,(u,) extends D(u,) in an obvious way (and clearly implies
D(u®) for each k) and will be convenient even though its full strength will
not quite be needed for our purposes. It will not be necessary to define an
extended D’(u,) condition, since we shall simply need to assume that D’(u®)
holds separately foreach k = 1,2,...,r.

The next result extends Lemma 3.2.2 (with slight changes of notation).

Lemma 5.4.1. With the above notation, if D/u,) holds, if n, s, k are fixed in-
tegers, and E,, ..., E; subintervals of {1,...,n} such that E; and E; are
separated by at least | when i # j, then

s

P((s\l {M(E]) < un,j}> - n P{M(Ej) < un,j} < (S - l)an,l
Jj= j=1

j=

where for each j, u, ; is any one of ul", ..., u®.

ProoF. This is proved in exactly the same manner as Lemma 3.2.2 and the
details will therefore not be repeated here. (]

In the following discussion we shall consider a fixed number s of disjoint
subintervals Jy, J,,..., Jyof {1,..., n} such that J, (= J,;) has v, , ~ On
elements, where 0, are fixed positive constants with ) §_; 6, < 1. By slightly
strengthening the assumptions, we may also allow ) 5,6, > 1, and let J,,
Ja3s ..., Js be more arbitrary finite disjoint intervals of positive integers.
Note that the intervals J, do increase in size with n, but remain disjoint, and
their total number s is fixed.

The following results then hold. In the proofs, details will be omitted where
they duplicate arguments given in Chapter 3.

Theorem 5.4.2. (i) Let J, J,, ..., J be disjoint subintervals of {1, 2, ..., n} as
defined above, J, having v, ~ 6,nmembers, for fixed positive 8, ,6,, ..., .,
(35 0, < 1). Suppose that the stationary sequence {¢;} satisfies D(u,)
where the levels u(® > u® > --- > u® satisfy (5.4.1). Then

P(kﬁ {M(Jp < un,k}) T PIM(J) <uy}—»0 asn—- oo (543)
=1 =1

k

or any choice of u,, , fromul®, ... u® for each k.
n,k n n
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(ii) For fixed s, m, let J,, J,, ..., J, be disjoint subintervals of the positive
integers 1,2, ..., mn, where J (= J, \) has v, ; ~ 0,n members, 0,,..., 0
being fixed constants (). 60, < m). Let u,(t) satisfy (1 — F(uy(t)) ~ t/n
for each 1 >0, let 1, < 1, < --- < 1, be fixed, and suppose that D/(u,)
holds for u, = (u,(mz,), ..., u,(mt,)). Then (5.4.3) holds.

Proor . Let I, denote the first v, — I, elements of J;, and I the remaining
I,, where I, is chosen as in D,(u,). (These I,, I} are different from those in
Chapter 3, but are so named since they play a similar role.) By familiar
calculation we have

k

0 < P(ﬁ {M(Ik) < un,k}) - P(ﬁ {M(Jk) < un,k}>
=1 k=1

<

k

Mn

P{M(IY) > ty} < 5p,, (5.4.4)

I

1

where p, = max, .4, P{M(I¥)) > u,,}. Further

< (s — Day,,,

{P (ﬁ My < u,,,k}) - kﬁl PIM(L) < )
k=1 =

(5.4.5)
by Lemma 5.4.1, and

s

0< n P{M(,) < tp.} ~ kl:ll P{M(J)) < u,;}

k=1
< [LPMUD < ) + 9 = 1 PIMOD < 0
<A +p)y-1 (54.6)

since J[5=1 (x + pw) — [ [i=1 ¥x is increasing in each y, when p, > 0.
Now
p= max P{M(I}) > u,} < max (1 — F(,)
1<k<s 1<k<s

which tends to zero by (5.4.1) since I, = o(n). Hence, by (5.4.4), (5.4.5),
and (5.4.6), the left-hand side of (5.4.3) is dominated in absolute value by
$pn + (s — Dat, 4, + (1 + p,)° — 1 which tends to zero, completing the proof
of part (i) of the theorem.

Part (ii) follows along similar lines and only the required modifications
will be indicated. First I, is defined to be the first v, — I,, elements of J;,
and I} the remaining l,,. If u,, = u¥ = u,(t;), write v, = U,,(m7;). Then
(5.4.4) holds with v, replacing u,, as does (5.4.5) on replacing also a,;, by
(using Lemma 5.4.1 with mn for n). It then follows as above that

a""‘,lnm

P (ﬁ {MJ) < v,,‘k}> — fI P{M(J,) < v} = 0. 54.7)
k=1 k=1
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Now again, if u,;, = u{’ = u,(t;) we have v,; = u,(mt;) and
n(l — F(u,y) - t;

1 o~

so that Lemma 3.6.1(i) gives
PIM(J)) < vy} — P{IM(J)) < thpy} > 0.
By writing
A= {MUJ) <v},  Be={MU) < i}
and using the obvious inequalities
|P(() 4) = P(") B)I < P(") 4; = () B) + P(() B: = [} 4)
< P{{J4; - B)} + P{{J (Bi — 4)}
we may approximate the first term in (5.4.7) by replacing v,, by u,,. A
slight extension of a corresponding calculation in (i) above shows a similar
approximation for the second term of (5.4.7), from which it follows that

(5.4.7) tends to zero when u,, , replaces v, , so that (5.4.3) follows, as desired.
d

Note that the proof of this theorem is somewhat simpler than that, e.g.
in Lemmas 3.3.1 and 3.3.2. This occurs because we assume (5.4.1) whereas
the corresponding assumption was not made there. We could dispense with
(5.4.1) here also with a corresponding increase in complexity, but since we
assume (5.4.1) in the sequel, we use it here also.

Corollary 5.4.3. (i) If, in addition to the assumptions of part (i) of the theorem,
we suppose that D'(ul®®) holds for eachk = 1,2, ..., r,then(for Y5 6, < 1),

PIMWJ) <ty k=1,2,...,5} > exp(— Y Bkt,:),
k=1

where 1 is that one of ty,..., 1, corresponding to u,,, i.e. such that
n(l — F(u, ) = .

(it) If in addition to the assumptions of part (ii) of the theorem, D'(v,) holds
with v, = u,(0,7;), 1 <k < s, then the conclusion holds for these arbitrary
positive constants 0.

Proor. (i) follows by Corollary 3.6.4 which shows that
PIM(J) < upi} > exp(—6,7), 1<k<s.

For (ii), the same limit holds for each k by Theorem 3.6.3. For (noting
Un = Uy(y)), D'(v,) holds with v, = u,(6,7}), as also does D(v,), since the
assumption D,(u,) made implies D(u,(mt;)) which in turn (since 6, < m)
implies D(u,(0, 1)) by Lemma 3.6.2(iv). O
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It is easy to check that D,(u,) holds for normal sequences under the stand-
ard covariance conditions and hence Corollary 5.4.3 may be applied.

Theorem 5.4.4. Let {&,} be a stationary normal sequence with zero means,
unit variances and covariance sequence {r,}. Suppose {u,(t)} satisfies
n(l — ®(u,(z))) =t for each 1 >0, let 0 <1, <1, <--- < 1,. Suppose
that r, = 0 as n — o0 and

n 2
nj;1|r,.| exp( - %) -0 asn— o, (54.8)

Jor some m > 1 (which will hold, in particular, for any such m if r, log n — 0,
by Lemma 4.3.2). Then D,(w,) holds with u, = (u,(mz,), ..., u(mz,)) as does
D'(u,(1)) when 0 < t© < mr,. It follows that if 0,, ..., 0, are positive constants
with Y-, 0, < m, then

PIMUJ) <tk =1,2,..., 5} > exp( -y ekr;) (5.4.9)
k=1

where J, are as in Theorem 5.4.2(ii) and u,,, 7} as in Corollary 5.4.3.

ProOF. With the notation of (5.4.2) we may identify the £; of Theorem 4.2.1

with &, ..., CipsCipr s éjp,, here and the n; of that theorem with &} , . . ., i
i -5 &j,s such that &, ..., & have the same joint distribution as
&iy» - --» &, but are independent of £, ..., £} , which in turn have the same

joint distribution as &; , ..., & jp~ Then Corollary 4.2.2 gives

J1?

2
|Fy v, w) — FOF,W)| < K % Iri,—,] eXP( ———u”*—),

1<s<p 1+|ris—j,|

1<t<p’
where u, = min(v,,...,0,, Wi,...,w,) and vy,...,0,, Wy,..., W, are
chosen from u,(mt,), . .., u,(mz,). Replacing u, by u,(mt,) (<u, for sufficiently

large n) and using the fact that for each j there are at most n terms containing
rj, we obtain

n 7.))?
| F;, j(v, w) — Fy(V)Fy(w)| < Kn Z 75l exp(—w—)
= 1+ |7l
which tends to zero by (5.4.8) so that D,(u,) holds as claimed (a, ; being inde-
pendent of [, in fact).

Now if 0 < 1 < mr,, u,(t) > u,(mr,) for sufficiently large n so that (5.4.8)
holds with t replacing mz, and hence Lemma 4.4.1(ii) shows that D’(u,(t))
holds as required.

Finally if 6, > 6, Y3 6, <m, D'(v,) holds with v, = u,(6,7}) by the pre-
vious statement of the theorem since © = 6,1, < mz,. Since we have shown
above that D,(u,) holds with u, = (u,(mz),), ..., u,(mz,)), (5.4.9) follows from
Corollary 5.4.3(ii). U
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The following result, generalizing Theorem 3.6.6, also follows from Corol-
lary 5.4.3.

Theorem 5.4.5. Let {£,} be a stationary sequence, a, > 0, b,, constants, and
suppose that

P{a, M, —b,) <x} BG(x) asn—

for some nondegenerate df. G. Suppose that D,(u,), D'u®) hold for all
sequences of the form u® = x,/a, + b,, and let J, = J, ., k =1,2,...,r be
disjoint subintervals of {1, ..., mn}, J, containing v, integes where v, , ~ Oyn,
m being a fixed integer and 6, > 0, ..., 0, > 0,3 6, < m. Then

r

Pla,M(J) = b)) < x, k= 1,2,...,r} = [] G™(xy.
k=1
PRrOOF. This follows from Corollary 5.4.3 in a similar way to the proof of
Theorem 3.6.6, identifying 1, with —log G(xy), u,x = Xi/a, + by, u(0,7)) =
Vi/a, + b, where 0,1, = —log G(y,), and similarly for u,(mz,). U

5.5. Exceedances of Multiple Levels

It is natural to consider exceedances of the levels ul, .. ., ul" by ,,,(n,(i/n) =
¢; as before), as a vector of point processes. While this may be achieved
abstractly, we shall here, as an obvious aid to intuition represent them as
occurring along fixed horizontal lines L,, ..., L, in the plane—exceedances
of u¥ being represented as points on L,. This will show the structure imposed
by the fact that an exceedance of u® is automatically an exceedance of
u* b L ul), asillustrated in Figure 5.5.1. In the figure, (a) shows the levels
and values of 7, from which one can see the exceeded levels, while (b) marks
the points of exceedance of each level along the fixed lines L, ..., L,.

To pursue this a little further, the diagram (b) represents the exceedances
of all the levels as points in the plane. That is, we may regard them as a
point process in the plane if we wish. To be sure, all the points lie only on certain
horizontal lines, and a point on any L, has points directly below it on all
lower L,, but nevertheless the positions are stochastic, and do define a two-
dimensional point process, which we denote by N,,.

We may apply convergence theory to this sequence {N,,} of point processes
and obtain the joint distributional results as a consequence. The position of
the lines L,, ..., L, does not matter as long as they are fixed and in the indi-
cated order. From our previous theory each one-dimensional point process,
on a given L;, N%, say, will become Poisson under appropriate conditions.
The two-dimensional process indicated will not become Poisson in the plane
as is intuitively clear, in view of the structure described. However, the ex-
ceedances N® on L, form successively more “severely thinned” versions of
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ulV
uslr— 1)
u®d
L 1 A ) — i — J;: e L A AL 1 '} 1 'l il
(@)
L,
Lr— 1
L,
1 1 1 ' il L ' ' 1 1 1 1 i A L . L 1 1
(b)

Figure 5.5.1. (a) Levels and values of 7,(t). (b) Representation in plane (fixed Ly).

N as k decreases. Of course, these are not thinnings formed by independent
removal of events, except in the limit where the Poisson process N® on L,
may be obtained from N**V on L,,, by independent thinning, as will
become apparent.

More specifically, we define the point process N in the plane, which will
turn out to be the appropriate limiting point process, as follows.

Let {o,;;j = 1,2, ...} be the points of a Poisson process with parameter
t,onL,. Let B;,j=1,2,...,beiid. random variables, independent also of
the Poisson process on L,, taking values 1,2, ..., r with probabilities

(Tr—-s = Tres)/ T s=1,2,...,r——1,
P{ﬂjzs}_:{ +1 )/

Tl/rrs s=r,

ie. P{f; = s} =1,_g4y/r,fors=1,2,...,r

For each j, place points g,;, 03j,...,05,; on the f; — 1 lines L,_,,
L,_5,..., L,_g,+1, vertically above gy}, to complete the point process N.
Clearly the probability that a point appears on L,_; above a; is just
P{B; > 2} = 1,_,/t, and the deletions are independent, so that N*~V is
obtained as an independent thinning of the Poisson process N®. Hence
N®~1 is a Poisson process (cf. Appendix) with intensity t,(t,_/z,) = T,- 1,
as expected. Similarly N® is obtained as an independent thinning of N®*1
with deletion probability 1 — 7,/7,, ;, all N® being Poisson.
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We may now give the main result.

Theorem 5.5.1. (i) Suppose that D/(u,) holds, and that D'(u®) holds for
1 <k <, where the u satisfy (5.4.1). Then the point process N, of
exceedances of the levels ulV, ..., u" (represented as above on the lines
L,, ..., L,) converges in distribution to the limiting point process N, as
point processes on (0, 1] x R.

(i) If further for 0 <t < o0, u,(r) satisfies n(1 — F(u,(1))) » 17, D,(u,)
holds for u, = (u,(mty),...,u,(mz,)), all m > 1, and D'(u,(t)) holds for all
T > 0, then N, converges to N, as point processes on the entire right half
plane, i.e. on (0, 0) x R.

PrOOF. Again by Theorem A.1 it is sufficient to show that

(a) E(N,(B)) —» E(N(B)) for all sets B of the form (c, d] x (y, 8}, y <,
0 < ¢ <d,whered < 1 ord < oo, respectively, and

(b) P{N,(B) = 0} - P{N(B) = 0} for all sets B which are finite unions of
disjoint sets of this form.

Again (a) follows readily. If B = (¢, d] x (y, 0] intersects any of the
lines, let these be Lg,Lgyq,...,L, (1 <s<t<r) Then N, (B)=
Yi=s N¥((c, d]), N(B) = Y4~ N¥((c, d]), and the number of points j/n
in (¢, d] is [nd] — [nc] so that

E(N,(B)) = ([nd] — [nc]) kZ_: (1 = Fu)
1

t t
~nd—c)Y (—’f+o(—))—>(d—c) Y 1,
k=s \/? n k=s
which is clearly just E(N(B)).
To show (b) we must prove that P{N,(B) = 0} - P{N(B) = 0} for sets
B of the form B = ( J7 C, with disjoint C; = (¢, di] X (¥, ] Clearly, we
may discard any set C, which does not intersect any of the lines L, ..., L,.
By considering intersections and differences of the intervals (¢, d,], we may
change these and write B in the form | )5, (¢, di] x E,, where (¢, d;] are
disjoint and E, is a finite union of semiclosed intervals. Thus

N

where Fy = (cy, di] x E;. If the lowest L; intersecting F, is L,, , then, by the
thinning property, clearly

{N,(Fp) = 0} = {N["™)(cs, di]]) = 0}. (5:5.2)
But this is just the event {M([c,n], [dyn]) < u,,}, so that Corollary 5.4.3,
parts (i) and (ii), respectively, gives

S

P{N,B) =0} — eXP(- 2 (dy — ck)ka) = P{N(B) = 0},

k=1
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since (5.5.1) and (5.5.2) clearly also hold with N instead of N,,, and the result
follows. O

Corollary 5.5.2. Let {£,} satisfy the conditions of Theorem 5.5.1(i) or (ii), and
let B,, ..., B, be Borel subsets of the unit interval, or the positive real line,
respectively, whose boundaries have zero Lebesgue measure. Then for integers
()
m] ,
PINYB)=m¥,j=1,....,8k=1,...,r}
- P{N®(B) = m"",] =1,...,8,k=1,...,r}. (553)

PRrOOF. Let Bj, be a rectangle in the plane with base B; and such that L, inter-
sects its interior, but is disjoint from all other L;. Then the left-hand side of
(5.5.3) may be written as

P{NByp)=mP,j=1,....,5,k=1,...,1},

which by the appendix converges to the same quantity with N instead of
N,, i.e. to the right-hand side of (5.5.3). O

5.6. Joint Asymptotic Distribution of the
Largest Maxima

We may apply the above results to obtain asymptotic joint distributions for
a finite number of the kth largest maxima M®, together with their locations
if we wish. Such results may be obtained by considering appropriate contin-
uous functionals of the sequence N,, but here we take a more elementary
approach, in giving examples of typical results. First we generalize Theorems
2.3.1 and 2.3.2.

Theorem 5.6.1. Let the levels u®, 1 <k<r, satisfy (54.1) with
uld > uP > ... > u, and suppose that the stationary sequence {&,} satisfies
D,(w,), and D'(u®) for 1 < k < r. Let S® denote the number of exceedances
of U byé,,..., &, Then, fork, >0,...,k, >0,

P{Ssll) = kls SLZ) = kl + k29 . S(r) k + -t kr}

T‘il (T2 - 1:l)k2 . (Tr - 1:r—l)kr -1,

Tk kT k! ’

(5.6.1)

asn— o0.

PrOOF. With the previous notation S = N$((0, 1]) and so by Corollary
5.5.2 the left-hand side of (5.6.1) converges to

P{S® =k, 8D =k; + kg, SO =k, + -+ k),  (562)

where S9 = NUY((0, 1]). But this is the probability that precisely k; + k,
+ -+- + k, events occur in the unit interval for the Poisson process on the



5.6. Joint Distribution of the Largest Maxima 115

line L, and that k, of the corresponding s take the value r, k, take the value
r — 1, and so on. But the independence properties of the f’s show that, con-
ditional on a given total number k; + k, + --- + k,, the numbers taking the
valuesr,r — 1,..., 1 have a multinomial distribution based on the respective
probabilities 1,/z,, (z, — 11)/7,, ..., (T, — T,_1)/1,. Hence (5.6.2) is

(ky + kaoo o + k) T \M (1, — 14\ T, — T\
kilky!. . k! T, T, T,

X PIN(O, 1]) = ky + kp + -+ + K}

which gives (5.6.1) since

ghathkat s

P (r) 1 — . = — ! .
{N ((O, ]) kl + kz + + kr} eXp( 1:r) (kl + k2 4+ -0 F kr)! I:I

Of course this agrees with the result of Theorem 2.3.1. The next result
(which generalizes Theorem 2.3.2 again) is given to exemplify the applicability
of the Poisson theory.

Theorem 5.6.2. Suppose that
P{a, (M —b,) < x} ® G(x) (5.6.3)

for some nondegenerate d.f. G and that D,(w,), D'(u®’) hold whenever u®® =
xi/a, + b,, k = 1,2. Then the conclusion of Theorem 2.3.2 holds, i.e. for
Xy > X5,

P{an(Mgl) - bn) < X1 an(MEZ) - bn) < x2}

- G(xy)(log G(x,) — log G(x,) + 1) (5.6.4)
when G(x,) > 0 (zero when G(x,) = 0).
Proor. If u® = x,/a, + b,, by (5.6.3) and the assumptions of the theorem it
follows from Theorem 3.4.1 that n(1 — F(u®)) — 7, where 1, = —log G(x,)
if G(x,) > 0 (and hence G(x,) > 0). But clearly
P{MP < ul), MP < ud} = P{SPP = 0} + P{S{H = 0,52 = 1},
where S¥ is the number of exceedances of u®) by ¢,,..., ¢,. By Theorem
5.6.1 we see that the limit of the above probabilities is
e 24 (1, — 1) P=e""2(1, — 1y, + 1),

which is the desired result when G(x,) > 0. The case G(x,) = 0 may be dealt
with directly by taking 7, = oo or perhaps most simply from the continuity
of G by dominating the left-hand side of (5.6.4) by its value with y replacing
x, where G(y) > 0. O

As a final example, we obtain the limiting joint distribution of the second
maximum and its location (taking the leftmost if two values are equal).
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Theorem 5.6.3. Suppose that (5.6.3) holds and that D,(u,), D'u®) hold for all
u® = x./a, + b,k =1,2,3,4. Then if L'?, M® are the location and height
of the second largest of &, ..., &,, respectively,

P {% LY <t,a,M? — b)) < x} ~ 1GG)(1 — log Gx)), (56.5)

x real, 0 < t < 1. That is, the location and height are asymptotically inde-
pendent, the location being asymptotically uniform.

PrROOF. As in the previous theorem, we see that (54.1) holds with
7. = — log G(x;). Write I, J for intervals {1, 2,...,[nt]}, {[nt] +1,...,n},
respectively, MV (I), M@ (I), MY (J), M® (J) for the maxima and second
largest ¢; in the intervals I, J, and let H,(x,, x,, X3, x,) be the joint d.f. of the
normalized r.v.’s

X =aMP(I)-b), X2 =aMP()~b,),

Y =aMP ) =b)  YP=aM>VJ) b,
That is, with x; > x, and x; > x,,

Hy(xy, X3, X3, X4) = P{M{ (1) < u{, MP (1) < u?,
MP () < ud, MP () < u},

where u¥ = x;/a, + b, as above. Alternatively, we see that

H,(x1, X3, X3,%s) = P{INP(I) = O, NP (I) < 1,

NPJ)=0,NP(J) <1},

where I’ = (0, t] and J' = (¢, 1], so that an obvious application of Corollary
552 with B, = I', B, = J' gives

lim H,(x;, X3, X3, x4) = PNV (I') = 0, N® (I') < 1}
e x P{N® (J') = 0, N9 (J) < 1}
=e "(t(t; — 1) + De” VT - D) (g — 1) + 1)

= H(x,, xZ)H(l—t)(xsa X4) = H(xy, x5, X3, X4),

(5.6.6)
say, where

H(xy, x;) = G'(x,)(log G'(x,) — log G'(x) + 1),

for x, > x,. Now clearly

1
P {; L <t aMP —-b,) < xz}
=PMP (D) < ud, MP () =2 M} (J)}
+ PIMM (D) < uP, MV (J) > MP (1) 2 MP (J)}
= P{X? < x,, X2 > Y} + P{X < x,, Y > X1V > Y},
(5.6.7)
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But, by the above calculation (X, X?, YV, Y) converges in distribution
to (X, X,, Yy, Y,), whose joint d.f. is H, which is clearly absolutely contin-
uous since G is (being an extreme value d.f.). Hence, since the boundaries
of sets in R* such as {(w,, w,, w3, wa); W, < X,, w, > w3} clearly have zero
Lebesgue measure, it follows that the sum of probabilities in (5.6.7) con-
verges to

P{X, <%, X2 Y} +P{X <x, Y, >X,27,}, (568)

and therefore the left-hand side of (5.6.5) converges to (5.6.8). This may be
evaluated using the joint distribution H of X,, X,, Y, Y, given by (5.6.6).
However, it is simpler to note that we would obtain the same result (5.6.8)
if the sequence were i.i.d. But (5.6.5) is simply evaluated for an i.i.d. sequence
by noting the independence of LY and M and the fact that L{? is then
uniform on (1, 2, ..., n), giving the limit stated in (5.6.5), as is readily shown.

O

5.7. Complete Poisson Convergence

In the previous point process convergence results, we obtained a limiting
point process in the plane, formed from the exceedances of a fixed number
r of increasingly high levels. The limiting process was not Poisson in the
plane, though composed of r successively more severely thinned Poisson
processes on r lines.

On the other hand, we may regard the sample sequence {£,} itself—after
suitable transformations of both coordinates—as a point process in the
plane and, by somewhat strengthening the assumptions, show that this con-
verges to a Poisson process in the plane. This procedure has been used for
independent r.v.’s by, e.g. Pickands (1971) and Resnick (1975) and subse-
quently for stationary sequences by R. J. Adler (1978), who used the linear
normalization of process values provided by the constants a,, b, appearing
in the asymptotic distribution of M,. Here we shall consider a slightly more
general case.

Specifically, with the standard notation, suppose that u,(t) is defined for
n=12,...; 1> 0to be continuous and strictly decreasing in t for each n,
and satisfying (1.5.1), viz.

n(l — F(u,(t)) - t. (5.1.1)

For example, u,(t) = a, 'G~ (e ) + b, with the usual notation when M
has a limiting d.f. G.

Here we will use N, to denote the point process in the plane consisting of
the points (j/n, u; '(£)),j = 1,2, ..., where u, ! denotes the inverse function
of u,(1), (defined on the range of the r.v.’s &)).

n
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Theorem 5.7.1. Suppose u,(t) are defined as above satisfying (5.7.1) and that
D’(u,) holds for each u, = u,(7), and that D (u,) holds for eachr = 1,2,...;u, =
(un(ty), - - ., uz,)) for each choice of t,, ..., t,. Then the point processes N,,
consisting of the points (j/n, u; Y(&;)), converge to a Poisson process N on
(0, 0) x (0, 00), having Lebesgue measure as its intensity.

Proor. This follows relatively simply by using the previous r-level exceedance
theory. It will be convenient, and here permissible, to use rectangles which
are closed at the bottom rather than the top, so that we need to show

(a) E(N,(B)) - E(N(B)) for all sets B of the form (c,d] x [7,6),0 <c < d,
0<7y<d,and

(b) P{N,(B) = 0} - P{N(B) = 0} for sets B which are finite unions of sets
of this form.

Here, (a) follows simply since if B = (¢, d] x [y, 9),

E(N(B)) = ([nd] — [nchP{y < u, '(¢1) < 6}
~ n(d — )P{u,(8) < &; < u ()}
= n(d — ¢){F(u,(¥)) — F(u,(9))}
~n(d — c)(6 — y)/n,

while E(N(B)) = (d — ¢)(6 — y).

To show (b) we note that any finite disjoint union of such rectangles may
be written in the form | J; (E; x F), where E; = (c;, d;] are disjoint and F;
is a finite disjoint union Uk[yj,k, 6;), (cf. the proof of Theorem 5.5.1).
Suppose first that there is just one set E;, i.e. B = | Jj=; E x F,, say, where
we write F, = [to_1, T2 kK = 1, ..., m, and where we may clearly take
1, <1, <...<1,(r=2m).

Now N,(B) = 0 means that, for each k, there is no j/ne E for which
u, (&) € Fy, ie. such that u,(t;) < &; < u,(ty- ). But this is equivalent
to the statement that for j/n € E, £; exceeds u,(75;—,) as many times as it
exceeds u,(t,;). That is, writing N (E) for the number of exceedances of

u,(ty) by &;for j/neE,
r/2
{N(B)=0} = (| {NZ*V(E)= N (E)}. (5.7.2)
k=1
But N® is precisely the same as in Theorem 5.5.1 and its corollary, and
their conditions are clearly satisfied, so that by Corollary 5.5.2(ii) we have
(ND(E), NP (E), ..., ND (E)) 5 (N (E), N? (E),..., N"(E)), (57.3)

where NO_ ..., N® are the r succesively thinned Poisson processes on r
fixed lines as defined prior to Theorem 5.5.1, but since all the r.v.’s
N®(E), N®X(E) are integer valued, it is an obvious exercise in distributional



5.7. Complete Poisson Convergence 119

convergence in R"to show from (5.7.3) that the probability of pairwise equality
in (5.7.2) converges to the same probability with N® replacing N%. Thus

r/2
P{N(B) = 0} > P ( () (NG (E) = NV (E)}) :
k=1
From the discussion prior to Theorem 5.5.1 we see that the events in
braces on the right occur if the f; corresponding to each Poisson event on the
line L, is even, ie. B; = 2,4,6,...,r. Since P{f; = s} = (t,_541 — T,-9)/T,
ifs <r—1,and 1,/7, if s = r, we have, writing

0=(T-1 =~ T2 + (Tm3 = T,_0) + -+ + (13 — 1) + 14,

P{N,(B) = 0} - fo exp(—1,(d — c»w]__!—;» (Tz)

= CXp((d - C)(O' - Tr)) = e—m(B)a

where m denotes Lebesgue measure, since
r/2 r/2

@d—-oo—1)= k; @ =) (tgp-y — T2) = — k; m(E x Fy) = — m(B).

Hence (b) follows when B = { ) E x F,. When B = | J;(E; x F) the same
proof applies—using the full statement of Corollary 5.5.2 with slightly more
notational complexity since more ;s may be needed corresponding to the
additional E’s. O

In the theorem above it is required, of course that P{M, < u,(1)} - e "
If there is a d.f. G(x) and © may be chosen as a function 7(x) such that
P{M, < u,(1(x))} - G(x), then we would have 7(x) = —log G(x) and
P{M, < v,(x)} = G(x), with v,(x) = u,(t(x)). In such a case it would be
natural to consider the point process formed from points (j/n, v, 1(¢ ) in-
stead of (j/n, u, '(£;)). In particular, when a linear normalization leads to an
asymptotic distribution, ie. P{a,(M, — b,) < x} = G(x) we have v,(x) =
x/a, + b, and it is natural to consider the point process N, consisting of
points (j/n, a,(¢; — b,)). This is the case considered in Adler (1978) where it
is shown that a (nonhomogeneous) Poisson limit holds. Here we obtain this
result as a corollary of Theorem 5.7.1.

Theorem 5.7.2. Suppose that (5.3.3) holds, i.e. P{a (M, — b,) < x} % G(x)
Jfor some nondegenerate d.f. G, and let x, = inf{x; G(x) > 0}. Suppose that
D'(u,) holds for all sequences u, = x/a, + b,, and that D,(u,) holds for all
r=12..., and all sequences u¥ = x,/a, +b,, 1 <k <, for arbitrary
choices of the x,. Then if N, denotes the point process in the plane with points
at (j/n, a,(&; — b,)) we have N, % N’ on (0, ) x (xo, ), where N’ is a
Poisson process whose intensity measure is the product of Lebesgue measure
and that defined by the increasing function log G(y).
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ProOF. By Theorem 3.4.1 the conditions of Theorem 5.7.1 hold, and hence
N, % N, with the notation of Theorem 5.7.1 But if N, has an atom at (s, t),
N, has an atom at (s, ~ '(¢)) where 7(x) = — log G(x). Hence by Theorem
A3(i) N, % N’ where N’ is obtained from the Poisson process N by replacing
atoms at points (s, t) by atoms at points (s, 7~ !(t)), and by Theorem A.2(ii),
this is also a Poisson process, with intensity measure A’ defined by

(e, d] x (v,8]) = (d — ) (x(y) — (9)) = (@ — ¢)(log G() — log G(y))

from which the result follows. (Note that since G is an extreme value distri-
bution, 7 is continuous and strictly decreasing where G is nonzero.) O

Note that, unlike earlier results, the lower boundary (0, o0) x {x,} of
S = (0, ©0) x (xq¢, 0) must be excluded. For otherwise, if x, is finite,
(0, 17 x (x4, Xo + 1] would be bounded (in the technical meaning of p. 306)
but N((0, 1] x (x¢xo + 1]) would be infinite a.s., so that N would not be a
point process. A similar remark applies in Theorem 5.8.1 below. Finally we
note that all the results which follow from the multilevel result (Theorem
5.5.1) may be obtained from the last two theorems—however, the D-
assumptions made are correspondingly more stringent.

5.8. Record Times and Extremal Processes

There is a sizeable literature on record times of i.i.d. sequences and on so-
called extremal processes. As an illustration to the results of the previous
section we shall consider the asymptotic distribution of record times in
dependent processes, and make a brief comment about extremal processes.

By definition, &, is a record of the sequence ¢, &,,..., and, forj > 2, {;
is a record if £; > M;_. The record times are then 7, = 1, and for k > 2,

o= inf{j > 515 §;> M4}

We shall start by nioting some properties of record times of i.i.d. sequences.
One interesting fact for i.i.d. &, s is that the distribution of {z,} does not depend
on the marginal d.f. F for continuous F’s. In fact, the record times of &,,
£,, ... are then the same as those of F(&,), F(&,), ... and these variables are
obviously i.i.d. with distributions uniform on (0, 1]. Further, for {£,} i.i.d.
with continuous marginal d.f, and for 4; the event that j is a record time,
clearly

P(4)) = P{¢; > M,_,} =Jl. (58.1)

and further, form > j > 1,

P{ty,y>mu<jl=PM,=M}= 50 asmo o, (5.8.2)
k=1 ! m
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for fixed j. In particular, (5.8.2) shows thatfork =1, 2, ...
P{tysy > m} < P{ty > j} + P{tys > m, 5 < j} > P{t, > j} asm— oo,

and hence, for any j > 1, limsup,., P{ty+; > m} < P{r, > j}. Since
7, = 1 it follows by induction that z,, 75, ... are all finite with probability
one.

Let R, be the point process on the unit interval (0, 1] consisting of the
points 7,/n, for 0 < t,/n < 1,ie. if &, &5, ..., £, has a record at time j, then
R, has a point at j/n. By (5.8.1), for {¢,} i.i.d. with continuous d.f,for0 < ¢ <
d=<l,

{nd]
ER((c, d]) = f L (583)
[nc]+ 1 J
and it can be proved simply that asymptotically R, is a Poisson process with
intensity 1/t. Several further results about record times for ii.d. sequences
can be obtained by straightforward calculations. The paper by Glick (1978)
contains a quite readable elementary exposition of these and related matters.
Obviously these results need not hold for dependent sequences but, as
shall be seen, for many such sequences the asymptotic distribution of record
times is the same as for independent sequences. This can be proved by elemen-
tary means, in the same way as Theorems 5.6.2 and 5.6.3, but here we shall
use instead the general approach to point process convergences, as outlined
in the appendix, as an illustration to the power of that approach.

Theorem 5.8.1. Suppose that the hypothesis of Theorem 5.7.1 is satisfied. Then
the point process R, consisting of the points T,/n converges, as n — o, to a
Poisson process R with intensity I/t on (0, 1]. In particular, if 0 < ¢ <d < 1,

PR(c, d]) = k} » JBHN ¢ o,

k! d
Jork=0,1,....
ProOF. By definition, convergence of R, on (0, 1] is equivalent to convergence
of the joint distribution of R,((cy, d1]), ..., R(ck, di]) for 0 < ¢; < d; <
¢y < -+ < di <1, which in turn follows if R, converges to R on (g, 1], for
0 < ¢ < 1. Hence, to conclude that R, converges to R on (0, 1] it is sufficient
to prove convergence on (g, 1], for each ¢ > 0.

Let N,and N be as in Theorem 5.7.1. Then, on (g, 1], the measure N,(-) on
R? clearly determines the measure R,(-) on R!, i.e. R, = h(N,), where h maps
measures on R? to measures on R!. Suppose the integer-valued measure v on
(0, 1] x (0, o) is simple and has the property that for some constant y > 0,
v((0, &) x (0,9)) > 0, v((0, 1] x (0, 7)) < o0 and ®(0,1] x {x}) <1 for all
0 < x < y.It is then immediate from Proposition A.4 that h is continuous at
v, cf. Figure 5.8.1. (Note that u, ' is decreasing so the records of {;} corre-
spond to the successive minima of u, (¢ ;)) Since N a.s. has the properties
required of v, h is a.s. N-continuous (as defined after Theorem A.4) and thus

R, = h(N,) h(N) (58.4)
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Figure 5.8.1. The dots are the points of v and the crosses the points of h(v). The dashed
lines illustrate, for some important points, that no two points of v are on the same
horizontal line above y.

on (&, 1]. To complete the proof we only have to show that A(N) has the distri-
bution specified for R, i.e. that it is a Poisson process with intensity 1/t.

One easy way to do this is to show directly that R, — R in some special
case, since it then follows from the uniqueness of limits of distributions that
h(N) has the required distribution. Thus, we shall use Theorem A.1 to show
that R, % R if {&,} is iid. with continuous marginal distribution. In fact,
A.1(a) then follows at once, by (5.8.3). Further, it is easily checked that, for
e<cy<dy<cy<---<dy <1,R((cy,dq]), -, Ry(ck, dy]) are indepen-
dent, as are, by definition, R((¢cy, d,]), - - . , R((ck, d])- Hence, to prove A.1(b)
it suffices to note that by (5.8.2)

P{R((c; d]) = 0} = P{Mppy = Mg} = I3 < € = exp (_ j d-i—dt),

[nd] ~ d :
for e < ¢ < d < 1. Thus R, % R in the special case of i.i.d. variables, and by
(5.8.4), hence also in general, under the hypothesis of the theorem. O

Finally it is natural to consider the simultaneous distribution of record
times and the values of the records, which in turn lead to the process M(t) =
max,; <., &. The study of such processes and their convergence, after
suitable scaling, to so-called extremal processes, was initiated by Dwass
(1964) and Lamperti (1964), and has led to interesting results about M(t) and
about the limiting extremal processes. However, as was noted by Resnick
(1975), convergence to extremal processes is easily derived from complete
Poisson convergence by similar considerations as in the proof of Theorem
5.8.1. Since no new ideas are involved in doing so, we shall not pursue this
further.



CHAPTER 6

Nonstationary, and Strongly Dependent
Normal Sequences

While our primary concern in this volume is with stationary processes, the
results and methods may be used to apply simply to some important
nonstationary cases. In particular, this is so for nonstationary normal
sequences having a wide variety of possible mean and correlation structures,
which is the situation considered first in this chapter.

One important such application occurs when the process consists of a
stationary normal sequence together with an added deterministic part, such
as a seasonal component or trend. Cases of this kind have been discussed
under certain conditions by Horowitz (1980), and as part of a more general
consideration of stationary sequences which are not necessarily normal, by
Hiisler (1981). Ideas from both of these works will be used in our development
here.

In discussing stationary sequences, it was found that the classical limits
still hold under quite a slow rate of dependence decay (e.g. D(u,)). It is also
of interest to determine the effect on the extremal results by permitting a
very persistent dependence structure. It will be shown, following Mittal
and Ylvisaker (1975), that for stationary normal sequences with such very
strong dependence, limits other than the three extreme value types may occur.
In particular, these cases show that the weak covariance conditions used in
the previous chapters are almost the best possible for the limiting distribution
of the maximum to be a Type I extreme value distribution.

6.1. Nonstationary Normal Sequences

Let {£,} be a normal sequence (in general nonstationary) with arbitrary
means and variances, and correlations r;; = corr(¢;, £;). We shall be
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concerned with conditions under which

n
P(ﬂ {& < uni}) —e (6.1.1)
i=1

where 0 < 1 < o0, u,; being constants defined for 1 <i<n n>1 In
this section we consider general forms for the constants u,; and obtain a
result (Theorem 6.1.3) giving conditions under which (6.1.1) holds. This will
be specialized in Section 6.2 by specific choice of u,,; to yield results concerning
asymptotic distributions of maxima. A still more general form of Theorem
6.1.3 will be given in Section 6.3. This result was proved by Hiisler (1981) for
stationary normal sequences as a particular case of a consideration of
stationary sequences under extended D(u,), D'(u,) types of conditions. Our
proof for the nonstationary normal sequences considered here uses a version
of an interesting and somewhat delicate estimation employed by Hiisler
(1981).

Clearly by standardizing each ¢; (and correspondingly replacing u,; by
U = (un; — E(&))/Var(¢)?) we may assume in (6.1.1) that each ¢; has
zero mean, unit variance, and the same given correlation structure. Of
course, in applications any conditions assumed on the u,; must be translated
to apply to the original forms of the u,;. Thus, unless stated otherwise, we
assume then that each ¢, has zero mean and unit variance.

In most of the first three sections we assume that the correlations r;; satisfy
|7;;] < pji-; wheni # j, for some sequence {p,} such that p, < 1forn > 1 and
p, log n - 0—an obvious generalization of the condition r, log n — 0 used
for stationary sequences. Our main results then concern conditions on the
{u,;} under which the &, behave like an independent sequence in so far as the
probability P(();{&; < uy;}) is concerned, in the specific sense that

P<ﬂ {&< u,,i}) - I1 @,) — 0. 6.1.2)
i=1 i=1
From such results it will then follow simply that if also

.21(1 - Ou,) > (6.13)

then (6.1.1) holds, generalizing a conclusion of Theorem 4.3.3 in the stationary
case.

The proofs of these results hinge on calculations similar to those of Lemma
4.3.2 and will be given by means of several lemmas. In this section we require,
in proving (6.1.2), that the {u,} should be such that ) (1 — ®(u,)) is
bounded and that min, .; ., u,; tends to infinity as fast as some multiple of
(log n)'/>—which will be the case in our applications to maxima in the next
section. In Section 6.3 the more delicate arguments using ideas from Hiisler
(1981) will be employed to extend the result to sequences for which
min, _; 4, tends to infinity but not necessarily even as fast as a multiple of
(log n)'/2,
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First we give a simple preliminary lemma generalizing Theorem 1.5.1.

Lemma 6.1.1. Let {u,;, 1 <i<n, n=12,...} be constants such that
Ay =mMing _; ., Uy = . Then, for 0 < 1 < o0,

[1®w)—>e ™ asn— (6.1.4)
i=1
if and only if
Y (1 —®u,) >t asn— oo. (6.1.5)
i=1

Proor. By using the fact that log(l — x) = —x + ¥(x) where, for small
x > 0, |Y(x)| < Ax? for some A > 0, it is simply seen that

3 ToB(1 = (1 = 0@} = = 3 (1 = O + Y ¥l — Q)
where

3. (1 = 0u)

<A Z (1 = D(u,))* < Al — B(4,))

1

PRZERLOR

1

so that clearly
log [] ®(u) = —{ 21— q)(um-))}{l + o(1)}
i=1 i=1
from which both implications of the lemma follow simply. O

In the following results the notation already established in this section
will be used without comment.

Lemma 6.1.2. Let {u,;} be such that Y7., (1 — ®(u,)) is bounded, and
Ay = min; _; ,u,; — 0. Suppose that the correlations r;; satisfy |ri;| <o
for i # j, where 6 < 1 is a constant. Then

SP= % Iryl CXP(—
1<i<j<n
li=jl<6n

where 8, = ", for any n < o= X1 — 8)/(1 + 9)

Tk + u? )

L1y )—»0 asn— o, (6.1.6)

Proor. Clearly

17,2 2
2(Un; + uyj)
S;l) < 5 ex — 2(%”4"1, .
lsingn p( 149

li—=jl<6n
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The exponential term does not exceed

min(uz;, uy;) < exol — Uz + exp| — Up;
KN T4 )P\ T T T T

giving, for a suitable constant K

n 2 n 2
S <266, > exp( - ) = 260 Z exp( —%) U, €Xp(—noul)
i=1 i=

< K0, 4, exp(—1o47) Z 1 — O(uy))
i=1
since u,; > A, — 00, so that u,! exp(—u2/2)/(1 — ®(u,)) is (for A, > 0)
uniformly bounded in i, and x exp(—n,x?2) decreases for sufficiently large x.
But )} (1 — ®(u,;)) is bounded, and it thus follows that

S < KA, exp(—(no — N)A2) -0 asn— oo,

since 1 < 7,. O

The main result of this section may now be readily proved.

Theorem 6.1.3. Suppose that the correlations r;; of the normal sequence {&,}
are such that |ri;| < pji_j fori # jwhere p, < 1foralln > 1and p, log n — 0
as n— oo. Let the constants {u,;} be such that Y-, (1 — ®(u,,)) is bounded
and A, = min, _; ., u,; = c(log n)''? for some ¢ > 0. Then (6.1.2) holds. If
Surther, (6.1.3) holds for some T > 0, then so does (6.1.1), i.e. P([\7=; {&; < u,})

—>e "

PROOE. The assumptions clearly imply those of Lemma 6.1.2, so that S(V
(given by (6.1.6)) tends to zero as n — co. Write

17,2 2
(um + ug;
SP= ¥ Inyl exp( - Mt 1a) ))
l<i<j<n 1+ 'rijl
|i‘j|>on

Since 6, = exp(nA?) > exp(c*nlogn) = n*, a = c?*p >0, it is clear that
S does not exceed the same sum with n* replacing 6,, and §,. replacing
|r;;| where , = sup;,, p;. This gives, writing p = n°,

@ n 12 \)?
SP<$ exp| — —=% .
p{igl P( 1+ 51’)}

Now define u, by 1 — ®(u,) = 1/n and split the sum in braces into two
parts for u,; > u,, and u,; < u,, giving simply

1,2 2
§@ < JP{n exp(— 12-:"6 ) + Y exp(—3ui(l - 5,,))}

p, Uni <upn

n u2. 2
< 8,u? exp(u? p){— exp(—- —) Z exp( f)}
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which tends to zero since 8,u? ~ 20,. log n = (2/2)d,.log n* > 0, and the
term in braces does not exceed K{n(1 — ®(u,)) + >1 (1 — ®(u,;))} which is
bounded. Since S — 0, ${* — 0 it follows that

i + “rz.j)) N 17
lsigjsnlrljl exp( L+ |ry;l 0 (6.L7)
and (6.1.2) follows at once from Theorem 4.2.1 (Eqn. (4.2.3)) on taking #; to
be independent standard normal variables and making the obvious identifica-
tions, (using the fact that sup;. ;|r;;| < 1 under the assumption made).

Finally, if further (6.1.3) holds for some 7 > 0, then Lemma 6.1.1 shows
that [ [} ®(u,;) — e * so that (6.1.1) follows by (6.1.2). O

6.2. Asymptotic Distribution of the Maximum

The results of the last section may be used to give the actual asymptotic
distribution of the maximum in many cases of interest. We shall be especially
concerned with stationary normal sequences to which a known (or in
practice, perhaps, well-estimated) trend or seasonal component has been
added. In such a case we will see how the classical normalizing constants are
modified to include the added component. This is along the broad lines of a
result by Horowitz (1980), (with a necessary correction to a normalizing
constant given there) but under the present types of correlation condition.
However, as will be further seen, the results apply without change to a non-
stationary normal sequence with constant, say unit, variance but arbitrary
correlations r;; under the usual conditions |r;;| < p;—; with p, logn — 0.

We shall be concerned then with the maxima M, = max{n,,...,%,}
from a normal sequence {n,,n = 1, 2,...} given by 5, = £, + m; where {£,}
is the normal sequence defined in the previous section (E(&;) = 0, Var(&,) = 1,
Cov(¢;, &) = r;)), and {m,} are added deterministic components. Hence of
course E(y;) = m;, Var(n;) = 1, Cov(n;, n;) = r;;. We shall assume that the
constants m; are such that

B, = max |m;| = o((log n)t/?) asn— . (6.2.1)

1<i<n

This restriction is quite mild in practice and includes the most important
case of bounded m;’s considered by Horowitz (1980) as well as a variety of
unbounded trends. Of course, constants tending more rapidly to infinity
could be considered but may yield degenerate results. It should be noted
that the restriction (6.2.1) may be weakened in an appropriate way to
restrict max m; rather than max |m;|, since it may be seen that 5; with small m;
are less likely to provide the maximum value and may be disregarded.
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However, for simplicity of statement and calculation it is convenient to
require (6.2.1) as stated, and this will be sufficient for practical purposes.

It will be shown that the usual limit law still holds provided the classical
constant b, is replaced by b, + m} where m} is chosen so that |m*| < f, and

exp(aX(m; — m¥) — ¥(m; — m*)*) > 1 asn- o, (622)
1

i

S|
=

i

in which a* = a, — log log n/2a,, (a, = (2 log n)!/?). The solution m* to
(6.2.2), (putting the left-hand side equal to 1, say) could be a difficult numerical
problem, though for large n a solution with |m}*| < B, clearly exists under
(6.2.1) (e.g Y(x)=n"1Y7 emi=x-12a: 7 mi=x) gatisfies Y(B,) <1 <
Y(~pB,) when B,/a¥ < 1) In some cases we will find an explicit form for
m} —e.g. when the m; are bounded. (The simple form for m}* given by Horowitz
(1980) is not in general correct even for bounded m;, though it does apply
under further appropriate conditions. With this notation we now give the
main result.

Theorem 6.2.1. Let {,} be defined as above by n; = &; + m; where {£,} is a
normal sequence with zero means, unit variances and correlations r;; such that
Iri;l < pji—j for i # j with p, <1 and p,logn — 0. Let {m;} satisfy (6.2.1)
and m¥ be defined by (6.2.2). Then the maximum M, = max{n,,...,",}
satisfies

P{a, M, — b, — mf) < x} - exp(—e™ ), (6.2.3)
a, and b, being given by (1.7.2).

PROOF. Write u,; = u, + m¥ — m; where u,, = x/a, + b,. Then the left-hand
side of (6.2.3) may be written as

P<ﬂ <y + m;*}) = P(ﬂ €< uni}).

Since |m*| < B, for sufficiently large n,and u,, ~ (2 log n)'/? (cf. (4.3.2) (ii)),
it follows that min; ; ., u, = (2 log n)"*(1 + o(1)). Thus if it is shown that
(6.1.3) holds with t = e¢™* the result will follow from Theorem 6.1.3. To see
that (6.1.3) holds we note that since min; _;, #,; > o© as n — o0,

’ 1 & exp(—up/2)
— ® » ~
i= 1(1 () < 2n i§1 Upi

! (exp(—uf/z)
NZANT

) i exp(u,(m; — m¥) — 3(m; — m¥)*)
i=1

(6.2.4)
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since

m| _
(log n)” 27
uniformly in i < n. But also
lun(m; — my) — ax(m; — my)| < 2{u, — az|p,

_ KB
(log n)'/?

using the explicit forms of a,, b, from (1.7.2) in u, = x/a, + b,. Hence by
(6.2.1) and (6.2.4),

n 1 n
3 (1= D) ~ n(1 = O(uy) Y. explaf(m — m¥) — $om; — m)?)

>T=¢ %
by (6.2.2) since n(1 — ®(u,)) — t. Hence (6.1.3) holds and the proof of the
theorem is complete. O

As noted above, it is sometimes possible to obtain an explicit expression
for m*. For example, suppose that the m; are bounded and max m; = B.
Suppose that v, of my, ..., m, are equal to f, where v, ~ n. Then m} may be
taken to be a,' log(n™! Y1 &™) = m¥"), say. For it is readily checked
that m*1 = B + o(a, !) and that the choice m* = m}" satisfies (6.2.2).
This is the formula for m} given by Horowitz (1980) which does in fact hold
in this and similar cases.

However, if it is just assumed that the m; are bounded the choice of m¥
as m¥® no longer satisfies (6.2.2) and indeed does not suffice in (6.2.3). A
simple example of such a case may be constructed by taking v, of my, ..., m,
to be +1 and the remaining (n — v,) to be — 1 where v, ~ ne™ % It is then
simply seen that m* = o(a, '), the limit of the left-hand side of (6.2.2) is e~ /2,
and indeed that Z,_l (1 — D(u, + m* — m;)) » e * Y250 that it is readlly
seen that (6.2.3) does not hold. (The modification to m} required in this case
is of course obvious.)

In cases where the m; are bounded (or, more generally, when f, =
o((log n)!/®)) an appropriate form for m} turns out to be

m¥ = m*® = m*D 4 g log kI,

where
1 n
KD =~ 3, explagm; — mE®) = 3m; — miV)2)
i=1

Repetitions of this procedure in the obvious way can give explicit expressions
for m¥ in cases where the m; grow more rapidly (but are still subject to

Bx = o((log n)*/2)).
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6.3. Convergence of P(N}-,{& < u,}) Under
Weakest Conditions on {u,;}

We return now to the generalization of Theorem 6.1.3 by removing the
restriction min, _; ., u,; > c(log n)'/?, requiring only that min, _;,, t,; = 00.
As noted, this was done by Hiisler (1981) for stationary normal sequences
as a particular case of a theorem for stationary (but not necessarily normal)
sequences. A key technique of that work involved the combining of the u,,
into groups whose members are of comparable size. Here we use a somewhat
simplified version of that technique in obtaining our result for nonstationary
normal sequences. This involves grouping the u,;, 1 <i <n, in sets of
comparable values in the following way. Write ¢, = 4, = min, .;, u,; and

partition the integers (1, ..., n) into disjoint subsets J, ..., J; as follows.
Define
Jy={ij¢y S up < 2¢4}, d; = max u, ¢z = min{u,; uy; > dy},
ieJy
Jy={i;c; Suy <2},  dp = maxu,, c3 = min{u,; uy; > d,},
ieJ,

and so on, until a set J, is obtained with max, .;, u,;€J,. Thus J; is a
nonempty subset of the integers (1,...,n) such that the minimum and
maximum values of u,; for ieJ, are ¢, d,, respectively, where d, < 2¢,.
Clearly also ¢, > 2¢; for each k. Finally by way of notation write

P=Y (1 —®@u,)), k=12,..,L

ieJx

Of course, L, ¢, di, Py, and the sets J, all depend on n, but this dependence
is suppressed in the notation, which will be used without comment for the
remainder of this section. The first lemma shows that sets J,, making a
relatively small contribution to Y (1 — ®(u,;)), can be discarded.

Lemma 6.3.1. With the above notation write A = {k; P, > exp(—c?/4),
1 < k < L} and suppose that A, = min; <; c, ty; = 0 and Y 1—; (1 — ®(u,y))
is bounded. Then
0$P<ﬂ {& < u}ie U Jk) —P<ﬂ {fiSum'})‘*O asn— oo,
ked i=1
6.3.1)

and

0<J] {(I)(u,,i); ie J Jk} - ﬁ ®(u,) >0 asn—-o0. (63.2)
i=1

keA
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Proor. The difference in probabilities in (6.3.1) is clearly non-negative and
dominated by

P( U U E> u,,,.}) < Y P. (6.3.3)
k¢d

k¢A ielx
Butif k¢ A and k > 1, since ¢, > 2¢,— 1,

2

C
P, < exp(— Z") < exp(—ct-1) = Gy exp(— e )

< Ki, exp(—34) (1 ~ D(ee-y)) < KA, exp(—342)Py-,

since xe”**/? decreases for large x, and 1 — ®(c,_,) is one of the terms
contributing to P,_,. But if 1 ¢ 4, P, < exp(—A2/4) so that

L /12
Y. P < KA, exp(—%47) Y P, + exp| — —1) -0
k¢ A k=1 4

since Y y_; P, = Y7_, (1 — ®(u,;)) is bounded. Hence (6.3.1) follows from
(6.3.3). The second conclusion (6.3.2) is also immediate from the fact that
(6.3.1) applies in particular to independent normal random variables—no

assumption having been made about the correlation structure in this lemma.

d

exp(—3¢i-1)

Ck—1

In view of this lemma it is sufficient, in obtaining (6.1.2), to show that
P(ﬂ {&i<uuysie Y Jk) - H{(D(u,,i); ie | Jk} -0. (634)
keAd keA

This will be shown by means of the next two lemmas.

Lemma 6.3.2. Suppose that the correlations r;; satisfy |r;;| < Pji-j Where
pn—>0 as n— oo. Suppose that A, = min; ;.,u, — o0 and that
Y1 (1 — ®(w,)) is bounded. Then for k,me A, k < m,

JuE + ul) A2
S = . —am 2 < LS
o m Y Ir,J[exp< Tiryl )= K exp T P.P,,

On<li—~jl<yn,m
ielk, jeJm,i<j

where 0, = " for y as in Lemma 6.1.2, and v, ,, = e™/®.

PRrOOF. Writing again 6, = sup;, p; we have

17,2 2

(un' +u ))

Sk,m <0 exp| — Zm T il
. on Ii—jé}’mm p( 1 + 50)1

ieJyx, jedm,i<j
Now the exponential term does not exceed
exp(—3(uf + “3;)(1 —dp,) < exp(—zuy;) exp(3d} 0q,, — (1 - 3,))
< exp(—}uz) exp(—ci(3 — 36,))
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sinced;, < 2¢; < 2c¢,,. Multiplying this last bound by d,/u,; (= 1) and summing
over the indicated range for (i, j) we obtain

Stom < Ky m di Py exp(—c2( — 395,))

which gives, since P,, > exp(—c2/4) and y, ,, = exp(ca/8), d; < 2¢;, < 2¢p,

2

Sk,m < Kcm eXP(—Ci(% - % - % - %50,.))Pkpm <K exp('—f—g)PkPm’

for some K, since c,, > A, and d, — 0. O

Lemma 6.3.3. Suppose that |r;;] < p,_; where p,logn—0 as n— o,
Ay =ming oy, thy; — 00 and Y 71—y (1 — ®(u,,)) is bounded. Then, for k < m,

Sl%,m = z [ri;l eXP(

n,m<li—jl<n
iedi, jeJm

1(,,2 2
'Z—(uni + unj)
— 1 < B, PPy,
1 + ]rijl ) ﬁ k

where y, ,, = €% and B, — 0, B, depending only on n.

PrOOF. With é, = sup;,, p; we have by similar arguments to those above,
and writing y, » = Vn»

Skm < 57"{ Y, exp(—ui(l - 5y"))}{ Y. exp(—3ui(l - 5y"))}

ieJx Jjedm
< Koé,, d,d, PP, exp(3(di + d2)d,,)
< K4, d% exp(d%$, )P P,,.

Now
S, dz < 48, ch = 320, logy,,

where 7, = 7, » = €xp(cZ/8) = exp(42/8) — oo, from which the result follows.

O

By collecting these lemmas we can now show that Theorem 6.1.3 remains
valid if the requirement that A, = min,;.,u, be bounded below by
c(log n)'/? is replaced by the simple condition 4, — 0.

Theorem 6.3.4. Let the correlations r;; of the normal sequence {{,} satisfy
Irijl < pyi—ji for i # j where p, < 1 foralln > 1 and p,logn—>0asn— .
Let the constants {u,;} be such that Y 1_, (1 — ®(u,;)) is bounded and A, =
Ming _; ¢, Uy = 0. Then (6.1.2) holds. If also (6.1.3) holds for some © > 0, so
does (6.1.1), i.e. P((\j=1 {& S up}) > €7

PROOF . Letting A be as defined in Lemma 6.3.1 we see from Lemmas 6.1.2,
6.3.2, and 6.3.3 that

14,2 2
um' + Up;
Z |rij|eXp(“—(£‘—‘—1)) <eg, Z PP, + o(1),
1<i<jsn 1+ |ryl k,med
ije U Jx

ke A
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where &, » 0 as n — c0. But Y 4 PP, < {37, (1 — ®(u,))}* which is
bounded so that the left-hand side of (6.3.5) tends to zero as n — oco. It
thus follows from Theorem 4.2.1 that (6.3.4) holds and hence so does (6.1.2)

by Lemma 6.3.1.
Finally if also (6.1.3) holds then so does (6.1.1) by Lemma 6.1.1. (]

6.4. Stationary Normal Sequences with
Strong Dependence

We turn, in this and the remaining sections, to the second topic of the chapter,
to see the effect on extremes of a more persistent dependence structure in a
stationary normal sequence {,}. It was shown in Chapters 4 and 5 that
M, = max{&,,..., &} has a Type I limiting distribution, and the numbers
of exceedances in disjoint intervals are asymptotically independent, provided
the covariances r, decay to zero at a rate which is not too slow. Specifically,
the crucial conditions needed for these results concern the behavior of r, log n;
they hold if r,logn — 0 or, in somewhat more general circumstances, if
r, log n is not too large, too often. Results of Mittal and Ylvisaker (1975),
which will be given below, show that these conditions are almost the best
possible ones. For example, if r, log n - y > 0 then a,(M, — b,) does not
tend in distribution to exp(—e™*) but to a convolution of exp(—e™*) and a
normal distribution function, and further if », log n - co in a sufficiently
smooth manner (but r, — O still) then a different normalization is needed,
and the limiting distribution is normal.

In this and the next section we will consider the caser, logn —» y > 0, and
use ideas from Mittal and Ylvisaker (1975) to show that then the point process
of exceedances of the (usual) level u, converges weakly to a Cox process
(i.e. a mixture of Poisson processes with different intensities). The slow
decay of the correlations not only changes the limiting distribution of
extremes, but also destroys the asymptotic independence between extreme
values in disjoint intervals. The reason for this is explained in an instructive
way in the proof of Theorem 6.5.1 below, where the limiting distribution of
the exceedances of u, is obtained as the limiting distribution of the
exceedances by an independent normal sequence of a random level

x+y- \/2')2()/(1,, + b,, where { is a standard normal variable representing
“the common part” of the first n dependent variables.

The main tool for the proof will,as in Chapter 4, be the Normal Comparison
Lemma (Theorem 4.2.1) which relates the distributions of the maxima of two
normal sequences with different correlations. Now it is, of course, no longer
sufficient to compare with an independent sequence. Instead it will be
convenient to compare the distribution of M, with that of the maximum
M,(8) of n standard normal variables which have constant covariance
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d > 0 between any two variables. The usefulness of this comparison stems
from the fact that if {, {,, {,, ... are independent standard normal variables
then (1 — &)Y2¢, + 6Y%¢,..., (1 — 8)Y2¢, + 6'/3¢ have constant covariance
0 between any two, and thus M,(6) has the same distribution as
(1 = 8)Y2M,(0) + 6Y/*¢. The following lemma, akin to Lemma 4.3.2, will
enable the use of the desired comparison to be given in the next section.

Lemma 6.4.1. Let d > 0 and y > 0 be constants, put p, = y/log n and suppose
that
r.logn—v asn— o. (64.1)

Then, for any sequence {u,} such that n(1 — ®(u,)) is bounded

[nd) u2 6
— __m 4.2
ndkgl |rk pnl exp( 1 + Wk) -0 asn- 0, ( )

where w, = max(p,, |7;]).

PROOF. As in the proof of Lemma 4.3.2 we may assume that n(1 — ®(u,))
converges (so that (4.3.4)(i) and (ii) hold). Put 6(k) = SUp; < m<fnyWm-
Clearly w,, and hence d(k), also depend on n, but we do not make this
dependence explicit in the notation. Further, let « be such that 0 < o <
(1 — 6(0))/(1 + 6(0)) for all sufficiently large n (which clearly is possible
since sup;»o rx < 1), and let p = [n*].

As in the proof of Lemma 4.3.2, the contribution to the sum in (6.4.2)
from terms up to p tends to zero, so we have only to prove that the remaining
part of the sum also tends to zero. Now

[nd) uZ u2 {nd]
— — n < — " —
no Y | pnICXP( T+ wk) <n CXP( T3 5(p))k > re—pal

k=p+1 =p+1
n? u? logn 4
= ——exp| - —— re — Pal- (64.3
logn p( 1+ 5(p)) n k=§+1' e Pl (€ )

Since r,logn — y there is a constant C such that r,logn<C, n> 1.
Hence also é(p) log p < C so by (4.3.4) we have (letting K be a constant
whose value may change from line to line)

n? u? n? u?
_ < M
logn P ( 1+ 5(p)) = Jogn exP( 1+ C/log n"‘)

n2 u, 2/(1+C/logn%)
~ K —_
logn\n

< Kn(3Cllogn)/(1+Cllogn®) _ (1) (6.4.4)
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as n — o0. Moreover, adding and subtracting p, log n/log k = y/log k and
using the fact that log k > n* for k > p, gives

logn ©4 I 1 0 logn
—_ e — Pul < — relogk — vyl +y — - —.
n k=§+1[ k= # an k=§p:+1| ko8 ity "k=§+1 log k
(6.4.5)

Here the first term to the right tends to zero by (6.4.1). Furthermore,
estimating the second sum by an integral, we obtain

1 [nd] 1 [nd)

k

log —
n

1

n

log n
log k

a IOg n k=p+1

1 d
= 1 s
O(oc log L] og x| dx)

and hence the left-hand side of (6.4.5) tends to zero. Since by (6.4.4), the
first factor on the right of (6.4.3) is bounded, this concludes the proof of
6.4.2). O

n k=p+1

It is possible to weaken the hypothesis of Lemma 6.4.1, and thus of
Theorem 6.5.1 below, in the same way as (4.1.1) is weakened to (4.5.3).
However, this is quite straightforward and is left to the reader.

6.5. Limits for Exceedances and Maxima
whenr,logn —» y < o©

In this section we investigate the limiting behavior of the point process of
exceedances of the level u, when (6.4.1) holds with y < oo, obtaining the
asymptotic distribution of the maximum as a corollary. First recall from
Chapter 5 the notation N, for the point process of exceedances of the level u,,
by the process 7,,, where 7, is defined from the stationary sequence {¢;}
by n,(i/n) =&;,j=1,2,...;n=1,2,.... Further, let N be a Cox process
(cf. Appendix) with (stochastic) intensity exp(—x — y + \/27 {), where { is
a standard normal random variable, ie. let N have the distribution
determined by

P(Q (NBY) = ki})

_ fw : {(m(B.-)CXP(—x—V+\/2_VZ))"")
i k;!

=1

x exp{—m(Bi)e—x—WTvZ}}d)(z) dz (6.5.1)
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for By, ..., B; disjoint positive Borel sets (and m(B) denoting Lebesgue
measure).

Theorem 6.5.1. Suppose that {&,} is a stationary normal sequence with co-
variances {r,} and that u, = x/a, + b,, with a, = (2 log n)}/*> and b, = a, —
(2a,) " *(log log n + log 4n). If r, log n — y > 0, then the point process N, of
time-normalized exceedances of the level u, converges in distribution to N on
(0, c0), where N is the Cox process defined by (6.5.1).

PrOOF. Again we have to verify (a) and (b) of Theorem A.1. As in the proof of
Theorem 5.2.1, E(N,((c, d])) ~ (d — c)e™*, so since

E(N((c, d])) = E(d — ¢) exp(—x — 7 + /2y0)) = d — c)e™* 7 eV20*2
= —c)e™

the first condition follows immediately.

We use the notation M,(c,d) = max{&,; [cn] < k < [dn]} and write
M,(c, d; p) for the maximum of the variables with index k, [cn] < k < [dn],
in a normal sequence with constant covariance p between any two variables.
Letting ¢ = ¢; <d; <--- < ¢ < d, = d it then follows, as noted in Sec-
tion 6.4, that M,(cy,dy; p), ..., M,(c, di; p) have the same distribution
as (1 - p)l/ZMn(cb dl 5 0) + p1/2C9 RN (1 - p)l/zMn(ck’ dka 0) + PI/ZC where
{M,(c;, d;; 0)}¥_, and { all are independent and { is standard normal. Now

k k
P(Ol {Nn((ch dl]) = 0}) = P(O1 {Mn(cb d;) S un})

and with p, = y/logn it follows readily from Corollary 4.2.2 and Lemma
6.4.1 that

P(_é{M..(ci, d) < u,,}) - P(El{M,,(C;, di; pn) < un}> -0
as n — co. Thus, to prove (b) of Theorem A.1 it is enough to check that
P(iél{Mn(ci, di; pn) < un}> - P<iél{N((c,~, dl) = 0}). (6.5.2)
However,

P(ﬁ {Mn(cia di; pn) < un})
i=1

k
= P( {1 = p)'*M,(c;, di; 0) + pa'*0 < u,,})
i=1

13

= f ) P((k\ {M(ci,d;:0) < (1~ p) "2, — p,%/zz)})qs(z) dz,
- i=1
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and using the expressions a, = (2 log n)!/2, b, = a, + O(a, ! log log n), and
p. = y/log n we obtain

(A = p) Y3, — pa'?z) = (1 + %ﬁ + 0(pn)) (Ex— + b, — p%”Z)

1/2 12
=X b, - (_V_) , 4 flog @2 log m)
a IOg n 2
+ ola, ')
LS INCT I

an

Hence it follows from Corollary 5.2.2 that, for fixed z,

k —
— [l exp{—(d; = ce™™ 7",
i=1

and by dominated convergence this proves that

fm P((k\ {M,(ci,di;0) < (1 = p)™"2(u, — pj/2z)})¢(z) dz

i=1

7 Mot ey 62) dz

k
_ p( N N di]) = 0}),

i=1

i.e. that (6.5.2) holds. O

Corollary 6.5.2. Suppose that the conditions of Theorem 6.5.1 are satisfied
and that By, ..., B, are disjoint positive Borel sets whose boundaries have
Lebesgue measure zero. Then P((\s-; {N,(B;) = k;}) tends to the expression
in the right-hand side of (6.5.1). In particular,

P{d,,(M,, - bn) < x} = P{Nn((()’ 1]) = 0}

-»f exp(—e >V V21 h(z) dz

asn— 0.

From this result we see (as noted in Section 6.4), that the asymptotic
distribution of the maximum is now the convolution of a Type I with a normal
distribution—but still with the “classical” normalizing constants. It may also
be noted that it is quite straightforward to extend the above result to deal
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with crossings of two or more adjacent levels. However, to avoid repetition
we will omit the details.

6.6. Distribution of the Maximum when r, logn — o

In the case when r,, log n — o0, the problem of exceedances of a fixed level by
the dependent sequence can again be reduced to considering the exceedances
of a random level by an independent sequence. But in this case the random
part of the level is “too large”; in the limit the independent sequence will
have either infinitely many or no exceedances of the random level. Thus it is
not possible to find a normalization that makes the point process of exceed-
ances converge weakly to a nontrivial limit, and accordingly we will only
treat the one-dimensional distribution of the maximum. Since the derivation
of the general result is complicated we shall consider a rather special case,
which brings out the main idea of the result of Mittal and Ylvisaker (1975),
while avoiding some of the technicalities of proof.

First we note that for y > 0, 0 < g < 1, there is a convex sequence
{ro}sowithrg = 1,1, = y/(log n)%, n = ny, for some n, > 2. (This is easy to
see since y/(log n)? is convex for n > 2, and decreasing to zero.) By Polya’s
criterion {r,} is a covariance sequence, and we shall now consider a stationary
zero mean normal sequence {£,} with this particular type of covariance.
Further, since {r,};>, is convex, for each n > 1 also (r, — r,)/(1 — 1), ...,
oy — 1)) (L =r,), 0, 0,...1is convex, so again according to Polya’s
criterion there is a zero mean normal sequence {{{, {},...} with these
covariances. Clearly &, ..., &, have the same distribution as (1 — r,)"/2{{
+ i3, (= )V 4 rl2¢, where ¢ is standard normal and in-
dependent of {{{"}.

Putting M, = max; .,., (" the distribution of M, = max; ., &
therefore is the same as that of (1 — r,)'/2M,, + ri/?{. This representation is
the key to the proof of Theorem 6.6.3 below, but before proceeding to use it
we shall prove two lemmas. The first one is a “technical” lemma of a type
used several times already. In this a,, b, (e.g. as in Theorem 6.5.1) denote the
standard normalizing constants.

Lemma 6.6.1. Let n’ = [n exp(—(log n)'/?)] and, suppressing the dependence
onn,let p, = (r, — r)/(1 —r),k=1,...,n Then, for each ¢ > 0,

n’ b, — erl/?)?
n Y |p.— pwlexp _ b ) -0 asn— co. (6.6.1)
k=1 1+ py

PRrROOF. Set p = [n*] where 0 < o < (1 — r)/(1 +ry) < (1 — p)/(1 + py).
Since r, is decreasing we have as in the proof of Lemma 4.3.2 that the sum
up to p tends to zero, and it only remains to prove that

" _ apl/2y2
n Y |pk-pn,|eXp{—u——)-}—>o asn— . (6.62)
k=p+1 1+ pyi
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Now, using (4.3.4) (with u, = b,),

3 ool

L+ p

¥ b2 (1 —erl?p )2}
=n expy — —.2———r W
2 { 2 1+ p,

n b 2(1 —erk/2/bp)2/(1 + px)
~ Kn Z (——")

k=p+1 \N
n’ 1 _ 1/2 2
<Klogn ) - exp{2(1 - (l—gr"/?—'g—> log n}. (6.6.3)
k=p+1 1+ py

Here 1 — (1 — er,?/b,)/(1 + p) < 1 = (1 = 2er,/2/b)/1 + py) < pi
+ 2erl/?/b,, and since

ra?b; ' log n < K'(log n)t' =972,
we obtain the bound

W |

K log n exp{K'(log n)* ~92} '} - exp(2py log n). (6.6.4)
k=p+1

Furthermore, for k > p + 1 we have log k > alog n, and then

y/(log k)* — y/(log n)?
1 — y/log n)?

log n log k\*
< K—=—<1 -
T (alogn) {1 (log n) }
q
< K(log n)“"{l - (’°g kin | 1) }
log n

< K(log n)“"{— log 5—},

pilogn =

log n

so that

1 n 1 k K(logn)— ¢
Y —expQplogmy < Y - {exp( —log —)
k=p+1 11 k=p+1 1 h

exp{— (log m)1/2}
< f {exp(—1log x) }Kloem ™ gx
0

exp{— (log n)1/2}
=f x—K(logn)"q dx

0

exp{—(log n)'’*(1 — K(log n)~ 9}
1 — K(logn)™4 |
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Together with (6.6.3) and (6.6.4) this implies that (6.6.2) is bounded by

K log n exp{—(log n)'"*(1 — K(log n) ™) + K'(log n)* 9%}
-
1 — K(logn)™

0,
as n — o0, which proves (6.6.1). O

Lemma 6.6.2. Foralle > 0
P(IM, — b,| > erl) 50 asn— oo,

or M, = max; ;. (", with {®,..., (™ standard normal and with co-
1<k<n 5k 1 n
variances {p,} as defined in Lemma 6.6.1.

PROOF. As above write M,(p) for the maximum of »n standard normal vari-
ables with constant correlation p between any two. By definition, p, > 0,
and hence, by Corollary 4.2.3,

P{M, > b, + er}?} < P{M,(0) > b, + er}'?a,/a,}.
Further, by the definitions, a,rl’? — co as n - oo, and by Theorem 1.5.3 it
follows readily that

P{M, > b, + eri’?} > 0.
To show that
P{M, < b, — erl?} 50 (6.6.5)
we place an upper bound on the difference
P{M, < b, — er,?} — P{M,(py) < b, — er,/*}

by meansof (4.2.5)in Corollary 4.2.2. Since {p,} is convex and thus decreasing,
or < pp for k> n' (and hence (p, — p,)* =0 for n’ < k < n), and we
obtain the upper bound

d (bs — er;”)’}

Kn — Pu) EXpy — ——————

kgl (ox — Pw) P{ 1+
which tends to zero by Lemma 6.6.1, so that

lim sup(P{M,, < b, — ery’*} — P{M,(p,) < b, — er;/*}) < 0. (6.6.6)
‘Moreover, M,(p,) has the same distribution as (1 — p, )M (0) + pr/*¢
where M,(0) and { are independent, so that

P{M,(p,) < b, — ery”*} = P{(1 — p,)'"*M,(0) + p,/* < b, — er,*}
= P{(1 — p,)"?r; ?a; 'a,(M,(0) — b,)
+((1 = pu)"? = Db,r, 12
+ plAr 12 < —¢). 6.6.7)
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For n large, using the definition of n’,
_ y/(log n')* — y/(log n)?

o =TT = yfllog ny
Y 1 o
" (log ny {(1 — (logn)~ 121 1} ~ yq(log m)™ 1274,

Thus

(@ = )2 = Dbyry 12 ~ dp by V2 ~ g |1 (logm)=92 > 0
Pn 3

as n — oo and also p,

(1= pu)! 2y V2ay ! ~ (29)V2(log )~ 792 > 0,

and since a,(M,(0) — b,) converges in distribution by Theorem 1.5.3 it
follows that the probability in (6.6.7) tends to zero, so that from (6.6.6),
lim sup,_, , P{M, < b, — erl/?} <0, yielding (6.6.5), to complete the proof.

1

Theorem 6.6.3. Suppose that the stationary, standard normal sequence {&,}
has covariances {r,} with {r,}; -, convex and r, = y/(logn)?, with y >0,
0 < g <1, forn = ngy, some ny. Then
P{r, Y3(M, — (1 — r)"?b,) < x} - ®(x) asn— .
PRrROOF. As was noted just before Lemma 6.6.1, M, has the same distribution
as (1 — r,)Y2M,, + rl/2{, where { is standard normal. It now follows simply
from Lemma 6.6.2 that
P{rn— 1/2(]\411 - (1 - rn)l/zbn) < X} = P{(l - rn)l/zrn_ 1/2(Mr/x - bn) + C < X}
- P{{ < x} =®(x) asn-— . O
Of course the hypothesis of Theorem 6.6.3 is very restrictive. The following
more general result was proved by McCormick and Mittal (1976). Their

proof follows similar lines as the proof of Theorem 6.6.3 above, but the
arguments are much more complicated.

Pr7 Y2 ~ g'2(log n)~Y* — 0. Moreover,

Theorem 6.6.4. Suppose that the stationary standard normal sequences {&,}
has covariances {r,} such that r,— 0 monotonically and r,logn — oo,
monotonically for large n. Then

P{r;"?(M, — (1 — r))'?b,) < x} > ®(x) asn— . O

In the paper by Mittal and Ylvisaker (1975), where the above result
was first proved under the extra assumption that {r,};>, is convex, it is
also shown that the limit distributions in Theorems 6.5.1 and 6.6.4 are by
no means the only possible ones; they exhibit a further class of limit distribu-
tions which occur when the covariance decreases irregularly. Further
interesting related results are given by McCormick (1980b); in particular he
obtains a double exponential limit for the “Studentized maximum?, i.e. for
M, normalized by the observed mean and standard deviation.



PART III

EXTREME VALUES IN
CONTINUOUS TIME

In this part of the work we shall explore extremal and related theory for
continuous parameter stationary processes. As we shall see (in Chapter 13) it
is possible to obtain a satisfying general theory extending that for the sequence
case, described in Chapter 3 of Part II, and based on dependence conditions
closely related to those used there for sequences. In particular, a general
form of the Extremal Types Theorem will be obtained for the maximum

M(T) = sup{é(t); 0 <t < T},

where &(¢) is a stationary stochastic process satisfying appropriate regularity
and dependence conditions.

Before presenting this general theory, however, we shall give a detailed
development for the case of stationary normal processes, for which very
many explicit extremal and related results are known. For mean-square
differentiable normal processes, it is illuminating and profitable to approach
extremal theory through a consideration of the properties of upcrossings of a
high level (which are analogous to the exceedances used in the discrete case).
The basic framework and resulting extremal results are described in Chapters
7 and 8, respectively.

As a result of this limit theory it is possible to show that the point process
of upcrossings of a level takes on an increasingly Poisson character as the
level becomes higher. This and more sophisticated Poisson properties are
discussed in Chapter 9, and are analogous to the corresponding results for
exceedances by stationary normal sequences, given in Chapter 5.

The Poisson results provide asymptotic joint distributions for the loca-
tions and heights of any given number of the largest local maxima.

The local behaviour of a stationary normal process near a high-level
upcrossing is discussed in Chapter 10, using, in particular, a simple process
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(the “Slepian model process™) to describe the sample paths at such an
upcrossing. As an interesting corollary it is possible to obtain the limiting
distribution for the heights of excursions by stationary normal processes
above a high level, under appropriate conditions.

In Chapter 11 we consider the joint asymptotic behaviour of the maximum
and minimum of a stationary normal process, and of maxima of two or
more dependent processes. In particular it is shown that—short of perfect
correlation between the processes—such maxima are asymptotically
independent.

While the mean square differentiable stationary normal processes form a
substantial class, there are important stationary normal processes (such as
the Ornstein—Uhlenbeck process) which do not possess this property. Many
of these have covariance functions of the form r(t) = 1 — C|t|* + o(]t]*) as
17— 0 for some a, 0 < a < 2 (the case a = 2 corresponds to the mean-
square differentiable processes). The extremal theory for these processes
is developed in Chapter 12, using more sophisticated methods than those of
Chapter 8, for which simple considerations involving upcrossings sufficed.

Finally, Chapter 13 contains the promised general extremal theory (includ-
ing the Extremal Types Theorem) for stationary continuous-time processes
which are not necessarily normal. This theory essentially relies on the discrete
parameter results of Part II, by means of the simple device of expressing the
maximum of a continuous parameter process in say time T = n, an integer,
as the maximum of »n “submaxima”, over fixed intervals, viz.

M(n) = rhax(Cla CZa s Cn)a

where {; = sup{&(t); i — 1 <t < i}. It should be noted (as shown in Chapter
13) that the results for stationary normal processes given in Chapters 8 and
12 can be obtained from those in Chapter 13 by specialization. However, since
most of the effort required in Chapters 8 and 12 is still needed to verify the
general conditions of Chapter 13, and the normal case is particularly im-
portant, we have felt it desirable and helpful to first treat normal cases
separately.



CHAPTER 7
Basic Properties of Extremes and
Level Crossings

We turn our attention now to continuous parameter stationary processes.
We shall be especially concerned with stationary normal processes in this
and most of the subsequent chapters but begin with a discussion of some
basic properties which are relevant, whether or not the process is normal,
and which will be useful in the discussion of extremal behaviour in later
chapters.

Our main concern is with upcrossings of a level by stationary processes,
and the expected number of such upcrossings—in the particular case of a
stationary normal process leading to a celebrated formula, due to S. O. Rice,
for the mean number of upcrossings per unit time. The results are also
extended, in various ways, to “marked crossings” and to the expected
number of local maxima, obtained by considering the downcrossings of the
zero level by the derivative process.

7.1. Framework

Consider a stationary process {&(t); t > 0} having a continuous (“time™)
parameter t > 0. Stationarity is to be taken in the strict sense, i.e. to mean
that any group &(t,), ..., &(t,) has the same distribution as &(¢t; + 1), ...,
¢(t, + 1) for all 7. Equivalently this means that the finite-dimensional distri-
butions F, _ , (x1,...,X,) = P{&(t;) < xy,..., &t,) < x,} are such that
Fi se,.. tn+:=Fy,, ..., for all choices of 7, n,and ty, 15, ..., t,.

It will be assumed throughout, without comment, that for each ¢, the
d.f. F(x) of £(t) is continuous. It will further be assumed that, with probability
one, £(t) has continuous sample functions—that is, the functions {&(t)}



146 7. Basic Properties of Extremes and Level Crossings

are a.s. continuous as functions of ¢ > 0. Simple sufficient conditions for
sample function continuity will be stated in Section 7.3 for normal processes.
For the general case the reader is referred to Cramér and Leadbetter (1967,
Chapter 4), and Dudley (1973).

Finally, it will be assumed that the basic underlying probability measure
space has been completed, if not already complete. This means, in particular,
that probability-one limits of r.v.’s will themselves be r.v.’s—a fact which will
be useful below.

A principal aim in later chapters will be to discuss the behaviour of the
maximum

M(T) = sup{é(t); 0 <t < T}

(which is well defined and attained, since £(t) is continuous) especially when
T becomes large. It is often convenient to approximate the process £(t) by a
sequence {&,(t)} of processes taking the value &(t) at all points of the form
Jdss j=0,1,2,..., and being linear between such points, where g, | 0 as
n — co. In particular, this is useful in showing that M(T) is a r.v., as the
following small result demonstrates.

Lemma 7.1.1. With the above notation, suppose that q, | 0 and write M,(T)
= max{{(jq,); 0 <jg, < T}. Then M(T)—> M(T) a.s. as n— o, and
M(T)isaruv.

Proor. M ,(T) is the maximum of a finite number of r.v.’s and hence is a r.v.
for each n. It is clear from a.s. continuity of &(¢) that M, (T) - M(T) a.s.
and hence by completeness M(T) is a r.v. O

We shall also use the notation M(I) to denote the supremum of £(¢) in any
given interval I —of course, it may be similarly shown that M(I)is a r.v.

7.2. Level Crossings and Their Basic Properties

In the discussion of maxima of sequences, exceedances of a level played an
important role. In the continuous case a corresponding role is played by the
upcrossings of a level for which analogous results (such as Poisson limits) may
be obtained. To discuss upcrossings, it will be convenient to introduce—for
any real u—a class G, of all functions f which are continuous on the positive
real line, and not identically equal to u in any subinterval. It is easy to see that
the sample paths of our stationary process &(f) are, with probability one,
members of G,. In fact, every interval contains at least one rational point,
and hence

PIIEG) < 3 PLE) = uh
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where {t;} is an enumeration of the rational points. Since &(¢;) has a continuous
distribution by assumption, P{(t;) = u} is zero for every j.

We shall say that the function f'e G, has a strict upcrossing of u at the
point t, > 0 if for some ¢ > 0, f(t) < u in the interval (¢, — ¢, t,) and
f(@®) =z uin(tg, ty + €). The continuity of f requires, of course, that f(t,) = u,
and the definition of G, that f(t) < u at some points t € (t, — #, tp) and
f(t) > u at some points t € (t,, t, + 1) for each > 0.

It will be convenient to enlarge this notion slightly to include also some
points as upcrossings where the behaviour of f is less regular. As we shall see,
these further points will not appear in practice for the processes considered
in the next two chapters, but are useful in the calculations and will often
actually occur for the less regular processes of Chapter 12. Specifically we
shall say that the function f € G, has an upcrossing of u at t, > 0 if for some
e>0andallyn >0, f(t) <uforalltin (t, — & ty) and f(t) > u for some t
(and hence infinitely many t) in (¢,, t, + #). An example of a nonstrict up-
crossing of zero at t, is provided by the function f(¢f) =t — ¢, for t < ¢,
and f(t) = (t — to)sin((t — to)~!) for t > t,.

The following result contains basic simple facts which we shall need in
counting upcrossings.

Lemma 7.2.1. Let f € G, for some fixed u. Then,

(i) if for fixed t{,t,,0 < t; <t,, we have f(t,) < u < f(t,), then f has an
upcrossing (not necessarily strict) of u somewhere in (t4, t,),

(ii) if f has an upcrossing of u at t, which is not strict, it has infinitely many
upcrossings of u in (tg, to + €), for any ¢ > 0.

Proor. (i) If f(t,) < u < f(t,) with t; < t, write
to =sup{t > t;; f(s) <uforallt; <s <t}

Clearly t, < tq < t, and t, is an upcrossing point of u by f.

(ii) If t, is an upcrossing point of u by f and ¢ > 0, there is certainly a
point ¢, in the interval (¢, to + &) with f(¢,) > u.Ift,isnot a strict upcrossing
there must be a point t, in (ty, t,) such that f(¢,) < u. By (i) there is an up-
crossing between t, and t,, so that (ii) follows, since ¢ > 0 is arbitrary. [

Downcrossings (strict or otherwise) may be defined by making the obvious
changes, and crossings as points which are either up- or downcrossings.
Clearly, at any crossing t, of u we have f(t,) = u. On the other hand there
may be “u-values” (i.e. points t, where f(¢,) = u) which are not crossings—
such as points where f is tangential to u or points t, such that f(t) — u is
both positive and negative in every right and left neighbourhood of t,—as
for the function u + (t — to) sin((t — to) ™ !).

The above discussion applies to the sample functions of the process &(t)
satisfying the general conditions stated since, as noted, the sample functions
belong to G, with probability one. Write, now, N ,(I) to denote the number of
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upcrossings of the level u by £(¢) in a bounded interval I, and N,(t) =
N0, t]). We shall also sometimes write N(t) for N,(t) when no confusion
can arise.

In a similar way to that used for maxima, it is convenient to use the
“piecewise linear” approximating processes {£,(t)} to show that N, (I)
is a r.v. and, indeed, in subsequent calculations as, for example, in obtaining
E(N (D). This will be seen in the following lemma, where it will be con-
venient to introduce the notation

J () = éP{é(O) <u< &g} qg>0. (7.2.1)

Lemma 7.2.2. Let I be a fixed, bounded interval. With the above general
assumptions concerning the stationary process {&(t)}, let {q,} be any sequence
such that g, | 0 and let N, denote the number of points jq,,j = 1,2, ... such
that both (j — 1)q, and jq, belong to I, and &((j — 1)q,) < u < &(jq,). Then

(i) N, < N),
(@ii) N, - NI) a.s. as n — oo and hence N (I) is a (possibly infinite-valued)
r.v.,
(iii) E(N,) - E(N,I)) and hence E(N(t)) = tlim, o J (u), (and hence
E(N (1)) = tE(N(1))).

Proor. (i) If for some j, &(j — 1)g,) < u < &(jg,) it follows from Lemma
7.2.1(i), that &(t) has an upcrossing between (j — 1)g, and jg, so that (i)
follows at once.

(ii) Since the distribution of &(jg,) is continuous and the set {kq,; k = 0,
1,2,...;n=1,2,...} is countable, we see that P{{(kq,) = u for any k =
0,1,2,...;n=1,2,...} =0, and hence we may assume that &(kq,) # u
for any k and n. We may likewise assume that &(t) does not take the value u
at either endpoint of I and hence that no upcrossings occur at the endpoints.

Now, if for an integer m, we have N, (I) > m, we may choose m distinct
upcrossings ¢, . . ., t,,, of u by &(t) in the interior of I which may, by choice of
¢ > 0, be surrounded by disjoint subintervals (¢; — &, t; + ¢),i = 1,2,...,m,
of I, such that &(t) < u in (t; — ¢, t;) and &(7) > u for some t€e(t;, t; + &).
By continuity, 7 is contained in an interval—which may be taken as a sub-
interval of (¢;, t; + ¢)—in which &(¢) > u. For all sufficiently large n this
interval must contain a point kq,,.

Thus there are points Ig, € (t; — ¢, t;), kq, € (¢;, t; + €) such that &(lg,) <
u < &(kq,). For some j with | < j < k we must thus have &((j — 1)q,) <
u < &(jg,). Since eventually each interval (t; — ¢, t; + &) contains such a
point jg, we conclude that N, > m when n is sufficiently large, from which it
follows at once that lim inf,, N, > N(I) (finite or not). Since by (i),
lim sup,_,, N, < N(I) we see that lim,_, . N, = N,(I) as required.

Finally, it is easily seen that N, is a r.v. for each n (N, is a finite sum of
VS x, xi = 1 if E((k — 1)g,) < u < &(kq,), and zero otherwise) so that, by
completeness, its a.s. limit N,(I) is also a r.v., though possibly taking infinite
values.
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(iii) Since N, —» N (I) a.s., Fatou’s lemma shows that lim inf, , , E(N,) >
E(N, (D). If E(N,I)) = oo this shows at once that E(N,) - E(N(I)). But
the same result holds, by dominated convergence, if E(N,(I)) < oo, since
N, < N,()and N, » N(I) as.

Finally, if I = (0, t], then I contains v, ~ tq, ' points jq, so that, using
stationarity,

E(N,) = (v. = DP{E(0) < u < &(gn)} ~ tJy,(u).

Hence tJ,, (u) - E(N (1)) from which the final conclusion of (iii) follows since
the sequence {q,} is arbitrary. O

Corollary 7.2.3. If E(N(I)) < oo, or equivalently if lim inf,_, , J, (u) < o0
for some sequence q, | 0, then the upcrossings of u are a.s. strict.

Proor. If E(N (I)) < oo then N, (I) < o a.s. and the assertion follows from
(ii) of Lemma 7.2.1. O

Under mild conditions one can express E(N,(1)) = lim,_, J,(u) in a
simple and useful integral form. This will in the next section be adapted to
normal processes and it will play a major role in the subsequent development.
In Section 7.5 it will be further extended to deal with more complicated
situations concerning marked crossings.

The first results of this kind were obtained by S. O. Rice (1939, 1944, 1945)
for normal processes, by intuitive methods related to those used in this
work. The first rigorous proofs made use of a zero-counting device developed
by Kac (1943). Under successively weaker conditions the formula was
verified for normal processes by Ivanov (1960), Bulinskaya (1961), Ito
(1964), and Ylvisaker (1965). The general formulation we shall use here is
due to Leadbetter (1966¢); see also Marcus (1977).

Theorem 7.2.4. Suppose £(0) and {, = q~ Y(&(q) — &(0)) have a joint density
g,(u, z) continuous in u for all z and all sufficiently small q > 0, and that there
exists a p(u, z) such that g,(u, z) — p(u, z) uniformly in u for fixed z as q — 0.
Assume furthermore that there is a function h(z) with j & zh(z) dz < oo and
g,(u, z) < W(z) for all u, q. Then

E(N(1)) = lim J (u) = f " i, 2) dz. (7.22)

q—-0 0

ProoF. By writing the event {£(0) < u < &(q)} as {¢(0) < u < &(0) + q{,}
= {&0) < u} n {{, > g~ '(u — &(0))} we have

J ) = g7 'P{O) <u, {; > g '(u — {O0)}

=q! f J gq(x, y) dy dx.
y

Yx=—o0 =q~ Yu—x)
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By change of variables, x = u — gqzv, y = z, (v = (u — x)/(qy)), this is equal
to

© 1
f z J g u — qzv, z) dv dz,
z=0 v=0

where g (u — qzv, z) tends pointwise to p(u, z) as ¢ — 0 by the assumptions
of uniform convergence and continuity. Since g, is dominated by h(z) it
follows at once that the double integral tends to [§ zp(u, z) dz. 0]

In many cases the limit p(u, z) in (7.2.2) is simply the joint density of £(0)
and the derivative £'(0). (This holds, for example, for normal processes, as
will be seen in the next section.) If we write p(u) and p(z|u) for the density of
£(0) and the conditional density of £'(0) given &(0) = u, respectively, (7.2.2)
can then be written as

E(N (1)) = p(u) J:ZP(ZIH) dz = pwE' ()" |E0) =)  (7.2.3)

(where &(0)* = max(0, £'(0))), so that the mean number of upcrossings is
given by the density of £(0) multiplied by the average positive slope of the
sample functions at u.

Finally, in this section we derive two small results concerning the maximum
M(T) and the nature of solutions to the equation &(f) = u,, which rely
only on the assumption that E(N (1)) is a continuous function of u.

Theorem 7.2.5. Suppose that E(N (1)) is continuous at the point uy and, as
usual that P{{(t) = u} = 0 for all t, so that &(-) € G, with probability one.
Then

(i) with probability one, all points t such that &(t) = u, are either (strict)
upcrossings or downcrossings,
(ii) the distribution of M(T) is continuous at ug, i.e. P{M(T) = uy} = 0.

Proor. (i) Clearly it suffices to consider just the unit interval. If &(t) = u,
but ¢ is neither a (strict) upcrossing nor a (strict) downcrossing it is either a
tangency from below or above, i.e. for some ¢ > 0, &(t) < uy (> u,) for all
te(ty — &ty + &) or else there are infinitely many upcrossings in (¢, — &, t,),
(and this is precluded by the finiteness of E(N (1))). Further, for each fixed u
the probability of tangencies of u from below is zero. To see this, let B, be the
number of such tangencies of the level u in (0, 1], write N, = N, (1), and
suppose N, + B, = m, so that there are at least m points ¢,, .. ., t,, which are
either u-upcrossings or tangencies from below. Since &(-) € G, with prob-
ability one, there is at least one upcrossing of the level u — 1/n just to the left
of any ¢;, for all sufficiently large n. This implies that N,_,,, > m for suffi-
ciently large n, and hence that
N,+ B, <lminfN,_,,,

n—»w
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and applying Fatou’s lemma,

E(N,) + EB,) < lim inf E(N,_,,,) = E(N,)
if E(N,(1)) is continuous. Since B, > 0, we conclude that B, = 0 (with
probability one). A similar argument excludes tangencies from above, and
hence all u-values are either up- or downcrossings (and strict).
(i) Without loss of generality take T = 1. Since

P{M(1) = u} < P{&0) = u} + P{¢(1) =u} + P{B, = 1}
the result follows from P{B, = 0} = 1. O

7.3. Crossings by Normal Processes

Up to this point we have been considering a quite general stationary process
{&@);t = 0}. We specialize now to the case of a (stationary) normal or
Gaussian process, by which we mean that the joint distribution of &(¢y), .. .,
&(t,) is multivariate normal for each choice of n = 1,2,...and ¢, t;5, ..., t,-
It will be assumed without comment that £(¢) has been standardized to have
zero mean and unit variance. The covariance function r(z) will then be
equal to E(E(t)E(t + 1)).

Obviously #(7) is an even function of 1, with #(0) = E(¢%(t)) = 1. Thus if
r is differentiable at T = 0, its derivative must be zero there. It is of particular
interest to us whether r has two derivatives at T = 0. If #"(0) does exist (finite),
it must be negative and we write 4, = —r"(0). The quantity A, is the second
spectral moment, so called since we have 4, = [© A? dF(A), where F(A) is
the spectral d.f, ie. r(z) = [©, €** dF(A). If r is not twice differentiable at
zero then |2, A2 dF(1) = o,ie. A, = 0. When 4, < oo we have the expan-
sion

Ayt? 5
r(r)=1-— 2 + o(7*) ast-0. (7.3.1)
Furthermore, it may be shown that 1, = —r"(0) < oo if and only if &(¢)

is differentiable in quadratic mean, i.e., if and only if there is a process {&'(¢)}
such that h™ (&t + h) — &(@t)) —» &€(t) in quadratic mean as h — 0, and
that then

EE(@®)) =0, Var(f'(®) = —r"(0),

&(t), €'(t) being jointly normal and independent for each t. Furthermore

Cov(&'(®), &'t + 1)) = —r"(x).
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For future use we introduce also

Ao = f dF()) =r0) =1 and A, = f A* dF (),

where also 4, = rY(0), when finite. An account of these and related properties
may be found in Cramér and Leadbetter (1967, Chapter 9).

To apply the general results concerning upcrossings to the normal case
we require that &(t) should have a.s. continuous sample paths. It is known
(cf. Cramér and Leadbetter (1967, Section 9.5)), that if, as 7 - 0

1 —r(r) = O(|log|t||™) forsomea > I, (7.3.2)

it is possible to define the process &(¢) as a continuous process. This is a very
weak condition which will always hold under assumptions to be used here
and subsequently—for example, it is certainly guaranteed if r is differentiable
at the origin, or even if 1 — r(7) < C|z|* for somea > 0, C > 0.

In the remainder of this and in the next chapters we shall consider a
stationary normal process &(t), standardized as above, and such that 4, < co.
Then &(t) and &'(¢) are independent normal with Var(é'(t)) = A,. Their joint

density
1, 1(, 2
p(u, z) = 5 Az exp( 5 (u + PR

is the limit of the density g,(u, z) of £(0) and {, = g '(&(g) — &£(0)) appearing
in Theorem 7.2.4. In fact £(0) and {, are bivariate normal with mean zero
and covariance matrix

< 1 q”'(r(q) — r(0)) )
q”'(r(@) — r0) 2g7*(r0) — r(9))/’

and, by (7.3.1), g~ (r(q) — r(0)) = 0, 2q~*(r(0) — r(q)) = A, as ¢ — 0, which
implies the convergence of their density to p(u, z). The dominated convergence
required in Theorem 7.2.4 can also be checked, and hence

e8]

2
BV = [ 2ptu 2) dz = 5 42 exp( _ u?)

0

This is Rice’s original formula for the mean number of upcrossings in normal
processes. Similar reasoning shows that if £(¢) is not mean square differ-
entiable (i.e. if 1, = o0) then E(N (1)) = oo, as suggested by Rice’s formula.

However, we need a slightly more general result about J (1), allowing for
u — o0 as ¢ — 0, and we shall prove this directly along similar lines as in the
proof of Theorem 7.2.4 and obtain Rice’s formula via this route. To simplify
notation we use the normal structure explicitly, making a slightly different
transformation of variables.
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Lemma 7.3.1. Let {&(t)} be a (standardized) stationary normal process with
A, < 0 and write p (=u(u)) = (1/2n)AL? exp(—u?/2). Let q—> 0 and u
either be fixed or tend to infinity as q — 0 in such a way that uq — 0. Then

J W) =q 'P{0) <u< &g} ~n asq—0.

Proor. By rewriting the event {£(0) < u < &(q)} as {|&(0) + &(q) — 2u|
< (g — &0}, ie. as {|{; —ul <(g/2){2} where {; = ((0) + &(9))/2,
{; = (&(g) — &(0))/q, are uncorrelated, and hence independent, being
normal, with respective variances o2 = (1 + r())/2, o3 = 2(1 — r(g))/4>,
we obtain

W0 = o) [ ¢(Gy) {Ml —u|<"y}dy

y=0
u+qy/2
= (uqo,02)" f ( )( )dxdy
=y—qy/2 (1 (P

© f u+qu/2> }
= = ex ————|dx;dy.
J; 003 p( 202){20'1#1/271? x=-1 < 0y

(7.33)

Now the factor in braces in the integrand may be written as

7, f ugxy qzxzyz}
exp (1 -o0? - — ———rdx,
20,4/A; Jx=-1 { 2070 VT 267 T e

which by bounded convergence (o, =1, 1 — % = 1,4%/4 + o(q%),
o, = +/4,) tends to 1. By replacement of ugxy by —ugqy it is seen that the
integrand of (7.3.3) is dominated by the integrable function Aye™ <" (for
some constants A4, ¢ > 0) so that an-application of dominated convergence
gives

lim p~ 1 (u) = f - exp(— ﬁ) dy = 1. O
2

q—0
Rice’s result is now an immediate consequence of this lemma.

Theorem 7.3.2 (Rice’s Formula). If {£(t)} is a (standardized) stationary normal
process with finite second spectral moment A,(= —r"(0)) then the mean number
of upcrossings of any fixed level u per unit time is finite and given by

E(N 1) = — ,11/2 exp( - “72) (1.34)

(Hence also all upcrossings are strict.)

Proor. This follows from the case u fixed, in the above lemma, together with
(iii) of Lemma 7.2.2. 0
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The above discussion has been in terms of upcrossings. Clearly, similar
results hold for downcrossings. In particular, the mean number of down-
crossings is also given by (7.3.4).

7.4. Maxima of Normal Processes

In discussing the maximum of a stationary normal process £(t) we shall
find it useful to compare it with a very simple normal process £*(t) whose
maximum is easily calculated using properties of upcrossings. Specifically
let #, { be independent standard normal r.v.’s and define

EX¥(t) = ncos wt + {sin wt, (74.1)
where o is a fixed positive constant.

It is clear that £*(¢) is normal and that £*(t,), ..., £*(t,) are jointly normal
for any choice of ¢;. (This follows most simply from the observation that
3" c;€*(t;) is normal for any choice of ¢; and ¢;.) Thus £*(t) is a normal
process and E(£*(t)) = 0. Its covariance function is calculated at once to be

r(t) = E{(n cos wt + { sin wt)(n cos ot + 1) + { sin w(t + 1))}

= COs wt cos w(t + 1) + sin wt sin w(t + 1)
= COS WT. (74.2)

Thus £*(z) is strictly stationary, being normal.
Write now n = A cos ¢ and { = A sin ¢, with 0 < ¢ < 2n. Then EX(r)
may be written in its standard cosine form,

E*(t) = A cos(wt — ). (74.3)

The Jacobian é(y, {)/0(A, ¢) = A, and it follows simply that A, ¢ have joint

density
2

1 b
Ja,6(x:9) = 27> exr><— —2—), x>0,0<y<2m,

showing that A4, ¢ are independent, A having the Rayleigh distribution
x exp(—x2/2) (x > 0) and ¢ being uniform over [0, 2r). The sample paths of
&* are thus cosine functions with angular frequency w, and having indepen-
dent random amplitude 4 and phase ¢.

The distribution of the maximum M*(T) for this process can be obtained
geometrically. However, it is more instructive (and simpler) to use properties
of upcrossings.

Lemma 7.4.1. For the cosine process £*(t) given by (7.4.3)

P{MXT) < u} = ®u) — (;)—: exp(— u;) (74.4)

Jor0 < T < nfwand u > 0.
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Proor. Clearly A, = w? for the process £*(t) and, writing N = N*(T) for the
number of upcrossings of u in (0, T), we have
T u?
and
P{M*(T) > u} = P{&*©0) > u} + P{¢{*0) <u, N > 1}.

Now take oT < 7. Then if £*(0) > u > 0, the first upcrossing of u occurs
after t = m/w (see Figure 7.4.1), and hence {N > 1, £*(0) > u} is empty, so
that

P{&*0) <u, N =1} = P{N > 1}.
Thus, since N = 0 or 1,

PM¥T)>u}=1—®u)+ P{N > 1} =1 — ®(u) + E(N)

oT u?
=1-®wu) + P exp(—— ?), (7.4.6)

which is equivalent to (7.4.4). O

A cos(wt — ¢)

) \\ - //\
SN\
T

Figure 7.4.1. Upcrossings for the cosine process £*(t) = A4 cos(wt — ).

As a matter of interest and for later use, it follows for the cosine process
E*(t) that for fixed 1,0 < wh < =,

P{M*(h) > u} (12)1/2 s o

ho()  \2x

(since 1 — ®(u) ~ d(u)/u and A, = w?). This limit in fact holds under much
more general conditions, as we shall see.

As noted above we will want to compare in the next chapter a general
stationary normal process with this special process. This comparison will
be made by an application of the following easy consequence of the Normal
Comparison Lemma (cf. Slepian (1962)).

(74.7)
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Theorem 7.4.2 (“Slepian’s Lemma™). Let {£,(t)} and {&,(t)} be normal
processes (possessing continuous sample functions but not necessarily being
stationary). Suppose that these are standardized so that E(¢,(t)) = E(&,(t)) =0,
E(E3(t)) = E(E3(t)) = 1, and write p,(t, s) and py(t, s) for their covariance
functions. Suppose that for some & >0 we have p4(t,s) = p,(t,s) when
0 < t, s < 6. Then the respective maxima M {(t) and M ,(t) satisfy

P{M(T) < u} = P{Mx(T) < u}
when0 < T < 4.

Proor. Define M{) and M relative to &,(t), &,(t) as in Lemma 7.1.1 where
g, = 27". Then, with probability one M{" 1 M (T), so that {M'V < u} |
{M(T) < u} and hence P{M} < u} - P{M,(T) < u} as n — oo. Similarly
P{M® < u} » P{M,(T) < u}. But it is clear from Corollary 4.2.3 that
P{MP < u} < P{M" < u} so that the desired result follows. O

7.5. Marked Crossings

The material in the remainder of this chapter will not be used until Chapter 9
and subsequent chapters. The reader may wish to proceed directly to
Chapter 8, and return to this section when needed.

We shall consider situations where we not only register the occurence
of an upcrossing, but also the value of some other random variable connected
with the upcrossing. We may, for example, be interested in the derivative
&'(t;) at upcrossing points t; of u by &(-) or the value &(s;) at downcrossing
points s; of zero by &'(-), i.e. at points where &(¢) has a local maximum. We
shall refer to these as marked crossings and, for example, regard &'(t;) and
&(s;) as marks attached to the crossings at t; and s;. We shall here develop
methods for dealing with such marks, along similar lines to those leading to
Rice’s formula (although with some increase in complexity).

We shall let {{(¢); t > 0} and {5(¢); ¢t = 0} be jointly stationary processes
with continuous sample paths and consider level crossings in {(t) marked
by #(t). In the examples above {(t) would be &(t) and — £'(¢), respectively, and
n(t) would be &'(t) and &(t). Denote by {t;} the upcrossings of the level u by
{(t), and let, for any interval 4, N (I; 4) be the number of t;’s in I such that
n(t) € A, and write N(T; A) = N0, T]; A). The notation N(I), N(T)
will have the same meaning as before, e.g. N (I) = N(I; (— o0, o0)).

Further define

J s A) = %P{C(O) <u < Ug).n0) € A).

Lemma 7.5.1. Let I be a bounded interval, q, — 0 as n — oo, and let N (A)
be the number of points jq, € I (with (j — 1)q, € I) such that

UG = Dan) <u<{(jg,) and n(( — )g,) € A.
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Then
(i) if A is an open interval,

lim inf N, (A4) > N(I; 4), as.
(ii) if, for every v,
P{{(@) = u,n(t) = v for sometel} =0 (7.5.1)

then, for any interval A,

N(I; A) = lim N,(A4), as.,

n— o
(iii) if A is an open interval,

E(N,(I; A)) < lim inf E(N,(4))

and, if (7.5.1) holds, and E(N (1)) < oo,
E(N,(4)) —» E(N(I; A))
and, for I = (0, 11,
E(N(I; A)) = lim J (u; A).
q40

PROOF. (i) Suppose that N, (I; A) > m and that {(¢) has upcrossings of u at
ty, ..., L, in the interior of I, with n(t;)e 4, i = 1, ..., m. (By the continuity
of the distribution of {(f) no upcrossings occur at the endpoints of 1.) Since
n(t) is continuous and A is open, we can surround the t;’s by disjoint sub-
intervals (¢; — ¢, t; + ¢) of I in which 5(t) € 4. It then follows as in the proof
of Lemma 7.2.2(ii) that lim inf, , . N,(4) = m.

(i) First assume N, (I; A) = m < oo, and let t,...,t, be as in (i). If
(a, b) is the interior of A4, (7.5.1) precludes 5(t;) = a or b, so that y(t;) € (a, b),
and we may therefore take disjoint intervals (¢; — ¢, ¢; + &) in which
n(t) € (a, b). Write J, for the set of j’s such that (j — 1)q, and jg, both belong
to (t; — &, t; + ¢) for some i, and J¥ for the set of j’s such that (j — 1)g, and
Jjq. belong to I but j¢ J,. Clearly ¢; is the only upcrossing of u by {(t) for
te(t; — & t; + ¢), and therefore by Lemma 7.2.1(i),

limsup ) x; <m, (7.5.2)
n—w jel,
where
4= {1, if (U — 1gn) < u < {(jgs) and n((j — 1)g,) € 4,
;=

0, otherwise.

Furthermore, if

limsup ) x; >0,

n-w  jelJy
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then for n arbitrarily large there are j, € Jx with x; = 1 and hence a sequence
of integers {n} such that j;q; — t, with t¢ (¢; — &, t; + ¢),i=1,...,m, and
%j, = 1. From the continuity of 5(t) it follows that n() € [a, b], and hence, by
(7.5.1), n(z) € (a, b). Thus n(t)e(a,b) = A for te(t — &, 7 + ¢') for some
¢ > 0, which can be taken small enough to make ¢, ¢(t — &, 7 + &),
i = 1,..., m. Further, for 7 large enough, both (j; — 1)g; and j;g; belong to
(t—¢,7+ ¢) and thus, by Lemma 7.2.1(i), {(¢) has a u-upcrossing in
(t — ¢, 7 + &) which contradicts N(I; A) = m. This shows that

limsup Y x; =0,
n—ow jeJ}
which together with (7.5.2) proves that lim sup,. , N(4) < N(I; A), as.
Since furthermore, (7.5.1) implies that N (I; A) = N,(I; (a, b)), part (i) gives

lim inf N,(A) > lim inf N,((a, b)) = NI; (a, b)) = N; A).

Hence N,(4) - N, (; A) = m < o as. as asserted. If N (I; 4) = oo, the
conclusion follows from part (i) with (a, b) replacing A4, since N, (I; 4) =
N, (a, b)) by (7.5.1).

(iii) The first conclusion follows at once from Fatou’s lemma and part
(i), while it follows from part (ii) that E(N(I; A)) = lim,_, , E(N,(4)),
since N,(4) < N,(I)and E(N (I)) < oo by assumption. Further, ifI = (0, 1),
there are approximately g, ! points jq, € I, so that

E(N(A) ~ g, *E(xy) = Jo,(u; A).

The last assertion of (iii) follows, since the sequence {q,} is arbitrary. O

We shall now evaluate the limit of J,(u; A4) for the case when {(t) and 5(z)
are jointly normal processes with zero means. Let r(t) denote the covariance
function of {(¢), and write A, = r(0) = Var({(¢)). As was noted earlier, if {(¢)
is quadratic mean differentiable then A, = —r"(0) = Var({'(t)) < o and
{(r) and {'(¢) are independent for each ¢t and normal with joint density

P, 2) = Ao 2d(udg A7 2 d(zA; ). (7.5.3)

Further it can be shown that the three processes {{(t)}, {{'(¢)}, and {n(t)}
are jointly normal, and that the crosscovariances and covariances can be
obtained as limits, e.g.

Cov({'(t), n(t + 1) = lim E(h™ 't + h) — {Om(t + 7).
h—0

Conditional distributions can also be defined, using ratios of density functions
when they exist, e.g. for a measurable set 4, we define

P{n(0) € A1{(0) = u, {'(0) = z}

_ f Peo.co.n0th 2 )
yeAd p(u, z)

s
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where pyo), 70y, n0) 18 the density function of {(0), {'(0), #(0). In the sequel,
conditional probabilities will always be understood as defined in this way.

Lemma 7.5.2. Let {{(t)} and {n(t)} be jointly normal zero mean processes such
that £(0), {'(0), n(0) have a nonsingular distribution. Assume further that {n(t)}
has continuous sample paths and that {(t) is differentiable in quadratic mean.
Then, for any measurable set A and any u,

lim J (u; A) = ffozp(u, 2)P{n(0) e A[{(0) = u, {'(0) = z} dz.

qi0

PrOOF. Write n = 5(0), and as in the proof of Lemma 7.3.1 introduce the
independent normal r.v.’s {; = ({(0) + {(9))/2, {» = ({(g) — {(0))/q with
variances o2 = (r(0) + r(q))/2, 63 = 2(r(0) — r(q))/q?, and note that

J(u; A) = q‘lP{lCI —ul< %CZ qu}

=(‘1‘71°'2)—lf fu+:Z/:z/2 ( 1) <;qu)

x P{neA|lly =x,{, =z}dxdz
_(* 2z (z ! -1 fu+ xqz/2
-£=o (P ¢(02) L=—1 20, ¢( (51 )
X P{neAICI —ut+ X = z} dx dz. (7.5.4)

To obtain the limit of the conditional normal probability

P{’IGA|C1 =0, CZ = Z}

as g — 0 (and v — u) we note that since {{(t)} and {5(¢)} are jointly normal
processes, the conditional distribution of n = 5(0) given {; = ({(0) + {(g))/2
=1,{, = ({(g) — {(0))/q = z, is also normal with mean

my(v, z) = E() + vo7? Cov(n, {;) + zo5 2 Cov(y, {5)
and variance
V, = Var(y) — o172 Cov*(n, {;) — 05 Cov(n, {,),

see e.g. Rao (1972) p. 522.

Since {; = {(0), {, = {'(0) in quadratic mean as g — 0 it follows that
Cov(n, {,) = Cov(n(0), {(0)), Cov(n, {,) = Cov(#(0), {'(0)) as g — 0. Since
furthermore, o} —» 4y = r(0) = Var({(0)), 62— A, = —r"(0) = Var({'(0)),



160 7. Basic Properties of Extremes and Level Crossings

and {(0),{'(0),n(0) are nonsingular by assumption we have Var(xn |{(0), {'(0)) =
Vo = limy.o V, > 0. With m, = m,(u + kqz/2, z), E(n|{(0) = u, {'(0) = z) =
my = lim,_,, m,, and thus dominated convergence gives that for all x and z,

. AT G R S bl
P{WEA!CI—L"*' ) ’CZ_Z}_J\A\/T/;QS(\/V‘I)JV
1 y — my
- | — d
fﬁ“’(ﬁ) g
= P{n(0)e A|{(0) = u, {'(0) = z}

as g — 0. Again by dominated convergence it follows that

wo- [ ool ) deel)
wo-| AR m
x P{n(0) e A{{(0) = u, {'(0) =z} dz

which by (7.5.3) is the conclusion of the lemma. O

7.6. Local Maxima

As an application of the marked crossings theory we end this chapter with
some comments concerning local maxima. To avoid technicalities we assume
that {&(¢)} is stationary normal and, in addition, has sample functions which
are, with probability one, everywhere continuously differentiable. Sufficient
conditions for differentiability can be found in Cramér and Leadbetter (1967,
Chap. 9), and they require slightly more than finiteness of the second spectral
moment A, ; cf. the condition (7.3.2) for sample function continuity.

Clearly then &(¢) has a local maximum at ¢ if and only if £'(¢) has a down-
crossing of zero at ¢y, and a number of results for local maxima can therefore
trivially be obtained from corresponding results for downcrossings.

In particular, to ensure that &(¢) has only finitely many local maxima in a
finite time, it suffices that A, = r¥(0) < oo, where 4, is the fourth spectral
moment [®, A* dF(4).

If 1, < oo, then &(z) has also a second derivative £"(¢), defined in quadratic
mean, and &(t), £'(t), £'(¢) are jointly normal with mean zero and the co-
variance matrix

Ao 0 “'Az

0 A 0]
—1, 0 A
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where we assume A, = 1. Further &£(¢), £'(¢), £”(t) have a nonsingular distri-
bution provided &(¢) is not of the form &(f) = A cos(wt — ¢). (In fact, the
determinant of the covariance matrix is

Lo he — 12) = 12{ J dF () f 1* dF (D) — ( f pp dF(l))z},

which is zero only if F is concentrated at two symmetric points.) If 4, < oo
we also have the analogue of (7.3.1),

Cov(&(t), E(t + 1) = —r"(r) = 4, — 34,7% + 0(1?) ast -0,
and, normalizing to variance one, we obtain

14
Cov(A; 128@), A3 128t + 1) =1 — Ef 2 +0(1?) ast-0. (7.6.1)
2
We will temporarily use the notation N'(T) for the number of local maxima
of £(t), 0 <t < T. Since N'(T) is just the number of downcrossing zeros
for £'(t), we obtain from (7.6.1) and Rice’s formula (7.3.4) that the expected
number of local maxima in (0, T] is

1/2
E(N'(T)) = %; (%) .

In Chapter 9 we shall study heights and locations of high local maxima.
Write N(T) for the number of local maxima of &(t), 0 <t < T, whose
height exceeds u, i.e. with the previous notation, if £(t) has local maxima
at the time points {s;}, then N(T) is the number of s;€ (0, T) such that

&) > u.
Lemma 7.6.1. If {£(t)} is stationary normal, with continuously differentiable
sample paths, and with a quadratic mean second derivative E'(t) with

Var(&"(t)) = A4 < 00 such that E(t), E'(t), &' (t) have a nonsingular distribution,
then

@) E(N T) =T f i f 0_ |21 p(x, 0, 2) dz dx, (162)

where p(x, y, z) is the joint density of &(t), E(t), &"(t), and
(ii) assuming &(t) to be standardized with mean zero and unit variance

E(N(T)) = 57;; {(%)1/2 <1 _ (D<u<%)1/2>) + (27[12)1/2(1)(”)(1)(_;%/1725)},

where D = ), — A3.
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Proor. We shall use Lemmas 7.5.1 and 7.5.2, identifying {(t) = —&'(t) and
n(t) = &(t). By assumption, {{(¢)} and {#(¢)} satisfy the hypotheses of Lemma
7.5.2, with Var({'(t)) = A4, so that for any open interval A,

oo

limJ(0; 4) = f _ Fo.c00 PO €4110) = 0,00) = 2} ds

0
= f__ 1zp(0, 2)P{E(0) € A|'(0) = 0, {"(0) = z} dz, (7.6.4)

where [y o), (0% 2) = p(—x, —z) is the density of {(0), {'(0) (= —&'(0),
—£"(0)). By Theorems 7.2.5 and 7.3.2, all ¢ such that {(t) = £'(t) = 0 are
either (strict) upcrossing or downcrossing points. Lemma 7.5.1(iii) implies
that, writing No(T'; V,) for the number of maxima in (0, T] with height in
V.=@w-—2¢0v+ 8,

P{&(t) = 0, &(t) = v for some t € (0, T]} < 2E(N(T; V)
< 2T lim inf J (0; V}),

qi0

since E(N,(V.)) ~ J,(0; V). By (7.6.4) the right-hand side can be made
arbitrarily small by choosing ¢ small. Thus {(t), #(¢) satisfy condition (7.5.1)
and by Lemma 7.5.1(iii) and stationarity

E(No(T; (u, 0))) = TE(No(1; (4, 00))) = Tlim J(0; (u, 0)).

q—0

Inserting

PEOE6 )0 = 0,80 =2 = [ %f—z‘o—%i) dx

into (7.6.4), part (i) follows.
Part (ii) follows after some calculation by inserting the normal density

(Agx? + 22,xz + 2%)
2D ’

into (7.6.2). O

p(x, 0, z) = 2n)~¥*(A, D)~ V/? exp{



CHAPTER 8
Maxima of Mean Square Differentiable
Normal Processes

In this chapter the theory of maxima of mean square differentiable stationary
normal processes will be developed under simple conditions—giving anal-
ogous results to those of Chapter 4. This will be approached using the proper-
ties of upcrossings developed in the previous chapter and will result in the
limiting double exponential distribution for the maximum, with the appro-
priate scale and location normalization similar to that in Chapter 4.

There are many important normal processes which are not differentiable
(such as the Ornstein—Uhlenbeck process) and in Chapter 12 we shall develop
a general theory for extremes of normal processes, including differentiable
and many nondifferentiable processes as special cases.

However, we think it is illuminating to treat the regular case separately,
since it allows for much simpler proofs, due to the possibility of a comparison,
via Slepian’s Lemma, with the cosine process of Section 7.4.

8.1. Conditions

We shall assume throughout the chapter that {£(¢); t > 0} is a stationary,
normal process with E(&(t)) = 0, E(E%(t)) = 1, E(6(t)é(t + 1)) = r(t) where
the spectral moment 1, = --r"(0) exists, finite. Equivalently, this requires that
the mean number of upcrossings of any level per time unit is finite (Theorem
7.3.2), and also equivalently that the covariance function has the following
representation,

2
AT

r(r)=1- 5

+ o(1?) ast-0. (8.1.1)
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A more general class of processes with covariance function of the type
rit)=1-C|t[*+ o(]t]") ast—0,

where 0 < a < 2 is considered in Chapter 12. This includes the regular pro-
cesses as the special case @ = 2, while « < 2 implies 4, = oo and thus that
the process is nondifferentiable and has an infinite mean number of up-
crossings.

As for normal sequences, the double exponential limit

P{ar(M(T) — by;) < x} »exp(—e ™) asT— o

(for M(T) = sup{&(t);0 <t < T} as in Chapter 7) will be derived under
the weak condition

rit)logt >0 ast— oo. 8.1.2)

This is the continuous time analogue of (4.1.1), and it will be used to derive
a version of Lemma 4.3.2 before starting the main development. Still weaker
conditions corresponding to (4.5.4) will be studied in Chapter 12. In particu-
lar, these conditions will include the case j3° r2(t) dt < oo, sometimes used
in the literature.

In the following lemma we shall consider a level u which increases with
the time period T in such way that E(N,(T)) remains constant, i.e. T remains
constant where u = E(N (1)) = (1/2r) A}/? exp(—u?/2).

To obtain the asymptotic distribution of M(T), the maximum of the
continuous process, it will again be convenient to approximate by the
sequence {&(kq); k = 1, 2, ...} obtained by sampling the process at the points
{kq; k =1,2,...}, where we shall let ¢ -0 as u —» oo (or equivalently
T — o). The rate of decrease of g (as specified below in Lemma 8.1.1) will
be a compromise between two requirements. On the one hand, the sampled
process shall approximate the continuous process sufficiently well, and on
the other hand, the sampling points should be sufficiently far apart to avoid
too high a dependence between consecutive values &(kq), E((k + 1)g).

The statement that “a property holds provided ¥ = y(u) | O sufficiently
slowly” is to be taken to have the meaning that there exists some yo(u) | O
for which the property holds, and it holds for any y(u) such that Y(u) - 0
but ¥o(u) < Y(u) as u - . The following is the promised continuous ana-
logue of Lemma 4.3.2.

Lemma 8.1.1. Let ¢ > 0 be given.

@) If r(t) > 0ast — oo, then sup{|r(®)|; |t| = e} = < L

(ii) Suppose that (8.1.1) and (8.1.2) both hold. Let T ~ t/u, where 1 is fixed and
u = EWv 1)) = (1/2m) 23/? exp(—u?/2),s0 thatu ~ (2 log T)"? as T— oo
(as is easily checked). If qu = q(u)u | O sufficiently slowly as u — oo then

2

4 } 0 T -
20 as T - o0
1 + |r(kq)|

Iy |r(kq)|exp{—

e<kqg<sT
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PRrROOF. (i) As in the discrete case (cf. remarks preceding Lemma 4.3.2) if
r(t) = 1 for any t > 0, then r(t) = 1 for arbitrarily large values of ¢ which
contradicts r(t) — 0. Hence {r(t)| < 1 for |t| > ¢, and since r(t) is continuous
and tends to zero as t — co, we must have |r(¢)| bounded away from 1 in
|t] = ¢, and (i) follows.

(i) As in the discrete case, choose a constant § such that 0 < f <
(1 — 8)/(1 + 9). Letting K be a generic constant,

T u? TE+! { uz}
— r(kg)l exp< — < exp —
7 eeip 70D p{ 1+|r(kq)|} e S
Tﬂ+1
=K7-”2/(1+6)
K

B+ 1-2/(1+46)
<5T

K _
< q2u2 (log T)Tﬂ+1 2/(1+6)

since u2 ~ 2 log T, as noted. If y is chosen so that 0 <y < (1 — 6)/(1 + 8) — B,
the last expression is dominated by K(qu)~ 2T ~? which tends to zero provided
uq — 0 more slowly than T~7? (< K exp(—yu?/4)). Hence this sum tends
to zero.

By writing

e w2k
exp {" s |r(kq)|} = exp(—u’) exp {1 n 1r(kq)|}

we see that the remaining sum does not exceed

Texp(~u) Y Irkg) explulrike)l).
q T8 < kq<T
Again as in the discrete case, if 6(t) = sup,,,|r(s) log s| then (t) —» 0 as
t - oo and for s >t > 1 we have |r(s)| < d(t)/logs < (t)/log t. Thus for
kq = T*?, u*|r(kq)| < K log T&(T?)/log T* = (K/B) 5(T*) which tends to
zero, uniformly in k. Hence the exponential term exp{u?|r(kq)|} is certainly
bounded in (k, u). It is thus sufficient to show that

T exp(—u?) Y |rkq) >0 as T— oo.
q T8 <kg<T

But this does not exceed

B B
(T s T 3T _ KoTh

which again tends to zero provided qu — 0 sufficiently slowly (i.e. slower
than §(T#)/?). 0
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8.2. Double Exponential Distribution of the
Maximum

Having proved the technical Lemma 8.1.1, we now proceed to the main
derivation of the extremal results under the assumption that r"(0) exists
(ie. A, < o0) and that (8.1.2) holds. The condition 1, < oo guarantees that
the point process of upcrossings of a level u will have a finite intensity. The
case 1, = oo is also of interest, and, as noted, will be treated in Chapter 12,
but requires the use of more complex methods.

Our basic technique here is to divide the interval (0, T) (where T becomes
large) into n pieces of fixed length h (n = [T/h]). Then M(T) will clearly be
close to M(nh) which is the maximum of n r.v.’s {; = M((j — Dh, jh),j = 1,
2,...,n,(the {{;} forming a stationary sequence). Thus we might expect that
the methods used for sequences would apply here and this is the case (al-
though we shall organize our arguments slightly differently to better suit
the present purposes).

It is therefore not surprising that the tail of the distribution of the {;, i.e.
P{M(h) > u} (for fixed h) plays a central role. In fact the same asymptotic
form (7.4.7) holds for this tail probability here, as did for the special process
E¥(t) = ncos wt + £ sin wt. In this present chapter it will be sufficient to
obtain the following somewhat weaker result. In this we shall use Slepian’s
Lemma (Theorem 7.4.2) to compare maxima of &(t) and £*(t) along the lines
of a procedure originally used by S. M. Berman (1971a).

Lemma 8.2.1. Suppose that the (standardized) stationary normal process{&(t)}
satisfies (8.1.1). Then, with the above notation,

(i) forallh > 0, P{M(h) > u} < 1 — ®(u) + ph so that
lim sup P{M(h) > u}/(uh) < 1,

(ii) given 0 < 1 there exists hy = ho(0) such that for 0 < h < h,
P{M(h) > u} > 1 — ®(u) + Ouh (82.1)

so that lim inf, . . P{M(h) > u}/(uh) > 0 for 0 < h < hy = hy(0).
Proor. (i) follows since

P{M(h) > u} < P{&(0) > u} + P{N(h) > 1}
<1 — ®u) + E(N(h)).

The second result (ii) follows simply from Slepian’s Lemma (Theorem
7.4.2) by comparison with the simple process £*(t) given by (7.4.1). For if
o = 0A3? we have, by (8.1.1), r(t) < cos wt for 0 <t < hy < m/w, (hy =
ho(6) > 0). But this shows that the covariance function of £(t) is dominated
by that of &*(¢) in [0, ho] and hence P{M(h) > u} > P{M*(h) > u} for
h < hy, (with M* as in (7.4.4)), which then gives (ii). O
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Our remaining task is to approximate the maximum M(T) (for increasing
T) by the maxima over suitable, separated, fixed length subintervals, and
show asymptotic independence of the maxima over these intervals. First we
give a simple but useful lemma. In this, for ¢ > 0, N, and N will denote the
number of upcrossings of u in a fixed interval I of length h, by the process
{&(t)}, and the sequence {é(kq)}, respectively. More precisely, N is the
number of kqel such that (k — 1)gel and &((k — 1)q) < u < &(kq) (cf.
Lemma 7.2.2 with q for g, and N, = N'),

Lemma 8.2.2. If (8.1.1) holds, with the above notation and qu — 0 as u - o
then, as u — oo

(i) E(N®) = hu + o),

(i) P{M(I) < u} = P{l(kq) < u, kqe I} + o(u),

where each o(p)-term is uniform in all such intervals I of length h < hy for any
fixed hy > 0.

PRroOF. The number of points kq € I with (k — 1)gq e I is clearly (h/q) — f
where 0 < B < 2. Hence with J (u) defined by (7.2.1), Lemma 7.3.1 implies
that

E(N®) = ({;— " ﬂ) PIEO) < u < &@))

=(h+ ﬂq)‘]q(“)
= ph(1 + o(1)) + O(ug),

where the o- and O-terms are uniform in h so that (i) clearly holds with o(x)

uniform in 0 < h < h,.
To prove (ii), note that if a is the left-hand endpoint of I,

0 < P{é(kq) < u,kqel} — P{M(h) < u}
< P{é(a) > u} + P{é(a) <u,N, = 1,N? =0}
<1-®u)+ P{N,— N9 > 1}.

The first term is o(¢(u)) = o(u), independent of h. Since N, — N9 is a non-
negative integer-valued random variable (cf. Lemma 7.2.2(i)), the second term
does not exceed E(N, — N@) which by (i) is o(u), uniformly in (0, h,]. Hence
(ii) follows. O

Now let u, T— oo in such a way that Tu — 7 > 0. Fix h > 0 and write
n = [T/h]. Divide the interval [0, nh] into n pieces each oflength h. Fix
&, 0 < & < h and divide each piece into two—of length h — ¢ and &, respec-
tively. By doing so we obtain n pairs of intervals I, I%, ..., I,,, I*, alternately
of length h — & and ¢, making up the whole interval [0, T] apart from one
further piece which is contained in the next pair, I, ,, I*, ;.
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Lemma8.2.3. As T— o let ¢ —» 0, u — o0 in such a way that qu — 0 and
Tu— 1> 0. Then

@) lim sup P{M (C} IJ-) < u} — P{M(nh) < u}
T-wo 1

(ii) P{é(kq)gu, kqu)I,}—P{M (OIJ-) Su}ao.
1 1
Proor. For (i) note that
0< P{M(Olj) < u} — P{M(nh) < u}
1

< nP{M(I}) > u}
¢ P{M(I%) > u}
h ue
since n = [T/h] ~ t/(uh). Since I¥ has length ¢, (i) follows from Lemma
8.2.1(0).
To prove (ii) we note that the expression on the left is non-negative and
dominated by

T
Szﬁ,

y (P{é(kq) <ukqel} — PIM(I) < u})

i=1

which by Lemma 8.2.2(ii) does not exceed no(u) = [T/h]o(r) = o(1), (the
o(p)-term being uniform in the I;’s), as required. (|

The next lemma, implying the asymptotic independence of maxima, is
formulated in terms of the condition (8.2.2), also appearing in Lemma 8.1.1.

Lemma 8.2.4. Suppose r(t) — 0 as t — oo and that, as T— o0, and u - o0,

Ty rkglex {—————“2 }—»0 (822)
cger VP T4 Irtkg)] -

for each ¢ > 0 and some q such that qu — 0. Then if Tu — 7,

@) p {f(kq) <ukqe (1') Ij} - ﬁ P{&(kq) <u,kqel;} -0,
j=1

J

<2‘r
_he

(ii) lim sup

T->w

l_n_[ P{é(kq) < u, kqel;} — P"{M(h) < u}

for eache,0 < & < h.

ProoF. To show (i) we use Corollary 4.2.2 and compare the maximum of
&(kq), kq € | )7 1; under the full covariance structure, with the maximum of
&(kq), assuming variables arising from different I;-intervals are independent.
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To formalize this, let A* = (4}) be the covariance matrix of &(kq), kg € | I;
and let A® = (1) be the mod1ﬁcat1on obtained by writing zeros in the off—
diagonal blocks (which would occur if the groups were independent of each
other); e.g. with n = 3,

An i Az { Ay Aui 0§00
Al = A21.A22,A23, A® = O;Azzéo
Assi Ass | Aus 0§ 0 iAs

From (4.2.3) we obtain

'P{f(kQ) <ukqe O 1;} - fl P{(kq) < u,
i j=1

2

< Y A= AR = pf)” ”ZCXp( ) (8.2.3)

1<i<j<L

X -

ij

where Lis the total number of kg-points in ( J} I;, and p;; = |4}]. Since all
terms with i, j in the same diagonal block vanish, while otherw1se sup p;; =
6 < 1 by Lemma 8.1.1(i), we see that the double sum does not exceed

2
KZ*pijexp(— “ ),

1+ py

where Y * indicates that the summation is carried out over i < j with (i, j) in
the off-diagonal blocks only. But p;; is of the form |r(kq)| where there are not
more than T/q terms with the same k-value. Thus, since the minimum value
of kq is at least &, we obtain the bound

’P {é(kq) <ukqe L:) Ij} - ﬁ P{&kq) < u,
ji=1

u

7~ 2
< K— k SR
PRI q)"”‘p{ s Ir(kq)l}

which tends to zero by assumption (8.2.2) so that (i) follows.
To prove (ii), note that by Lemma 8.2.2(ii),

0 < P{&kqg) < u, kqe I} — P{M(I)) < u} = o(p)

(uniformly in j) and
0 < P{M(I)) < u} — P{M(h) < u} < P{M(I}) > u}
so that by Lemma 8.2.1(i), for sufficiently large n (uniformly in j)

0<P;,—P<2pus
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where P; = P{{(kq) < u,kqe€ I;}, P = P{M(h) < u}. Hence
0< ] P;— P"<(maxP)" — P" < 2nue
j=1

(using the fact that y" — x" < n(y — x) for 0 < x < y < 1). Part (ii) now
follows since ny ~ Tu/h — t/h.

The basic extremal theorem now follows readily.

Theorem 8.2.5. Let u, T— co insuchaway that Tu = (T/2r) A% exp(—u?/2)—
7 > 0. Suppose that r(t) satisfies (8.1.1) and either (8.1.2) or the weaker con-

dition (8.2.2) for some q such that qu — 0 as T — o (cf. Lemma 8.1.1). Then
PM(T) <u} > e asT— 0. (8.2.4)

Proor. If Tu(u) — 0 then P{M(T) > u} <1 — ®(u) + Tu(u) — 0 and it only
remains to prove the result for © > 0. By Lemma 8.1.1 the assumption (8.2.2)
of Lemma 8.2.4 holds. From Lemmas 8.2.3 and 8.2.4 we obtain

lim sup | P{M(nh) < u} — P"{M(h) < u}| < %s

T->

and since ¢ > 0 is arbitrary it follows that
P{M(nh) < u} — P"{M(h) < u} — 0.
Further, sincenh < T < (n + 1Dh, it follows along now familiar lines that
0 < P{M(nh) < u} — P{M(T) < u} < P{N,(h) = 1} < uh
which tends to zero, so that
P{M(T) < u} = P*{M(h) < u} + o(1).

This holds for any fixed & > 0. Suppose now that 0 is fixed, 0 < 6 < 1, and
h chosen with 0 < h < hy, where hy = hy(0) is as in Lemma 8.2.1(ii), from
whence it follows that

P{M(h) > u} > 6uh(1 + o(1)) = an(l + o(1))

and hence
P{M(T) < u} = (1 — P{M(h) > u})* + o(1)

< (1 - QE + 0({))»1 + o(1)
n n

lim sup P{M(T) < u} <e™

T— o

so that
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By letting 8 T 1 we see that lim sup P{M(T) < u} < e ". That the opposite
inequality holds for the lim inf is seen in a similar way, but even more simply,
from Lemma 8.2.1(i) (no @ being involved) so that the entire result follows.

O

Corollary 8.2.6. Suppose r(t) satisfies (8.1.1) and (8.1.2), and let E = E;
be any interval of length yT for a constant y > 0. Then PIM(E) < u} - e™*
as T — oo.

PROOF. By stationarity we may take E to be an interval with left endpoint
at zero, so that P{M(E) < u} = P{M(yT) < u}. Itis simply checked that the
process #(t) = &(yt) satisfies the conditions of the theorem, and has mean
number of upcrossings per unit time given by u, = yu, so that p, T — yt.
Writing M, for the maximum of n the result follows at once since
P{M(T) <u} =P{M(T)<u}>e ™ O

It is now a simple matter to obtain the double exponential limiting law
for M(T)under a linear normalization. This is similar to the result of Theorem
4.3.3 for normal sequences.

Theorem 8.2.7. Suppose that the (standardized) stationary normal process
{&(@t)} satisfies (8.1.1) and (8.1.2) (or (8.2.2)). Then
Plap(M(T) — by) < x} o exp(—e ™) asT - oo, (8.2.5)
where
ar = 2log T)'2,

112 (8:2.6)
by = (2log T)V? + (log ain-) / (2 log T)Y2.
PROOF. Write T = e~ * and define
/11/2
ut =2 (log T + x + log -227) (8.2.7)

so that
15/2 uZ
T = —_— — = - = T.
u=T o exp 2) e T
Hence (8.2.4) holds. But it follows from (8.2.7) that

x + log (AY/%/2m) + 1
2log T 0 log T

u = (2log T)? [1 +

X
=—+ by + o(ar?)
ar

so that (8.2.4) gives P{ar(M(T) — by) + o(1) < x} — ¢~ " from which (8.2.5)
follows at once. O
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It is of interest to note in passing that this calculation is somewhat simp-
ler—due to the absence of a log u-term in (8.2.7), than the corresponding
calculation in the discrete case (cf. Theorem 1.5.3).

In the discrete case we obtained Poisson limiting behaviour for the exceed-
ances of a high level. Corresponding results hold for the point processes of
high-level upcrossings under the conditions of this chapter. These are readily
obtained from the present extremal theory by means of our familiar point
process convergence theorem, as in the discrete case, resulting in a number
of interesting consequences concerning local maxima, height of excursions,
etc. We will defer such a discussion to Chapters 9 and 10. However, it is worth
noting here that historically the asymptotic Poisson distribution of the
number of high-level upcrossings was proved first (under more restrictive
conditions) by Volkonski and Rozanov (1961). Cramér (1965) noted the
connection with the maximum given, e.g. by

{NT) = 0} = {M(T) < u} U {NT) = 0, ¢(0) > u},

which led to the determination of the asymptotic distribution of M(T), and
subsequent extremal development.



CHAPTER 9
Point Processes of Upcrossings and
Local Maxima

In the limit theory for the maximum of a stationary normal process &(t), as
developed in Chapter 8, substantial use was made of upcrossings, and of the
obvious fact that the maximum exceeds u if there is at least one upcrossing
of the level u. However, the upcrossings have an interest in their own right,
and as we shall see here, they also contain considerable information about
the local structure of the process. This chapter is devoted to the asymptotic
Poisson character of the point process of upcrossings of increasingly high
levels, and of the point process formed by the local maxima of the process.

Indeed, only a little more effort is needed to prove Poisson convergence
of the upcrossings, once the limiting theory for the maximum is available.
The main step in the proofs is that maxima over disjoint intervals are asymp-
totically independent, from which convergence of the point processes of
upcrossings of several levels follows by means of the basic point process
convergence theorem. This then easily yields complete Poisson convergence
of the point process formed by the local maxima, and as a consequence, the
joint asymptotic distribution of heights and locations of the highest local
maxima.

In our derivation of the results we shall make substantial use of the regul-
arity condition A, < oo, which ensures that the upcrossings do not appear
in clusters, and remain separated as the level increases. Similar results will be
established in Chapter 12 for the case 4, = oo, with regular upcrossings
replaced by so-called ¢-upcrossings. For the results about local maxima we
shall require in addition that A, < oo, which in a similar way can be weak-
ened by replacing maxima by “&-maxima”.
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9.1. Poisson Convergence of Upcrossings

Corresponding to each level u we have defined p = u(u) = (1/2n)AL?
exp(—u?/2) to be the mean number of u-upcrossings per time unit by the
stationary normal process &(t), and, as in Chapter 8, we consider T = T(u)
such that Ty — 7 as u —» oo, where t > 0 is a fixed number. Let N¥ be the
time-normalized point process of u-upcrossings, defined by

N$(B) = N,(TB) = # {u-upcrossings by &(t); t/T € B},

for any real Borel set B, i.e. N¥% has a point at ¢ if £ has a u~upcrossing at ¢T.
Note that we define N% as a point process on the entire real line, and that the
only significance of the time T is that of an appropriate scaling factor. This
is a slight shift in emphasis from Chapter 8, where we considered u, =
X/ar + by as a height normalization for the maximum over the increasing
time interval (0, T'].

Let N be a Poisson process on the real line with intensity 7. To prove
point process convergence under suitable conditions, we need to prove
different forms of asymptotic independence of maxima over disjoint intervals.
For the one-level result, that N} converges in distribution to N, we need only
the following partial independence, (given in Qualls (1968)).

Lemma91.1.Let 0 <c=c; <d, <¢, <---<¢, <d, =d be fixed num-
bers E; = (Tc;, Td;}, and M(E;)) = sup{&(t); Tc; < t < Td;}. Then, if r(t)
satisfies (8.1.1) and (8.1.2),

P(Q {M(E) < u}) - Ul P{M(E) <u} -0

asu— 0, Tu—1>0.

PrROOF. The proof is similar to that of Lemmas 8.2.3 and 8.2.4. Recall the
construction in Lemma 8.2.3, and divide the positive real line into intervals I,
It I,,...oflengths h — ¢and ¢, alternately. We can then approximate M(E))
by the maxinium on the parts of the separated intervals I, which are contained
in E;. Write n for the number of I}¥’s which have nonempty intersection with
(Ji=1 E;. We at once obtain

r

0< P( N {M(Lk) I, E,-) < u}) _ P(D1 (M(E) < u})

i=1
< nP{M(I%¥) > u},
where (writing | E| for the length of an interval E),

Td — ¢)

ne b Y IEI= 1 Y @ - ) <
i=1 i=1
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Since Lemma 8.2.1(i) implies that
lim sup u~ 'P{M(I¥) > u} < ¢,

U= o0

we therefore have

P (iél {M (Lk) I e} E,.) < u}) - P (iél {M(E) < u}) ’

1e(d — ¢)
ST.

lim sup

u—

©.1.1)

Now, let ¢ = 0 as u — oo so that qu — 0. The discrete approximation of
maxima in terms of &(jq), jg € Uk I n E; is then obtained as in Lemma
8.2.3(ii). In fact, since there are n + & intervals I, which intersect | ) E; (where
|| < r), we have

r

0< P( N {é(jq) <ujge kk) I, N E}) — P(lh {M(kk) I, N E,.) < u})

i=1 i=1

<) 2 (P{(a) <ujgel, N E} — PIM(I, " E)) < u})
i k

=(n+ 6o(u) = o(1) asu— oo, 9.1.2)

by Lemma 8.2.2(ii).
Furthermore,

p (ﬂ {é(iq) <ujge Lk) Iyn E.}) - H yi— 0, (9.1.3)
i=1

i=1
where y; = [, P{(jg) < u, jq € I, n E;}, the proof this time being a re-
phrasing of the proof of Lemma 8.2.4(i), ((8.1.2) implies (8.2.2) with Td

replacing T).
By combining (9.1.1), (9.1.2), and (9.1.3) we obtain

lim sup P(ﬂ {M(E) < u}) - II» S-Ts—(d—h:i)
u—ow i=1 i=1
and in particular, fori = 1,...,r,
lim sup |P{M(E)) < u} — y;| < w(d—h—c)

u— oo

Hence, writing x; = P{M(E;) < u}, we have

lim sup

u— 00

P (h {M(E) < u}) — ﬁ P{M(E) < u}

i=1
< wd =0 + lim sup

h U oo

r r
Vi — l_[ Xi
=1 i=1
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But, with z = max; |y; — x;| (so that lim sup z < te(d — ¢)/h),

[Tyi—-TTx<IlGi+2-]]x<2z
i=1 i=1 i=1 i=1

with a similar relation holding with y; and x; interchanged, and hence

) r r 2'1e(d —
limsup | ] yi = ] x G}
u— oo i=1 i=1 h
Since ¢ is arbitrary, this proves the lemma. t

Theorem 9.1.2. Let u > o0 and T ~ t/u, where u = (1/2r) A3/% exp(—u?/2),
and suppose the stationary normal process &(t) satisfies (8.1.1) and (8.1.2).
Then the time-normalized point process N% of u-upcrossings converges in
distribution to a Poisson process with intensity T on the positive real line.

PROOF. By the basic convergence theorem for simple point processes, Theo-
rem A.l, it is sufficient to show that, as u — oo,

(@) E(N#((c,d])) » E(N((c,d]) = 1(d — c)forall0 < ¢ < d, and
(b) P{N#(B) = 0} » P{N(B) = 0} = exp{— © ) 7=, (d; — ¢;)} for all sets B
of the form | Ji_; (¢;,d],0 < ¢; <dy <--- < ¢, < d,.

Here, part (a) is trivially satisfied, since
E(N1((c,d])) = E(N(Tc, Td])) = Tp(d — ¢) — 1(d — ¢).

For part (b), we have for the u-upcrossings,
P{N¥(B) = (ﬂ {N*¥({(c;, d]) = 0}) (él (NAE) = 0}) ,

where E; = (T¢c;, Td;]. Now it is easy to see that we can work with maxima
instead of crossings, since

0< P ( A (NE) = 0}) _p (m {M(E) < u})

i=1

~

r

< Z P{&(Tc;) >u} -0 asu— oo,

and since furthermore Lemma 9.1.1 and Corollary 8.2.6 imply that

lim P(ﬂ {M(E) < u}) = lim ]_[ P{M(E,) <u} = ]L[ exp{— ©(d; — ¢y},
i =1

u—r oo u- a0 i=

we have proved part (b). O
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One immediate consequence of the distributional convergence of N%, is
the asymptotic Poisson distribution of the number of u-upcrossings in in-
creasing Borel sets T- B.

Corollary 9.1.3. Under the conditions of Theorem 9.1.2 if B is any positive
Borel set whose boundary has Lebesgue measure zero, then

P{N%B) = r} » e ™®(xm(B)y/r!, r=0,1,...,  (9.1.4)

as u — oo, where m(B) is the Lebesgue measure of B. The joint distribution of
N}(B,), ..., N¥(B,) corresponding to disjoint B; (with boundaries which have
Lebesgue measure zero) converges to the product of the corresponding Poisson
probabilities.

9.2. Full Independence of Maxima in
Disjoint Intervals

In this section we shall prove that, without any extra assumptions, the max-
ima in disjoint intervals are actually asymptotically independent, and not
only “independent on the diagonal”, as in Lemma 9.1.1. To prove this we
must allow for different levels in different intervals, with correspondingly
different crossing intensities.

To this end, and also for use in the next section, we shall examine the re-
lationship between the intensity 7 and the height u of a level for which T — 1.
If T = t/u = ©2nA; V> exp(u?/2) we have

_ log 7 + log(2m/4;'%)
log T

u? = 2log T(l
or

log © + log(2n/A3/?)
(2 log T)'?

u=_log T)? — + o((log T)"13). (9.2.1)
However, any level which differs from u by o((log T)~ */?) will do equally
well in Theorem 9.1.2, and it is often convenient as in Theorem 8.2.7 to use
the level obtained by deleting the last term in (9.2.1) entirely. (The reader
should check that for this choice the relation Tu — 7 also holds.) If we write

log t + log(2n/A3'%)

u, = 2log T)'? — Glog 1) 9.2.2)
we have, for 1 > * > 0,
1 * 1 *
U — u, = OB 8T/, 9.2.3)

T Qlog T 4,
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so that levels corresponding to different intensities 7, t* (under the same
time-normalization T) become increasingly close to each other, the difference
being of the order 1/u,. Note that (9.2.3) holds for any u,+, u, which satisfy
Tw(u) — t*, Tu(u,) - 7, and not only for the particular choice (9.2.2).

We shall prove the full asymptotic independence of maxima in disjoint
increasing intervals under the conditions (8.1.1) and (8.1.2), or condition
(8.2.2) for some u satisfying Tu(u) - T with 0 < © < oo, ie.

u2

1+ |r(kq)|

for each ¢ > 0, and some q — O such that uq — 0.
Note that if {u,} is another family of levels such that

g Y Ir(kq)lexp{— }-»0, T 024

e<kq <T

0 < lim inf Tu(u,) < lim sup Tu(u,) < oo
T- o T- o
then it follows simply that u2 — u? is bounded. Hence (9.2.4) is satisfied also
with u replaced by u,,. Further (9.2.4) holds with T’ = Td replacing T since
then T’y - v = d.

Theorem 9.2.1. Suppose that r(t) satisfies (8.1.1) and either (8.1.2), (or the
weaker condition (9.2.4), for some family of levels u — oo as T — oo such that
Tuu) > 1>0).Let0<c=c, <d; <S¢, <. <¢;, <d; =dbefixed,and
write E; = (Tc;, Td;]. Then for any s levels ur 4, ..., ur,

‘P (Q {M(E) < uT,i}) - Ijl P{M(E) <ug;}|-0, (9.2.5)

as T = oo.

ProOF. We shall first assume that there is a constant 4 > 0 such that

0 < Tu(ur,) < 9.2.6)

1
0
for all sufficiently large T and all i so that (9.2.4) holds with u replaced by any
of the uy ; and T replaced by Td. However, under this hypothesis, the proof
of (9.2.5) goes step by step as the proof of Lemma 9.1.1, with the appropriate
changes for u and T'in (9.2.4).

Next, to remove assumption (9.2.6) we shall introduce truncated levels
Ur.1»-.-,Urasfollows. Let > 0 be given and let u% and u3/ be the positive
solutions of Tu(u) = & and Tu(u) = 1/6, respectively (these solutions exist
for sufficiently large T'). Define

uy,  ifup; > uf,

_ e 176 5
Ur, i =q4T,15 if u® < ur; < uf,

: 1/é
ul, ifup; < uf’
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Then clearly

P(() 01 < urt) - P () 468) < 0r. )

< .; P{M(E) < uy’} + =Z1 P{M(E}) > u3}

s s

- Y et 4 Y (1 — e~ @ieaidy 9.2.7)

i=1 i=1

Obviously, the same bounds hold for

b

[1P{M(E) < up. i} — [] PIM(E) < vp.)
i=1 i=1

(since the proof of (9.2.7) does not use dependence or independence of the
M(E)’s).
Since the vy ;s satisfy (9.2.6), and since

‘P(é {M(E) < uT,,.}) - ]=‘[1 P{M(E)) < ur, ,.}’

< ,P (61 {M(E,) < uT,i}) - P (ﬁ {M(Et) < vT,i})'

i=1

+ (P ((jl {M(E) < UT,i}) - Ijl P{M(E) < vr;}

+

[1P{M(E) < vr i} — H P{M(E)) < ur;}
i=1 i=1
it follows that

lim sup
T—ow

P( () M8 < ) - ] PIME) <

i=1

s
< Z e“(di“ci)/é +
=

13

S
(1 _ e_(di—fi)ls).
=

13

Letting 6 — 0 now concludes the proof of (9.2.5) in the general case. O

From the theorem and Corollary 8.2.6 we immediately obtain the follow-
ing result.

Theorem 9.2.2. Let u'V, ..., u™ be levels such that

, T @2
Tp®) = ” 43" exp {— (u2) } -1
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as T — oo, and suppose r(t) satisfies (8.1.1), and either (8.1.2) or the weaker
condition (9.2.4) with some family {u} such that Tu(u) - t — 0. Then, for any
0SC=C1 <d1 SCZ < vve S CS<dS=d(Ei=(TCi’ le]),

P(ﬁ {M(E) < ur, ,-}) - exp{ - Y - c.->}, 928)

i=1 i=1

where each ur ; is one of u™, ..., u® and Tu(ur ;) = .

9.3. Upcrossings of Several Adjacent Levels

The Poisson convergence theorem, Theorem 9.1.2, implies that any of the
time-normalized point processes of upcrossings of levels u™ > -+ > u® are
asymptotically Poisson if Tuu®) - t; > 0 as T, u® — co. We shall now in-
vestigate the dependence between these point processes, following similar
lines to those in Chapter 5. This dependence was first described by Qualls
(1969); a point process formulation being given in Lindgren et al. (1975).

To describe their dependence we shall represent the upcrossings as points
in the plane, rather than on the line, letting the upcrossings of the level u®
define a point process on a fixed line L; as was done in Chapter 5. However,
for the normal process treated in this chapter, the lines L,,..., L, can be
chosen to have a very simple relation to the process itself by utilizing the
process

&r() = ar€@T) — by),
where time has been normalized by a factor T and height by

ar = (2 log T)l/Z,
by = (2 log T) + log(A1%/2m)/(2 log T)"2

as usual.

Now, é4(t) = x if and only if &tT) = x/a; + by, and clearly the mean
number of upcrossings of the level x by £,(t) in an interval of length h is
equal to (Th/2m) AY/? exp{—(x/ar + br)%/2}, which by comments following
(9.2.2) equals ht(l + o(1)) as T — oo, with © = e”*. Therefore, let x; >
X, > --+ > x, be a set of fixed numbers, defining horizontal lines L, L,, ...,
L,, (see Fig. 9.3.1(b)) and consider the point process in the plane formed by the
upcrossings of any of these lines by the process £(t). Here the dependence
between points on different lines is not quite as simple as it was in Chapter 5
since, unlike an exceedance, an upcrossing of a high level is not an upcrossing
of a lower level and there may in fact even be more upcrossings of the higher
than of the lower level; see Figure 9.3.1, which shows the relation between the
upcrossings of levels u” = x;/a; + by by &(t), and of levels x; by £7(t). As is
seen, local irregularities in the process £(t) can cause the appearance of extra
upcrossings of a high level not present in the lower levels.
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(a) ®)
Figure 9.3.1. Point processes of upcrossings of several high levels, (a) £(t),0 <t < T,
b E),0< < 1.

Let N* denote the point process in the plane formed by the upcrossings of
the fixed levels x; > x, > --- > x, by the process éx(t) = ar(&(tT) — by),
and let its components on the separate lines be N, ..., N{, so that

N¥B) = # {upcrossings in Bof L, ..., L, by &4(t)}

. NP (BnL),
i=1

for Borel sets B < R>.

We shall now prove that N¥ converges in distribution to a point process
N in the plane, which is of a type already encountered in connection with
exceedances in Chapter 5. The points of N are concentrated on the lines
L,,..., L, and its distribution is determined by the joint distribution of its
components NV, ..., N® on the separate lines L,, ..., L,.

As in Chapter 5, let {a,;;j = 1, 2,...} be the points of a Poisson process
N with parameter 7, = e * on L,. Let f8;, j =1, 2,... be iid. random
variables, independent of N, with distribution defined by

Trestt — Tpes)/Tps S=1,...,r—1,
P{ﬁJ=S}={( +1 )/

T1/%,, s=r,

sothat P{B; > s} = 1,44/t fors =1,2,...,r

Construct the processes N*~ Y, ..., NV by placing points ,;, 635, ..., 04,;
onthe f; — 1lines L, _,..., L, 4 ., vertically above ¢,;,j = 1,2,..., and
finally define N to be the sum of the r processes NV, ..., N®,

As before, each N® is Poisson on L,, since it is obtained from the Poisson
process N® by independent deletion of points, with deletion probability
1-P{f;zr—k+1} =1-1/t,, and it has intensity 1,(1,/1,) = 1,.
Furthermore, N® is obtained from N**! by a binomial thinning, with
deletion probability 1 — 7,/7, ;. Of course, N itself is not Poisson in the
plane.

When proving the main result, that N¥ tends in distribution to N, we
need to show that asymptotically, there are not more upcrossings of a higher
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level than of a lower level. With a convenient abuse of notation, write N{/(I)
for the number of points of N{ with time-coordinate in I.

Lemma 9.3.1. Suppose x; > x;, and consider the point processes N§ and N$
of upcrossings by E1(t) of the levels x; and x ;, respectively. Under the conditions
of Theorem 9.1.2,

P{NP(I) > NP()} - 0

as T — oo, for any bounded interval I.

PRrOOF. By stationarity it is sufficient to prove the lemma for I < (0, 17. Let
Ik = ((k — D)/n,k/n],k = 1,..., n, for fixed n and recall the notation (9.2.2),

;= Xj/ar + by, 1; = e Smce by Theorem 7.3.2 all crossings are strict,
the event {N$(I) > NP(I)} implies that one of the events

B0

() (N9 = 2}
k=1

or

occurs, so that Boole’s inequality and stationarity give
; . ! kT " .
P{NP(I) > NY(D)} < 3. P{é<7) > u,,} + Y PN = 2}
k=0 k=1
= (n + DP{&O0) > u.} + nP{NPU,) = 2}.
Obviously, (n + 1)P{{(0) > u, } — 0, while by Corollary 9.1.3

n

PINQU) 22} > 1 — exp(-— ’;) —%exp(— 1)

which implies

lim sup P{N®(I) > N9(I)} < n(l - exp( - %) _ Erliexp(_ T_))

T—o

Since 7 is arbitrary and

(o)l

as n — oo, this proves the lemma. O

Theorem 9.3.2. Suppose that r(t) satisfies (8.1.1) and (8.1.2) (or, more generally
(9.2.4) for some {u} such that Tu(u) -t > 0), let 7, < 1, < --- < 1, be real
positive numbers, and let N¥ be the point process of upcrossings of the levels
X, > Xy > > Xx, (1, = e ™) by the normalized process &(t) = ar(E(1tT)
— byg) represented on the lines L,...,L,. Then as T — oo, N¥ tends in
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distribution to the point process N on (0, ©0) X R, described above, with
points on the horizontal lines L;, i = 1, ..., r, generated by a Poisson process
N® on L, with intensity t,, and a sequence of successive binomial thinnings
N® with deletion probabilities | — T/t .1, k= 1,...,r — L.

Proor. This is similar to the proof of Theorem 5.5.1, in that one has to show
that

(a) E(N*(B)) — E(N(B)) for all sets B of the form (¢, d] x (y,6],0 < ¢ < d,
y < 4, and

(b) P{N*(B) = 0} - P{N(B) = 0} for all sets B which are finite unions of
disjoint sets of this form.

Here, if B = (c, d] x (y, 6] and (y, 6] contains exactly the lines L, ..., L,,
t t t
E(NKB)) = E (Z NP ((c, d])) =Y T - Ju®) > (@ —c) ), 7
k=s k=s k=s

= E(N(B))
so that (a) is satisfied.
To prove (b), as in the proof of Theorem 5.5.1 write B in the form

m m Jk
B= kUI G = U ((Ck, di] x _Ul (ij, 5kj]) s

b = =
where (¢, d;] and (¢,, d,] are disjoint for k # . For each k, let m, be the index
of the lowest L; that intersects Cy,i.e. L,,, N C; # J,L; n C, = Florj > my.
Clearly, if N‘""‘)((ck, d.]) = 0 then elther N¥(C,) = 0 or there is an index
i < my such that N9 ((cx, di]) > 0, i.e. in (¢4, d,] there are more upcrossings
of a higher level than of a lower level. Since obviously N7(C,) = 0 implies

NG ((cx, di]) = 0,
0< P(ﬁ {NF((ck, di]) = 0}) P{N¥B) =0} -0,
k=1

since the difference is bounded by the probability that some higher level has
more upcrossings than a lower level, which tends to zero by Lemma 9.3.1.
But

{NP(ex, ) = 0} 0 {&r(c) < xp} = {M(Ter, Tdy]) < uril,

where ur , = X, /ar + by, so that Theorem 9.2.2 implies that

lim P( ﬂ {N(mk)((cka al) = 0})
k=

T— o 1

lim P( () {M((Tey, TdiD) < ug, k})

T-ow =1

11 expf—atd, — e,

where 7, = 1,, = e *x. Clearly this is just P{N(B) = 0}, and thus the proof
of (b) is complete. O
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Corollary 9.3.3. Let {&(t)} satisfy the conditions of Theorem 9.3.2, and let
B, ..., B, be positive Borel sets, whose boundaries have Lebesgue measure
zero. Then, for integers m¥,

PINPB)=mP,j=1,...,5,k=1,...,r}
>P{NYB)=mP,j=1,...,5,k=1,...,r}
For example, for disjoint B, and B, , (with | B| = m(B) for Lebesgue measure)
PN{B,) = m), NP(B,) = mP, NP(By) = mP)}

(t;1B, )™
m{D!

m@\ (7, \"  _m m§@) —mgh)
. Y| _ 1
2 2 T

(t,1B, )"’

— exp(—1,/By) -exp(—12|B,[) = o
2 .

9.4. Location of Maxima

So far, we have examined the extremal properties of a normal process
&(t) by sections at certain (increasing) levels. Even if this gives perfect in-
formation about the height of the global maximum of the process, it does not
directly tell us where this maximum occurs or how it is related to possible
lower local maxima.

The maximum of any continuous process £(t), 0 < t < T, is attained in
[0, T]. However, the maximum level may be reached many times, or even
infinitely often. But there will—by continuity of £(t)—be a first occasion on
which () attains its maximum in [0, 7], and we denote this by L(T).

We state the first result concerning L(T) as a lemma, though it is rather
obvious.

Lemma 94.1. L(T) is arv. For 0 <t < T, P{I(T) <t} = P{M((0, t]) =
M@, TD}.

PROOF. Both statements follow from the equivalence of the events {L(T) < t}
and {M((0, t]) = M((z, T])}, the latter being measurable since M((0, t]) and
M((t, T]) are r.v.’s.

The distribution of L(T) can have a jump at 0 and at T as simple examples
(such as the process &(t) = A cos(t — ¢) with T < 2r) show. However, for
general continuous processes a simple condition precludes the possibility
of any other jumps in the distribution of L(T).
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Specifically we will say that &(¢) has a derivative in probability at t if there
exists an r.v. n such that

S(to + h) — &(to)
h

Clearly, if ¢ has a q.m. or probability-one derivative, it has a derivative in
probability (with the same value).

— 7 in probability as h — 0.

Theorem 9.4.2. Suppose that &(t) has a derivative in probability at t (where
0 <t < T), and that the distribution of this derivative is continuous at zero.
Then P{L(T) =t} = 0.

PrOOF. Let 5 denote the derivative in probability at ¢. Clearly
(LT =t} c {é(ﬂ%ﬁ:—’l)s O}Q{wz 0}

forallh > 0Osuchthat0 <t — handt + h< T.

Now (&(t + h) — &(t))/h — n in probability as h | 0 and there exists a
sequence {h,} such that (&(¢t + h,) — &(t))/h, — n with probability one. By
considering a subsequence of {h,} we may also arrange that (¢(t — h,) — &(t))/
(—h,) - n with probability one, i.e. on a set B with P(B) = 1. We see that
n=0on {L(T) =t} nB,ie. {I(T) =t} n B = {n = 0} and hence

P{I(T) = t} < P{L(T) = t} n B) + P(B") < P{n = 0} + P(B°) = 0,

when # has a continuous distribution at zero. |

Turning to stationary processes, one may be tempted to conjecture that
if &(t) is stationary, then L(T) is uniformly distributed over (0, T). For ex-
ample, this is so if &(z) = A4 cos(t — ¢), with ¢ uniformly distributed over
(0, 2], for T = 2. (If A has a Rayleigh distribution and is independent of
¢, &(1), of course, is normal.)

If T < 2=, there is a positive probability of L being 0 or T, and L(T)is not
strictly uniform. However, its distribution is still uniform between 0 and T as
a simple calculation shows.

In general, however, L need not be uniform in the open interval (0, T),
even if £(t) is normal and stationary. As an example of this, let ¢,, ¢,,
A,, and A, be independent, with ¢, and ¢, uniform over (0, 2z}, and with
A, and A, having Rayleigh distributions, and put &(t) = 4, cos(t — ¢) +
A, cos(100t — ¢,). Then &(t) is a stationary normal process, and (e.g. by
drawing a picture) it can be seen that if 4, < 4,, ¢, €(3n/2, 2n], and
¢, € (n/4, 3n/4) then the maximum of &(r) over [0, n/2] is attained in the
interval (0, #/100]. Hence P{L(n/2) < n/100} < P{4, < A,, 3n/2 < ¢, <
2n, /4 < ¢, < 3n/4} = HDHD) = & > & = (1/100)/(n/2),and L(n/2) can-
not be uniform over (0, ©/2).

However, for a stationary normal process the distribution of L is always
symmetric in the entire interval [0, T], and possible jumps at 0 and T are
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equal in magnitude. This follows from the reversibility of a stationary normal
process in the sense that {&(—t)} has the same distribution as {&(1)}.

One method of removing boundaries, like 0 and T, is to let them disappear
to infinity, and one may ask whether L = L(T) might be asymptotically
uniform as T — oo. For normal processes, this follows simply from the
asymptotic independence of maxima over disjoint intervals, as was previously
mentioned. We state these results here, as simple consequences of Theorem
9.2.2.

Theorem 9.4.3. Let {&(t)} be a stationary normal process (standardized as
usual) with A, < o0, and suppose that r(t) logt —» Oast — o0. Then

P{I(T)<IT}—>1 asT - O<i<).

Proor. With the usual notation, if0 < I < 1,* =1 — [,and

X1 = a(M((0, IT]) — bip),

Yr = apr(M((T, T]) — bp-1),
where a’s and b’s are given by (8.2.6), then

P{X;<x,Ypr <y} >exp{—e " —e}
as T — oo. Furthermore,
P{L(T) < IT} = P{M((0, IT}) = M((IT, T])}

a

= P{XT — LY > aylber — brr)},
apr

where aup/a;r = 1 and a;p(bur — by;p) — log(I*/). As T — oo the above

probability tends to

P{X — Y > log ¥/},

where X and Y are independent r.v.’s with common d.f. exp(—e™), and an
evaluation of this probability yields the desired value L O

9.5. Height and Location of Local Maxima

One consequence of Theorem 9.4.3 is that asymptotically the global maxi-
mum is attained in the interior (0, T) and thus also is a local maximum. For
sufficiently regular processes one might consider also smaller, but still high,
local maxima, which are separated from L(T).

We first turn our attention to continuously differentiable normal processes
which are twice differentiable in quadratic mean.

In analogy to the development in Chapter 5, we shall consider the point
process in the plane, which is formed by the suitably transformed local
maxima of &(t). (Note that since the process &(t) is continuous, the path of
ar(&(tT) — by) is also continuous, and although its visits to any bounded
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rectangle B < R? are approximately Poisson in number, they are certainly
not points.)

Suppose &(t), 0 <t < T has local maxima at the points s; with height
&(s;). Let ar and b, be the normalizing constants defined by (8.2.6), and
define a point process in the plane by putting points at (T ~'s;, az(é(s;) — br)).
We recall from Section 9.1 that asymptotically the upcrossings of the fixed
level x by a;(&(t) — by) form a Poisson process with intensity T = e~ * when
time is normalized to t/T, and that an upcrossing of a level x is accompanied
by an upcrossing of the higher level y with a probability e™7/e™* = e~ %),

When investigating the Poisson character of local maxima, a question of
some interest is to what extent high-level upcrossings and high local maxima
can replace each other. Obviously there must be at least one local maximum
between an upcrossing of a certain level u and the next downcrossing of the
same level, so that, loosely speaking, there are at least as many high maxima
as there are high upcrossings. As will now be seen there are, with high proba-
bility, no more. In fact we shall see that this is true even when T — oo in
such a way that Ty = T(1/2n) A1/2 exp(— u?/2) converges.

First recall the notation from Section 7.6

N.(a,b]) = # {s;€(a,b]; &(s) > u},
N(T) = NJ(O, TD.

Lemma9.5.1. If 4, < 00 and T ~ t/u = 121 A3 */* exp(u?/2), then

@ E(N(T)) -

and, with N (T) = # {upcrossings of u by £(t),0 < t < T}
(i) P{{N(T) = N(T)| 21} -0

asu — oo.

ProoOF. First note that at least one of the following events occur,
{NUT) = N(T)} or {&T)=u}
and that in the latter case, N(T) > N (T) — 1. Therefore
P{INAT) — N(T)| 2 1} < E(IN(T) — N(T))
< E(NYT) — NT)) + 2P{{(T) = u},
and since E(N(T)) ~ 7 and P{&(T) = u} — 0, (ii) is a direct consequence of

(i). But E(N,(T)) is given by (7.6.3) and since 1 — ®(x) ~ ¢p(x)/x as x — o0,
it follows that, for some constant K, with D = 1, — A3,

1/2 1/2
o) x o) ) xts

while

~(2nA )2 p(u)® ( ulz

2
Dx/z) == exp(—%)(l +o(1)) >z

as u — oo, which proves (i). O
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Theorem 9.5.2. Suppose the standardized stationary normal process {&(t)}
has continuously differentiable sample paths and is twice quadratic mean
differentiable (i.e. 1, < 00), and suppose that r(t)log t - 0 as t - co. Then
the point process N7* of normalized local maxima (s;/T, ar(&(s;) — br)) con-
verges in distribution to a Poisson process N’ on (0, c0) x R with intensity
measure equal to the product of Lebesgue measure and that defined by the
increasing function —e™ >,

Proor. By now familiar reasoning from Theorem A.1, it is sufficient to show
that

(@) E(NT(B)) —» E(N'(B)) = (d — ¢)(¢”? — e7%) for any set B of the form
(c,d] x (y,0],0<c<d,y <, and

(b) P{NF(B) = 0} » P{N'(B) = 0} for sets B which are finite unions of
sets of this form.

To prove (a), we use Lemma 9.5.1(i). Then, with u'¥ = §/a; + by, u® =
y/aT + bT9

E(NT(B)) = E(N,o((Tc, Td])) — E(N,((Tc, Td]))
sd-ce?'—@d—-ce’=[d—-c)e? — e,

since Tu(u®) - e~ %, e "fori=1,2.

Part (b) is a consequence of Lemma 9.5.1(ii) and the multilevel upcrossing
theorem, Theorem 9.3.2. Let N (I), as before, denote the number of u-up-
crossings by (t), t € I, and write the set B in the form ( J; E; x F;, where
E; = (cj, d;] are disjoint and each F; is a finite union of disjoint intervals.
Suppose first that there is only one set E;, i.e. B = E x (Ux Gy, where G, =
(%> 6], and write u?*~V = §,/a; + by, u®® = y/a; + by. According to
Lemma 9.5.1(ii) asymptotically every upcrossing of the high level u is accom-
panied by one (and no more) local maximum above that level, and hence

P{NF(E x G;) = 0} = P{Na0((Tc, Td]) = N ex-v((Tc, Td])}
= P{Nu(zk)((TC, Td]) = Nu(Zk—l)((TC, Td])} + 0(1)
(™

By Theorem 9.3.2, with 75, = e7 7, 75, _; = e™ %,

P{Nu(zk)((TC, Td]) = Nu(zk— 1)((TC, Td])}

- .ZOCXP{_Tzk(d ~ o)}

J

(tad — )Y (Tzk—l)j
J! Tak

= exp{— (T — T-1)d — ©)}

=exp{— (d — ¢)(— e % — (— e™™))}

= P{N'(E x G,) = 0}.
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By slightly extending the argument we obtain

P{N?‘(E X U Gk) = 0} = P(m {Nu(zk)((TC, Td]) = Nu(Zk—l)((Tc, Td])})
k k
+ o(1)

- exp{—(d —c)Y (e — e”"")}
k

_ p{m(p: < Gk) - 0},

and we have proved part (b) for sets B of the simple form B = E x Uk G,.
The general proof of part (b) is only notationally more complex. O

The limiting Poisson process in Theorem 9.5.2 has exactly the same distri-
bution as that in Theorem 5.7.2 for &(¢) normal, since log G(s) = —e™® in
this case. This means that all conclusions that can be drawn from that theorem
about asymptotic properties of the normalized point process a,(¢; — b,) also
carry over to the normalized point process of local maxima a;(&(s;) — by).

As an example we shall use Theorem 9.5.2 to give the simultaneous distri-
bution of location and height of the two largest local maxima of (), t € (0,T].
Let M,(T) be the highest and M,(T) the second highest local maximum, and
L,(T), L(T) their locations.

Theorem 9.5.3. Suppose {&(t)} satisfies the hypotheses of Theorem 9.5.2. Then
Plapf(M(T) = by) < x4, L(T) < I, T, ax(My(T) — by) < x,, L(T) <, T}

L Lexp(—e ™)1 +e *2—e™ ) 9.5.1)
asT - oo, for0 < 1;,1, <1, %, < x,4.
Proor. The asymptotic distribution of the heights of the two highest local
maxima,

Plar(M((T) — by) < x1, ar(M,(T) — by) < x,}
—exp(—e )1 + e™*2 —e™™),

follows in the same way as Theorem 5.6.2 formula (5.6.4) from the observation
above that the limiting point process of normalized local maxima (s;/T,
ar(&(s;)) — by)), 0 < s; < T, is the same as that of a normalized sequence of
independent normal r.v.’s (i/n, a,(¢; — b,)),i = 1,...,n.

But also the location of the local maxima can be obtained in this way.
Suppose, e.g., I; < I,, and write I, J, K for the intervals (0, [, T], (I, T, 1, T],
(I, T, T], respectively. With u = x,/ar; + by, u'® = x,/a; + by the event
in (9.5.1) can be expressed in terms of the highest and second highest local
maxima over I, J, K as (with obvious notation)

{M (D) < u®, My(D) < u®, My(J) < u®, M, (J) < My(I), My(K)
< My(IvJ)}
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and the limit of the probability of this event, when expressed in terms of the
point process N7 of local maxima, is again the same as it would be for the
point process of normalized independent r.v.’s. For such a process obviously
L(T)/T and L,(T)/T are independent and uniformly distributed over (0, 1)
and independent of the heights of the maxima, which proves the theorem. [

9.6. Maxima Under More General Conditions

We have investigated the local maxima under the rather restrictive assump-
tion that &(¢) is twice differentiable (in quadratic mean),i.e. 1, < 00.If A, = o©
the mean number of zeros of £(¢) is infinite, by Rice’s formula, and in fact
infinitely close to every local maximum there may be infinitely many more,
which precludes the possibility of a Poisson type limit theorem for the
locations of local maxima.

One way of circumventing this difficulty is to exclude a small interval
around each high maximum from further considerations, starting with the
highest. To be more precise, let

M, (T) = sup{(1); t € (0, T)}
be the global maximum, and
Ly(T) = inf{t > 0; £(t) = M(T)}

its location. For ¢ > 0 an arbitrary but fixed constant,let I, = (0, Li(T) — ¢)
U (Ly(T) + &, T), and define

M, (T) = sup{&(r); t e I},

L, (T) = inf{t € I;; () = M, (T)}.
Proceeding recursively, with

Le=1-y 0 [Li-1,{T) — & Li— 1, (T) + €],

we get a sequence M, (T), L, (T), M, (T) = M(T),L, (T) = L(T))of
heights and locations of e-maxima, and there are certainly only a finite number
of these in any finite interval. In fact, it is not difficult to relate these variables
to the point processes of upcrossings (in the same way as regular local maxima
can be replaced by upcrossings of high levels if 4, < c0) and thereby obtain
the following Poisson limit theorem, the proof of which is omitted.

Theorem 9.6.1. Suppose {£(t)} is a standardized normal process with 4, <
and with r(t) log t — 0 as t — 0. Then the point process N§ of normalized
e-maxima (L; (T)/T, ar(M; (T) — by)) converges in distribution to the same
Poisson process N' in the plane as in Theorem 9.5.2.

Note that the limiting properties are independent of the ¢ chosen. We
shall return to this topic for more irregular processes in Chapter 12.



CHAPTER 10
Sample Path Properties at Upcrossings

Our main concern in the previous chapter has been the numbers and loca-
tions of upcrossings of high levels, and the relations between the upcrossings
of several adjacent levels. For instance, we know from Theorem 9.3.2 and
relation (9.2.3) that for a standard normal process each upcrossing of the
high level u = u, with a probability p = 7*/7 is accompanied by an up-
crossing also of the level

logp
U = U — ,
= u

asymptotically independently of all other upcrossings of u, and ...

We shall in this chapter show that the empirical distributions of the
values of £(t) after a u-upcrossing converge, and shall represent the limiting
distributions as the distribution of a certain model process. By studying in
more detail the behaviour of this model process, we will then attempt to
throw some further light on the structure of the sample paths of £(¢) near
an upcrossing of a high level u.

10.1. Marked Upcrossings
We assume that {£(¢)} is a stationary normal process on the entire real line
with E(&(t)) = 0, E(E%(t)) = 1 and covariance function r(t) satisfying
r(t)=1—-44,72 + o(z?) ast-0. (10.1.1)
With a slightly more restrictive assumption,
—r"(t) = A, + O(Jlog|z||™%) ast—-0 (10.1.2)
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for some a > 1, we can assume that {£(¢t)} has continuously differentiable
sample paths, (cf. condition (7.3.2) for sample function continuity) and we
will do so since it serves our purposes of illustration. We also assume through-
out this chapter that for each choice of distinct nonzero points sy, .. ., s,, the
distribution of £(0), £'(0), &(s,), ..., &(s,) is nonsingular. (A sufficient con-
dition for this is that the spectral distribution function F(Z2) has a continuous
component; see Cramér and Leadbetter (1967, Section 10.6).)

Since 4, = — r"(0) < oo the number of upcrossings of the level u in any
bounded interval has a finite expectation and so will be finite with prob-
ability one. Let

"<t_.l<t0<t1<t2<

with t, < 0 < t,, be the locations of the upcrossings of u by {£(1)}, and note
that |t,| — oo as |k| = oo. As before, we denote by N, the point process of
upcrossings with events at {t,}.

In order to retain information about {£(t)} near its upcrossings, we now
attach to each t, a mark n;. In Chapter 7 each mark was simply a real number
(e.g. in Section 7.6 where the marks were the values of £(t) at the downcrossing
zeros of £'(t)). Here the useful marks are more abstract, and in fact we take
n, to be the function defined by

mdt) = &t + 1)

Thus, the mark {#,(t)} is the entire sample function of {&(z)} translated back
by the distance t,. By assumption ¢ is continuously differentiable and has
finite number of upcrossings in finite intervals. Since further £'(¢,) > 0 at
any upcrossing it is easily seen that each n,(t) is ar.v. For, with t{ =
min{i/n,i =1,2,...;&( — 1)/n) < u < &(i/n)},clearly 1’ > t, and E(z° + 1)~
&ty + 1), as.,s0 that 'h(t) being a limit of r.v.’s is a r.v. In general, let t{" =
min{i/n, i =1, 2,...; &ty—1 + (i — 1)/n) < u < &t + i/n)}, leading to
tyey + T + 1) > é(tk + t), and hence also n,(t) is a r.v.

In particular, #,(0) = u, while for small t-values #,(t) describes the be-
haviour of the &-process in the immediate vicinity of its kth u-upcrossing

iy

Figure 10.1.1. Point process {t;} of upcrossings for &(t), t > 0.
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Figure 10.1.2. Realization of marks n,(t) = &(t, + t) describing &(-) after upcrossings.

14(t)

t,. Of course, any of the marks, say {5,(t)}, contains perfect information
about all the upcrossings and all other marks, so different {#,(¢)} are totally
dependent.

The marks are furthermore constrained by the requirement that ¢, is the
first upcrossing of u after zero, t, the second and so on, which suggests
that the different marks. .., {#,(t)}, {#2(t)}, . . . are not identically distributed.

A realization of {&(t)} generates a realization of the sequence of marks
{n,(0}, {n,(0)}, ..., and this is what will actually be observed over a long
period of time. For each such realization one can form the empirical distri-
bution of the observed values n,(s), k = 1, 2, ..., i.e. of the values &(t, + s)
of the process a fixed time s after the u-upcrossings. We shall see below that
this empirical distribution converges, for an increasing observation interval,
and we shall consider the limit as the marginal distribution of an “arbitrary”
mark at time s. Similarly, one can obtain joint distributions of an “arbitrary”
mark at times sy, ..., s, and of several consecutive marks. Such distributions
are the main topic of this chapter. In point process theory similar objects
are called Palm distributions (or Palm measures), and they formalize the
notion of conditional distribution given that the point process has a point
at a specified time .
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10.2. Empirical Distributions of the Marks at
Upcrossings

The point process N, on the real line formed by the upcrossings of the level
u by {&(¢t)} is stationary and without multiple events, i.e. the joint distri-
bution of N(t + I)),j = 1,...,n does not depend on ¢, and N ({t}) is either
0 or 1; (here t + I; is the set I; translated by an amount ¢, ie. t + I; =
{t + s;s e 1;}). Further, N, is jointly stationary with (z), i.e. the distribution
of Nt + 1), &t +s),j=1,...,ndoes not depend on .

Lets;,j=1,...,n,and y;,j = 1,..., n, be fixed numbers. For each up-
crossing, t, it is then possible to check whether &(t; + ;) < y;,j = 1, s,
or not. Now, starting from the point process N,, form a new process N, by
deleting all points ¢, in N, that do not satisfy {(t, +s) < y;,j=1,...,n
The relative number of points in this new point process tells us how likely it
is (for the particular sample function) that a point ¢, in N, is accompanied
by a mark n,(?), satisfying n,(s;)) < y;,j=1,...,n

More explicitly, we shall assume that £(t) has been observed in the time
interval (0, T] and, writing s = (51, ..., Sp), Y= (J1, ..., Vu), define the
empirical distribution functions FT of a mark as the relative frequency of
upcrossings satisfying &(t, + s;) < y;,j = 1,...,n, ie.

. Nu(T) — #{tke((), T]’ é(tk + Sj) < yj9j = 19 Tt n}
NT) #{te (0, T]} '

It is a characteristic property of ergodic processes that empirical distri-
butions such as FT, as T — oo converge a.s. to a specific, nonstochastic limit,
in this case (as will be seen) to

_ EWN(1)

MO vy

We recall here that a (strictly) stationary sequence {&,} is ergodic if, for
every (measurable) function h(£.) of the entire sequence, the time average
of h over successively translated copies of the sequence

1 n
Y B
) 2 )

as n— oo converges, with probability one, to E(h(£)) provided this is
finite. Here &.,, denotes the original sequence ¢&. translated k time units to
the left. For a continuous time process the sum has to be replaced by an
integral.

Furthermore, if {£(¢)} is a continuous time ergodic process and the r.v.’s
{;aredefined asa function of £(¢),i — 1 <t < i,ie.{; = g(é@®),i — 1 < t < i),
then {{;} is a stationary ergodic sequence; for more details about ergodicity,
see, for example, Breiman (1968).
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For normal processes and sequences there exists a simple criterion for
ergodicity, viz. that the spectral distribution should contain no discrete
part, i.e. the spectral d.f. should be a continuous function; this was proved
by Maruyama (1949) and Grenander (1950).

Theorem 10.2.1. If the process {&(t)} is ergodic and E(N (1)) < oo, then,

with probability one,

_ E(,)
E(N /1))

Proor. If {&(t)} is ergodic, then {;= # {t,e(i—1,i]} and {;= #{t,e(i—1,i];
&ty +5) < y;,j = 1,..., n} are also ergodic, and thus

FI(y) » F,(») as T - oo. (10.2.1)

1 I 1 X .
7 LU~ EQ. X Lo ED (1022)

when T — oo through integer values. Now, e.g.

1 [T 1 @1

T N(T) = ’*T“—m i;Ci + T {r, say,
where 0 < {7 < {45 Since ([T] + 1) {774, — 0 by (10.2.2) it follows
that

1

and similarly

| 5 o
7 NUT) = E(Cy) = E(N (1)),
with probability one, as T — oo, which proves (10.2.1). O

Up to this point we have, as customarily, not been specific about the
basic underlying probability space. Now, let C, be the space of continuously
differentiable functions defined on the real line. We shall denote a typical
element in C, by £ and let &(¢) be the value of € at t,in complete agreement with
previous usage. We can then think of the probability measure P for our
original process {(f)} as defined on C, or, more precisely, on the smallest
o-field & of subsets of C, which makes all the projections £~ &(t) measurable.

As a generalization of the point process N, studied above, define, for each
E € #, a new point process N, ; by deleting from N, all points ¢, for which
&ty + +) ¢ E, ie. for which the function 5,(-) = &(t;, + -) does not belong to
E. Then, motivated by (10.2.1), we define a second probability measure P*
on C, by

EWN, (1) _ E(#{te(©0,1]; &t + -) € E})
E(N (1)) E(#{t: € (0,11}

PYE) =
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We shall call P* the Palm distribution or the ergodic distribution of ¢ after
a u-upcrossing. By additivity of expectations, P* is in fact a probability
measure, and the finite-dimensional distribution of {(s)), j = 1,...,n are
clearly exactly the functions F appearing on (10.2.1). Thus

Pu{é(sj) < yj’j =1,... 5n} = Fs(Y)

- i PeQ TG +s) <ypj=1....n
T-o #{t, € (0, T]} :

Obviously, the result of Theorem 10.2.1 about the empirical distributions
of n(t) = &(t, + t) holds also with N, replaced by N, g, for arbitrary E € £,
i.e. with P-probability one,

Nu, E(T) N E(Nu, E(l))
N(T)  E(NN/(1)

This leads to the convergence of the empirical distributions of many other
interesting functionals, such as the excursion time, i.e. that time from an
upcrossing to the next downcrossing of the same level, and the maximum in
intervals of fixed length following an upcrossing, i.e.

#{tk €, T];sup &ty + 1) < x}
P sup &(t) < x} = lim tel ;
{te] T #{t.€ (0, T}

for more examples, see Lingren (1977).

The measure P* formalizes the notion of a conditional distribution of the
process given that it has a u-upcrossing at time 0, and by Theorem 10.2.1 it
describes the long run properties of £(t;, + t) as a function of ¢, when ¢, runs
through the set of all positive u-upcrossings. One can therefore interpret the
P*distribution of £(t) as “the conditional distribution of the original process
at time ¢ after an arbitrary u-upcrossing”. In particular

= PYE).

P*{&(t) has an upcrossing of uatt = 0} = 1,

so that n, = £ with P*-probability one.

If &(¢) is stationary normal, with continuously differentiable sample paths,
it can be shown (although this involves crossing theory for nonstationary
processes) that further, with obvious notation, E*(N(t)) < oo for all t > 0,
so that, under P there are only a finite number of u-upcrossings in any finite
interval, and thus the marks #,(t), k = 1, 2, ... are well defined. The following
result gives further motivation for thinking of P* as the distribution of an
arbitrary mark in the original process, and makes precise the intuitive notion
that under P* the marks n,(t) = &(¢, + t) have the same distribution, for
k=0,1,...,all being equally “arbitrary”.

Theorem 10.2.2. Suppose {&(t)} is stationary normal with continuously
differentiable sample paths (e.g. satisfies the general hypothesis of the previous
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section). Then the sequence of marks {n(t)}, {n,(t)}, ... is stationary under the
Palm distribution P, in the sense that the finite-dimensional P*-distribution of
nk+k1(sj)7--~,’7k+k,(sj)a ji=1...,n

is independent of k. In particular, for a fixed t, all the n(t),j =0, 1,..., forma
stationary real sequence, and hence have the same P*-distribution, whereas
they are nonidentically distributed under P.

PrOOF. We only show that, under P*, the distribution of #(t) is the same as
that of n;_,(¢). A full proof is only notationally more complicated.
Put u = E(N0, 1]) = E(#{t, € (0, 1]}). Then
P{nft) < y} = p 1 E(# {t € (0,105 &t + 1) <))
= (uT) 'E(#{tx € (0, T]; &(ty+; + 1) < ¥}). (10.2.3)

Similarly,
Pi{n;— () <y} = W) 'E(#{t, € (0, TD; &(tys j-1 + 1) < y}). (10.2.4)

Now take a pair of adjacent points t, and ¢, ,. We see that ¢, is counted in
(10.2.3) if and only if

€0, T] and &(tyy;+1) <y
while ¢, , contributes to (10.2.4) if and only if
G+1 €0, T] and &(tiyi4j-1 + <Y,
i.e. if and only if
1 €0, T] and (s +1) <.
Hence the numbers in (10.2.3) and (10.2.4) differ at most by + 1 or —1 so that

1
iP“{nj(t)Sy}—P"{r/,-_l(t)SstM—T—»O as T — oo. O

Palm probabilities can also be obtained as limits of ordinary conditional
probabilities given a point, i.e. an upcrossing, not exactly at 0, but some-
where nearby. Let ¢, be the last u-upcrossing for &(t) prior to 0. Then

Pu{é(sj) < y]9.] = 19“’7"}
= lim P{&(to + 5) < yjj=1,...,n| —h <1, < 0}, (102.5)
hlO

where it may be shown that the limit (10.2.5) exists, and equals the ratio
(10.2.1). In fact, (10.2.5) can be taken as a definition of the Palm distributions,
an approach which was taken by Kac and Slepian (1959), who also termed
it the horizontal window conditioning of crossings, indicating that the sample
path &(t) has to pass through a horizontal window {(t, y); —h < t < 0,y = u}.
This is in contrast to vertical window conditioning which requires that
u<é0)<u+h, &0) >0, so that the process has to pass through a
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vertical window {(t, x); t = 0, u < x < u + h} with positive slope. The hori-
zontal and vertical conditioned distributions will differ in one particular re-
spect, namely, in the marginal distribution of the derivative n;(0) = &'(¢,) of
the mark at the upcrossing; cf. the end of the next section

10.3. The Slepian Model Process

We will devote the rest of this chapter to a more detailed study of the proper-
ties of the marks under the Palm distribution, in particular, as the level
u gets high. In view of Theorem 10.2.2 all {,(¢)} have the same P* distribution
and we pick n4(t) = &(t) as a typical representative.

Our tool will be an explicit representation of the P“-distribution of &(t)
in terms of a simple process, originally introduced by D. Slepian (1963)
and therefore in this work termed a Slepian model process. The following
theorem uses the definition of Palm distributions and forms the basis for
the Slepian representation.

Theorem 10.3.1. Under the hypothesis of Theorem 10.2.2 let u = E(N (1)) =
(1/2m)A5"* exp(—u?/2). Then fort # 0,

PHED) <y} = fy {u_l J*oo zp(u, z)p(x|u, z) dz} dx, (10.3.1)
X= =00 z=0

where p(u, z) is the joint density of £(0) and its derivative £'(0), and p(x|u, z)
is the conditional density of &(t) given £(0) = u, £'(0) = z. Thus the P*-distri-
bution of £(t) = no(t) is absolutely continuous, with density

u! f zp(u, z)p(x|u, z) dz.
z=0

The n-dimensional P*-distribution of &(s,), ..., &(s,) is obtained by replacing
p(x|u, )by p(xy, ..., x,|u, z), the conditional P-density of &(sy), . . . , &(s,) given
€0) = u, &(0) =z

ProoF. The one-dimensional form (10.3.1) is a direct consequence of Lemmas
7.5.1(iii) and 7.5.2 since we have assumed that £(0) and &(¢) have a non-
singular distribution. We can take {(s) = &(5), {'(s) = &'(s), #(s) = &(s + 1)
and, in the same way as in the proof of Lemma 7.6.1, check that

P{{(t) = u,n(t) =v forsome te(0,1]} =0
so that

B = | iozp(u, DPLED) < y1E0) = u, £(0) = 2} dz

y ©
= f f zp(u, z)p(x|u, z) dz dx.
x=—o vz=0

The multivariate version is proved in an analgous way. O
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Theorem 10.3.1 states that the joint density of &(sy),..., &(s,) under P*
is given by

u ! f zp(u, 2)p(xy, . .., X,|u, 2) dz, (10.3.2)
z=0
where p(x, ..., x,|u, z) is the conditional P-density of &(s,), . .., &(s,) given
£(0) = u, £'(0) = z. We shall now evaluate (10.3.2) in order to obtain the
Slepian model process.
With u = (1/2n)A3/? exp(—u?/2), and using the fact that £(0) and ¢£'(0)
are independent and normal with E(£'(0)) = 0, E(¢'(0)?) = A,, we have that

2
= F _Z
p(u’ Z) - 2‘2 exp( 22‘2)

and we can write (10.3.2) in the form

C oz Z d 10.3.3
J;zozexp —2—/12)p(x1,...,x,,|u,z) z. (10.3.3)
The covariance matrix of £(0), £'(0), &(sy), ..., &(s,) is
[ 1 0 ") ... r(s)
0 As —r'(sy) ... —=Tr(sy)
r(s;) —r(sy) 1 eoo 1(s, — 89)
_r(;,,) —r;(s,,) r(s, - Sp) ... 1 |

From standard properties of conditional normal densities—see Rao (1973,
p. 522)—it follows that p(x,, ..., x,|u, z) is an n-variate normal density and
that

zr'(s;)

i (10.3.4)

E((s)[€(0) = u, €'(0) = z) = ur(s;) —
and
Cov(&(s), &(s)1€(0) = u, £'(0) = 2)
= r(s; — s;) — r(s)r(s;) — r_(%r_(s_l) (10.3.5)
2
The density (10.3.3) is therefore a mixture of n-variate normal densities,

all with the same covariances (10.3.5), but with different means (10.3.4),
and mixed in proportion to the Rayleigh density

Z ex z? >0 10.3.6
P p ) z . (10.3.6)
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Now we are ready to introduce the Slepian model process. Let { have a
Rayleigh distribution with density (10.3.6) and let {k(z), t € R} be a non-
stationary normal process, independent of { with zero mean, and with the
covariance function

(s, 1) = Cov(k(s), k(1)) = r(s — t) — r(s)r(t) — 1%2;—(9
2
That this actually is a covariance function follows from (10.3.5). Hence on
some probability space which need not be specified further, there exist x and {
with these properties. The process
(t
o + k() (10.3.7)

Cut) = ur(t) — i

is called a Slepian model process for £(t) after u-upcrossings. Obviously,
conditional on { = z, the process (10.3.7) is normal with mean and co-
variances given by the right-hand side of (10.3.4) and (10.3.5), respectively,
and so its finite-dimensional distributions are given by the densities (10.3.3).

Theorem 10.3.2. Under the hypothesis of Theorem 10.2.2, the finite-dimensional
Palm distributions of the mark {ny(t)} and thus, by Theorem 10.2.2, of all
marks {n,(t)}, are equal to the finite-dimensional distributions of the Slepian
model process

r'e
A2

Cult) = ur(®) — + k()

ie.
Pu{f(sj)EBjaj = 15---’n} = P{éu(sj)ijaj = 1,...,1’1}

for any Borel sets B, ..., B,.

One should note that the height of the level u enters in £,(t) only via the
function ur(t), while { and x(t) are the same for all u. This makes it possible
to obtain the Palm distributions for the marks at crossings of any level
u by introducing just one random variable { and one stochastic process
{k(t)}. In the sequel we will use the fact that u enters only through the term
ur(t) to derive convergence theorems for £,(t) as u — co. These are then
translated into distributional convergence under the Palm distribution P¥,
by Theorem 10.3.2, and thus, for ergodic processes, to the limiting empirical
distributions by Theorem 10.2.1.

As noted in the previous section the same reasoning applies to the limiting
empirical distributions of certain other functionals. In particular, this
includes maxima, and therefore it is of interest to examine the asymptotic
properties of maxima in the Slepian model process.
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Some simple facts about the model process {£,(t)} should be mentioned
here. It may be shown that {«(t)} is continuously differentiable, and clearly
E(k(1)) = E(x'(t)) = 0, E(x(0)*) = E(x'(0)?) = 0 so that P{k(0) = x'(0) = 0}
= 1. Since A, = —r"(0) one has

0O
A

2

¢0) = ur'(0) +x0)=¢

so that { is simply the derivative of £,(t) at zero. From Theorem 10.3.2 this
immediately translates into a distributional result for the derivative at
upcrossings.

Corollary 10.3.3. The Palm distribution of the derivative n(0) of a mark at a
u-upcrossing does not depend on u, and it has the Rayleigh density (10.3.6).

The value of { determines the slope of £,(t) at 0. For large t-values the
dominant term in &,(t) will be k(¢), if () and r'(t) —» O as t — 0. (A sufficient
condition for this is that the process {£(t)} has a spectral density, in which
case it is also ergodic.) Then r(t + s, T + t) > r(s — t) as T — oo so that
£t) for large t has asymptotically the same covariance structure as the
unconditioned process &(t), simply reflecting the fact that the influence of
the upcrossing vanishes.

With the vertical window conditioning mentioned in Section 10.2, an
explicit model representation similar to (10.3.7) can be defined. The only
difference is that the derivative { of the slope at 0 has a (positive) truncated
normal distribution. Note that such a model does not describe the empirical
behaviour of £(t) near upcrossings of a fixed level u.

10.4. Excursions Above a High Level

We now turn to the asymptotic form of the marks at high-level crossings
under the limiting empirical distribution P*. For this we will simply in-
vestigate the model process &£,(t) since, as shown in Theorem 10.3.2, its
distribution is equal to the P*-distribution of a mark.

The length and height of an excursion over the high level u will turn out
to be of the order u™!, so we normalize ¢,(f) by expanding the scale by a
factor u. Before proceeding to details we give a heuristic argument motivating
the precise results to be obtained, by introducing the expansions

r<5) — 122 o),

u 2u?

(104.1)
r/(f) - —%(1 + o(1))

u
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as t/u — 0, which follow from (10.1.1), and by noting that hence x(t/u = o(t/u)
as t/u — 0. Inserting this into £,(t) and omitting all o-terms we obtain

2
£.(t/u) ~ u(l o ) + g— - %{cr _ /127:} (10.4.2)

as u — oo and t is fixed.

The polynomial {t — A,t*/2 in (10.4.2) has its maximum for t = {/A,
with a maximum value of {2/21, and therefore we might expect that &,(t)
has a maximum of the order u + (1/u) {?/24,. Hence, the probability that
the maximum exceeds u + v/u should be approximately

o Lol e
= z=1¢""
2/12 J2is0 /12 2/12

The following theorem justifies the approximations made above.

Theorem 10.4.1. Suppose r satisfies (10.1.2) and r(t) - 0 as t - oo. Then for
eacht>0,v>0

{supfu(t)>u+ } Y asu— oo,

0<t<rt

i.e the normalized height of the excursion of £(t) over u is asymptotically
exponential.

ProOOF. We first prove that the maximum of £,(t) occurs near zero. Choose
a function 6(u) —» oo as u — oo such that é(u)/u — 0 and 6%(u)/u - co. Then

P{ sup &) > u} -0, (10.4.3)
o

Wu<t<t

since the probability is at most

P{ sup (&) —ur(®) + sup ur(t) > u}

duu<st<t sufu<st<t

< P{ sup (— Cg(t) + K(t)) > u(l —  sup r(t))}.
0<t<t 2 dwu<t<rt

sup ( - U + x(t))

0<st<t A’Z

Here

is a proper (i.e. finite-valued) random variable, and (since 1 — r(t) = 1,t%/2
+ o(t*) as t — 0, and the joint distribution of £(0) and &(t) is nonsingular
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for all t, so that r(t) < 1 for t #£0) 1 — r(t) > Kt? for 0 <t < 1, some K
depending on 7, so that

2
u(l —  sup r(t)) > Kuéu(zu)a o0

duwu<t<t

which implies (10.4.3).
In view of (10.4.3) we now need only show that

t
P{ sup  E()>u+ 2} = P{ sup u(é,, (—) — u) > v} —e "’
0<t<dWu u 0 <t < 8u) u

for v > 0. By (10.4.1)

o) =) = =) -]
u u Ay u
_ izﬁ K(t/u)

= 3 (L4 o)+ {1 +o(1)) + ¢ a

(10.4.4)

uniformly for 0 <t < d(u) as u — co. Since {k(t)} has a.s. continuously
differentiable sample paths with «(0) = x'(0) = 0, and o(u)/u — O,

K(t/u)

———=—=0 (as)asu— .
0 <t <) t/u

This implies that the maximum of u(&,(¢/u) — u)is asymptotically determined
by the maximum of —1,t%/2 + {t and that

) v Ay t? (2
lim P{ sup £(t) > u + —p = P<sup| — +{t)>vp=P—>v
u=oo (0=<r<t u t 2 22,

—-v

=e

as was to be shown. g

As mentioned above, distributional results and limits for the model
process {&(t)} carry over to similar results and limits for marks n,(t) =
E(t, + 1), ie. for the ergodic behaviour of the original process {&(f)} after ¢,.

In particular, Theorem 10.4.1 has the corollary that the limiting empirical
distribution of the normalized maxima after upcrossings of a level u, for
ergodic processes, is approximately exponential for large values of u, ie.

#{tke(O, T sup &ty + 1) > u + v/u}
lim 0<i<t —e?

T-w #{t, €0, T1}
as u — oo, a.s. This clarifies the observation at the beginning of this chapter,
that an excursion over the high level u exceeds the level u — (log p)/u with
probability €'°¢? = p.




204 10. Sample Path Properties at Upcrossings

It should be noted here, even if not formally proved, that the excursions
emerging from different upcrossings are asymptotically independent. This
explains the asymptotic independence of extinctions of crossings with
increasing levels.

The following theorem follows from (10.4.4),

Theorem 10.4.2. Suppose r satisfies (10.1.2) and r(t) — 0 as t — oo. Then with
probability one the normalized model process &(t) = u(¢(t/u) — u) tends
uniformly for |t| < 7 to a parabola

N
éoo(t)___2_+ct

in the sense that, with probability one,

sup |€,(t) — £ (1) = 0

|t] <t
as u — 00.

This theorem throws some light upon the discrete approximation used in
the proof of the maximum and Poisson theorems in previous chapters. The
choice of spacing in the discrete grid, g, appeared to be chosen there for purely
technical reasons. Theorem 10.4.2 shows why it works. By the theorem the
natural time scale for excursions over the high level u is ™1, so the spacing
q = o(u™') of the g-grid catches high maxima with an increasing number of
grid points.



CHAPTER 11
Maxima and Minima and Extremal
Theory for Dependent Processes

Trivially, extremes in two or more mutually independent processes are
independent. In this chapter we shall establish the perhaps somewhat
surprising fact that, asymptotically, independence of extremes holds for
normal processes even when they are highly correlated. However, we shall
first consider the asymptotic independence of maxima and minima in one
normal process. Since minima of £(¢) are maxima for — &(t), this can in fact
be regarded as a special case of independence between extremes in two
processes, namely between the maxima in the completely dependent processes

¢(t) and —£().

11.1. Maxima and Minima

For a standardized stationary normal process, {£(t)} and {—&(1)} have the
same distribution. Writing

m(T) = inf{é(s); 0 < s < T},

clearly m(T) = —sup{—&(s); 0 < s < T}, and hence m(T) has the same
asymptotic behaviours as —M(T). If {£(r)} satisfies the hypotheses of
Theorem 8.2.5, then P{m(T) > —v} - e "as T,v - oo and Tv —» n > O for
v = (1/21)AY? exp(—v?/2). It follows, under the hypotheses of Theorem
8.2.7, that

P{ar(m(T) + by) < x} > 1 — exp(—e”)
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with the same normalizations as for maxima, i.e.

ar = (21og T)'7?,

log(AY/?)2n
by = (2log T)"/* + —(2glf)g2T/)”2)»‘

It was shown by Berman (1971b) that, without any additional assumptions,
the minimum m(T’) and the maximum M(T) are asymptotically independent
in analogy with the asymptotic independence of minima and maxima of
independent sequences, established in Theorem 1.8.3. We shall now obtain
Berman’s result (Theorem 11.1.5).

With the same notation and technique as in Chapter 8, we let N, and
N@ be the number of u-upcrossings by the process {&(t); 0 < t < h} and
the sequence {£(jg); 0 < jg < h}, and define similarly D_, and D%, to be
the number of downcrossings of the level —v. We first observe that if, for
h=1,

—E(N)—i,l”zex _“
u= u_2n2 p 2’

115 v?
v=E(D_,,)=§E,12 exp| — = )

and if u, v - o0 so that Tu -t > 0 and Tv —» 5 > 0, then we have u ~ v
and

o~ 1.0___g(u’7/f), (11.1.1)

cf. (9.2.3). In particular, this implies that if ¢ — 0 so that ug — 0 then also
vg — 0.

The following lemma contains the necessary discrete approximation and
separation of maxima. As in Chapter 8, we split the increasing interval
(0, T] into n = [T/h] pieces, each divided into two, I, and I}, of length
h — ¢ and &, respectively. Write m(I) for the minimum of £(t) over the
interval 1.

Lemmall.1.1. If (8.1.1) holds then, as u, v > oo and ug, vq — 0,
®  P{m(I) < —v, M(I) > u}

= P{min &(jq) < —v, max &(jg) > u} + o(v + p),

Jjgel Jjgel
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where o(v + ) is uniform in all intervals I of length h < hy, for fixed

hy > 0,
(i) lim sup P{—v < m(U Ik) < M(Ulk) < u}
T-o k=1 k=1
— P{—v < m(nh) < M(nh) < u}| < il —;; rs,

(iii) P{—v < &jg) <u,jqe U Ik}

k=1

s 0) sm((1) <4} o

PrOOF. (1) By Lemma 8.2.2(i) applied to {&(¢)} and { - &(r)},

0 < P{m(I) < —v, M(I) > u} — P{min E(jg) < —v, max &(jq) > u}

jael jael
<ED_,— D9)+ E(N, — N®) + P{£0) < —v} + P{£0) > u}
= o(v + p).
Parts (ii) and (iii) follow as in Lemma 8.2.3; we shall not repeat the details
here. O

The following two lemmas give the asymptotic independence of both
maxima and minima over the separate I -intervals.

Lemma 11.1.2. Let £, ..., &, be standard normal variables with covariance
matrix A* = (A}), and n,, ..., n, similarly with covariance matrix A° = (A)),
and let p;; = max(JA}l,|AJl). Further, let w= (uy,...,u,) and v=
(vy, ..., v,) be vectors of real numbers and write
w=min(Juy|, ..., ], |[ve],..., |0.])
Then
P{—v;<¢j<ujforj=1,...,n} — P{—v;<n<u;forj=1,...,n}
4 2
< _— AL — A%|(1 — p2)~1/2 — . 11.1.2
= 27': 15;_,'5”' ij ul( pu) exP( 1 + pij) ( )

PROOF. This requires only a minor variation of the proof of Theorem 4.2.1.
It follows as in that proof (and using the same notation) that the left-hand side
of (11.1.2) equals

J: {; (Al — A) f :'v J‘ afizg,yj dy} dh.
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By performing the integrations on y; and y; we obtain four terms, containing
the integrands

i = uw, yy =), =i = w, y; = —0v), —filyi = —v;, y; = uy),

and
My = —v, yj= —Uj),

respectively. Each of these terms can be estimated as in the proof of Theorem
4.2.1 and the lemma follows. O

Lemma 11.1.3. Suppose r(t) - 0 as t — oo, and that Tu— 1, Tv—>1n as
T — o0, and that, if qu, qv — O sufficiently slowly

TS kgl ex ( W ) 0 (11.1.3)

— ——— > 1
wster - OEP\T T rkg))

for every ¢ > 0, where w = min(u, v) > 0. (This holds in particular if r(t) log t

—0ast— 00.) Then

@) P{—vs Ekq) < u, kqe UIJ}—— l—n[ P{—v < &kq) <u,kqgel;} -0
j j=1

=1
as T — o0,

(ii) lim sup

T—w

f] P{—v < &kq) <u kgel;} — P{—v <m(h) < M(h) < u}
j=1

n+1)

="

E.

PROOF. Part (i) follows from Lemma 11.1.2 in the same way as Lemma 8.2.4(i)
follows from Theorem 4.2.1. As for part (ii), note that

0<P{—v<m(l) <MUI) <u} — P{—v <m(h) < M(h) < u}
< P{m(I?) < —v} + P{M(I¥) > u} < (v + p)e + o(1))

for T'sufficiently large, by Lemma 8.2.1(i). It now follows from Lemma 11.1.1(i)
and Lemma 8.2.2(ii) that for T sufficiently large,

0<P;—P<(v+ p)e+ o(l))

where P; = P{—v < &(kq) <u, kqel;}, P = P{—v <m(h) < M(h) < u}.
Hence

0< H P, — P" < n(v + u)e + o(L)) ~ @+ v o))

j=1 h
as in Lemma 8.2.4(ii). O
The final essential step in the proof of asymptotic independence of m(T)

and M(T) is to show that an interval of fixed length h does not contain both
large positive and large negative values of &(¢).
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Lemma 11.1.4. If (8.1.1) holds, there is an hy > 0 such that as u, v — 0,
P{M(h) > u,m(h) < —v} = o(v + u)
forallh < hy.
Proor. By Lemma 11.1.1(i) it is enough to prove that
P{max &(jg) > u, min &(jg) < —v} =o(u +v)
0<jg<h 0<jg<h

for some g satisfying ug, vg — 0. By stationarity, this probability is bounded
by

EP{{(O) >u, min &(jq) < —v}

~-h<jg<h

<

Y P{&O) > u, &jg) < —v}. (11.1.4)

—-h<jg<h

SR

Here, for jg # 0,

P{E0) > u, E(jg) < —v} = fm¢(x)P{f(j61) < —v|&(0) = x} dx
xr(jq) 115
f¢()( 1—"2(]‘1)) » (L)

since, conditional on &(0) = x, £(jq) is normal with mean xr(jq) and variance
1 = r*(jq). Now, choose hy, > 0 such that 0 < r(t) < 1 for 0 < |z| < hy,
which is possible by (8.1.1). If 0 < | jgq| < h < hg, x > 0, then

(—v = xr(j@)/s/1 — *(jg) < —v,
for u, v > 0, so that (11.1.5) is bounded by

J-oo¢(x)cb(—v) dx = (1 — @)1 — B()) ~ 9%)%@

Together with (11.1.4) and (11.1.5) this shows that

0< P{ max £(jg) > u, min &(jg) < ——v} < Z_i . d’("zf(v)

0<jg<h 0<jg<h

_ e, 9090 1

Ut s BN = 0D+ )

since P(u)p(v)/(u + v) = O(uv/(u + v)) = 0, and q can be chosen to make
ququ — 0 arbitrarily slowly. O
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Theorem 11.1.5. Let u = ur — o0 and v = vy - o0 as T — o0, in such a way
that
2 2

T
Ty=%25/26xp(— %)—»rzo, Tv=%,1§/2exp(— %)—»1120.

Suppose the stationary normal process &(t) satisfies (8.1.1) and either (8.1.2) or
the weaker condition (11.1.3). Then

Pl—v<m(T)<M(T)<u}—>e "° asT— oo,
and hence
P{ar(m(T) + br) < x, ag(M(T) — br) < y} - (1 — exp(—e¥)) exp(—e)
with a, = (2log T)'?, b, = (2 log T)*? + log(A}/?/2m)/(2 log T)"/*. Thus
the normalized minimum and maximum are asymptotically independent.
ProOOF. By Lemma 11.1.1(ii) and (iii), and Lemma 11.1.3(i) and (ii) we have

liI;l sup |P{—v < m(nh) < M(nh) < u} — P"{—v < m(h) < M(h) < u}|
for arbitrary ¢ > 0, and hence
P{—v < m(nh) < M(nh) < u} — P"{—v <mh) < M(h) <u} >0 (11.1.6)
as n —» o0. Furthermore, by Lemma 11.1.4
PY{—v < m(h) < M(h) < u}
= (1 — P{m(h) < —v} — P{M(h) > u} + o(v + p))".

Arguing as in the proof of Theorem 8.2.5, the result now follows from

Lemma 8.2.1, using the fact that n(v + u) ~ (T/h)(v + W) =>(n + t)/h. O

This theorem, of course, has ramifications similar to those for maxima from
Theorem 8.2.5, but before discussing them we give a simple corollary
about the absolute maximum of &(z).

Corollary 11.1.6. If u —> oo, Tu — 1, then
P{ sup |&(0)| < u} —e %
0<t<T
and furthermore
P{aT< sup |&@t)| — bT) < x + log 2} - exp(—e™ ).
0<t<T

As for the maximum alone, it is now easy to prove asymptotic indepen-
dence of maxima and minima over several disjoint intervals with lengths
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proportional to T. As a consequence one has a Poisson convergence theorem
for the two point processes of upcrossings of u and downcrossings of —v,
the limiting Poisson processes being independent. Furthermore, the point
process of downcrossings of several low levels converges to a point process
with Poisson components obtained by successive binomial thinning, as in
Theorem 9.3.2, and these downcrossings processes are asymptotically
independent of the upcrossings processes. Of course, it then follows that the
entire point process of local maxima, considered in Theorem 9.5.2, is also
asymptotically independent of the point process of normalized local minima.

11.2. Extreme Values and Crossings for
Dependent Processes

One remarkable feature of dependent normal processes is that, regardless of
how high the correlation—short of perfect correlation—the number of
high-level crossings in the different processes are asymptotically independent,
as shown in Lindgren (1974). This will now be proved, again by means of
the Normal Comparison Lemma.

Let {£;()}, ..., {{,(t)} be jointly normal processes with zero means,
variances one and covariance functions r,(t) = Cov(£(t), £t + 1)). Weshall
assume that they are jointly stationary, ie. Cov(&(t), &t + 1)) does not
depend on 7, and we write

ra(t) = Cov(&i(t), &t + 1))
for the cross-covariance function. Suppose further that each r, satisfies
(8.1.1), possibly with different 1,’s, i.e.
Ay 182 )
n=1- T + o(t?), t—0, (11.2.1)

and that

r(t)logt— 0,
Kb o (1122)
ra@®logt—0 ast— oo,

for 1 <k, I <p. To exclude the possibility that &(t) = +&(t + t,) for
some k # I, and some choice of t, and + or —, we assume that

max sup |ry(t)| < 1. (11.2.3)
k#1 t
However, we note here that if inf, r,,(t) = —1 for some k # [, there is a
to such that r(to) = — 1, which means that £,(t) = —&(t + t,). A maximum

in £(t) is therefore a minimum in &,(t), and as was shown in the first section
of this chapter, maxima and minima are asymptotically independent. In
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fact, with some increase in the complexity of proof, condition (11.2.3) can be
relaxed to max,.., sup, r,(t) < 1.
Define

Mk(T)=sup{ék(t);Osts T}: k= 1,---’P:
and let u, = w,(T) be levels such that

2n

as T — c0. Write u = min{uy, ..., u,}.

To prove asymptotic independence of the M,(T) we approximate by the
maxima over separated intervals I;, j=1,...,n, with n = [T/h] for h
fixed, and then replace the continuous maxima by the maxima of the sampled
processes to obtain asymptotic independence of maxima over different
intervals. We will only briefly point out the changes which have to be made in
previous arguments. The main new argument to be used here concerns the
maxima of &(t), k = 1,..., p, over one fixed interval, I, say.

We first state the asymptotic independence of maxima over disjoint
intervals.

Lemma 11.2.1. If r, ry satisfy (11.2.1)-(11.2.3) for 1 <k, I <p, and if
T, — 1 = 0, then for h > 0 and n = [T/h],

PMmh) <u,k=1,...,p} — P"M(h) <u,k=1,...,p} >0

Proor. This corresponds to (11.1.6) in the proof of Theorem 11.1.5, and is
proved by similar means. It is only the relation

P{ék(ﬂI)Suk,jqe U I,k= 1,...,p}

r=1

T 2
Ty = L 2372 exp(— 7) 5> 0

— T[] P{&(a) < werjgel, k=1,...,p} -0, (11.2.4)
r=1

corresponding to Lemma 11.1.3(i), that has to be given a different proof.

Identifying &, ..., &,in Corollary 4.2.2 with &,(jg), . . ., £ ,(jq), jg€ U','= I,
and #,,...,1n,, analogously, but with variables from different I -intervals
independent, (4.2.6) gives, since sup | r,(t)| < 1,for k # land max, sup, . ,r(t)
<1,

IP{ék(jq) <u,jqe k_) I, k= 1,...,p}

r=1

- l—[ P{ék(jq)sulnjqelr’k: 19--'9P}I
r=1
D

.l i u?
<K2 2= 0a)l e"p{" NG —j)q)|}
. u?
tK L 2= D)l e"p{' ¥ TG _,-)q)|}

(112.5)
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where Y * as before indicates that the sum is taken over i, j such that ig and jg
belong to different I,. Since both r(t)logt— 0, ry(t)logt -0 and
sup|ry(t)] < 1 we can, as in Lemma 8.1.1(ii), conclude that both sums in
(11.2.5) tend to zero. |
Lemma 11.2.2. If r,, ry satisfy (11.2.1) and (11.2.3), for 1 <k, 1 < p,
@ P{M(h) > w, Mi(h) > w} = oy + py) for k # 1,

and

(i) PMM<u,k=1,...,p}=1- iP{Mk(h) > ut + o(iuk).
k=1 k=1

PROOF. (i) As in the proof of Lemma 11.1.4 it is enough to prove that,ifg — 0
so that u, g ~ u;q — 0 sufficiently slowly,

P{ max &(jq) > w, max {(jg) > uz} = o(y + W)

0<jg<h 0<jg<h

Since, forr = k, |,
P{ max ¢,(jq) > u;} = 0(w,),
0<jg<h
and therefore
P{ max & (jg) > uk}P{ max ¢(jg) > u,} = O(u )
0<jg<h 0<jg<h
= o(p + ),

it clearly suffices to prove that

P{ max & (jg) > w, max ¢(jg) > uz}

0<jgsh 0<jg<h

- P{ max §(jgq) > “k}P{ max &(jq) > ul}

0<jg<h 0<jg<h

= oy, + W) (11.2.6)

To estimate the difference we again use Corollary 4.2.2 with A! defined by
Te> 11, and r, and A° obtained by taking r,, identically zero for k ¢ I. Ele-
mentary calculations show that the difference in (11.2.6) equals

P{ max ,(jg) < w,, max §(jq) < uz}

0<jg<h 0<jg<h

- P{ max & (jg) < uk}P{ max £(jq) < “1},

0<jg<h 0<jg<h
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which by Corollary 4.2.2 is bounded in modulus by
2

N, 2 i -1/2 _ u
KT, 0= ol = G = pay - exp{ - ot

(11.2.7)

with u = min(y,, ;).
Now, by (11.2.3), sup|r(t)| = 1 — J for some § > 0, and using this, we
can bound (11.2.7) by

s o
O e e U R ey

X (e + ) = o(py + )

if ug — 0 sufficiently slowly, since ¢(u)/(y; + p;) is bounded.
(ii)) This follows immediately from part (i) and the inequality

SPM() > ) — Y PMk) > g, Mi(h) > )

1<k<l<p

< P(O {M(h) > uk}) < i P{M,(h) > u,}. O

Reasoning as in the proof of Theorem 8.2.5, and using Lemma 11.2.1 and
Lemma 11.2.2(ii) we get the following result.

Theorem 11.2.3. Let u, = u(T) —» o0 as T — o0, so that
Tuw, —i—l”zexp( uf/2) > 1. >0, 1 <k<p,

and suppose that the jointly stationary normal processes &(t) satisfy (11.2.1)-
(11.2.3). Then

P
PM(T)<wu,k=1,...,p} > exp<_ y rk)
k=1

as T — oo.

Under the same conditions as in Theorem 11.2.3, the time-normalized
point processes of upcrossings of one or several levels tend jointly in distribu-
tion to p independent, binomially thinned, Poisson processes. Similarly,
under the conditions of Theorem 9.5.2, the point processes of normalized
local maxima converge to p independent Poisson processes in the plane.
We shall state the latter result as a theorem, leaving its proof, and the former
result, to the reader.

For k=1,...,p, suppose that £(t) has local maxima at the points
sV <0<sP<sP<-.-, and let Njr be the point process (s/T,
ar(&(s®) — by ) of normalized local maxima.
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Theorem 11.2.4. Suppose the standardized stationary normal processes
{&1®}, ..., {EL)} have continuously differentiable sample paths, and are
twice differentiable in quadratic mean, and suppose that the covariance and
crosscovariance functions r(t) and ry(t) satisfy (11.2.1)-(11.2.3). Then the
point processes Ny r,..., N, r of normalized maxima are asymptotically
independent and each converges to a Poisson process on (0, c0) x R with
intensity measure dt x e”* dx as T — o0, as in Theorem 9.5.2.

We end this chapter with an example which illustrates the extraordinary
character of extremes in normal processes.

Let {{(t)} and {n(¢)} be independent standardized normal processes whose
covariance functions r; and r, satisfy (8.1.1) and (8.1.2), let ¢,, k = 1, ..., p,
satisfying | ¢;| < 1, and ¢, # ¢, k # [, be constants, and define

&) = al®) + (1 ~ c)'n().
Then the processes &,(t), k = 1, ..., p are jointly normal and their covariance
functions r,(t) and crosscovariance functions
ra(t) = car) + (1 — )1 - ctz)l/zrn(t)

satisfy (11.2.1)-(11.2.3). Thus, even though &,(t),..., ¢,(t) are linearly
dependent, their maxima are asymptotically independent.

We can illustrate this geometrically by representing ({(¢), (t)) by a point
moving randomly in the plane. The upcrossings of a level u, by £(t) then
correspond to outcrossings of the line

ax+ (1 —cHy =u,

by ({(t), n(t)), as illustrated in Figure 11.2.1. The times of these outcrossings
form asymptotically independent Poisson processes when suitably normal-
ized if Ty, — 7, > O.

y
A/Lk:ckx + (1 -cH?y =y

Figure 11.2.1. Outcrossings of straight lines L, by a bivariate normal process (£, (t), £5(t)).



CHAPTER 12

Maxima and Crossings of
Nondifferentiable Normal Processes

The basic assumption of the previous chapters has been that the covariance
function r(r) of the stationary normal process &(t) has an expansion r(r) =
1 — A4,7%/2 + o(z?) as 1 — 0. In this chapter we shall consider the more
general class of covariances which have the expansion r(t) = 1 — C|z|*
+ o(|7]|*) as T > 0, where the positive constant « may be less than 2. This
includes covariances of the form exp(— | z|?), the case « = 1 being that of the
Ornstein—Uhlenbeck process. Since the mean number of upcrossings of
any level per unit time is infinite when « < 2, the methods of Chapter 8 do not
apply in such cases. However, it will be shown by different methods that the
double exponential limiting law for the maximum still applies with ap-
propriately defined normalizing constants, if (8.1.2) (or a slightly weaker
version) holds. This, of course, also provides an alternative derivation of the
results of Chapter 8 when o = 2. Finally, while clearly no Poisson result is
possible for upcrossings when o < 2, it will be seen that Poisson limits may
be obtained for the related concept of e-upcrossings, defined similarly to the
e-maxima of Chapter 9.

12.1. Introduction and Overview of the Main Result

Throughout the chapter it will be assumed that {&(¢)} is a (zero mean and unit
variance) stationary normal process with covariance function r(z) satisfying

r(®)=1-Clt]*+ o(]7]") ast—0, (12.1.1)

where o is a constant, 0 < o < 2, and C is a positive constant. As noted in
Chapter 7, this assumption is, in particular, sufficient to guarantee continuity
of the sample paths of the process, and thus ensure that the maximum
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M(T) = sup{&(t); 0 < t < T} is well defined and finite for each 7. Our main

result (Theorem 12.3.5) is that, under (12.1.1) and the now familiar decay

condition r(t) log t — 0, M(T) has the Type I limiting distribution, viz.
P{ar(M(T) — by) < x} - exp(—e™™).

Here the constant ay is the same as in Chapter 8, but the constant by depends
on a:

ar = (2log T)'?,

1
= 1/2
by = 2log T)'? + -—-——-—(2 fog T)1”2

2 —
X { 5 * loglog T + Iog(C”’Ha(2n)"”22‘2‘“’/2“)},

where H, is a certain strictly positive constant, (H, = 1, H, = n~/?),

This remarkable result was first obtained by Pickands (1969a, b), although
his proofs were not quite complete. Complements and extensions have been
given by Berman (1971c), Qualls and Watanabe (1972), and Lindgren et al.
(1975). While we shall not follow the method of Pickands it does have some
particularly interesting features in that it uses a generalized notion of up-
crossings which makes it possible to obtain a Poisson type result also for
a < 2. Briefly, given an ¢ > 0, the function f(¢) is said to have an g-upcrossing
of the leveluat ty if f(¢t) < uforallte(ty — ¢, ty), and, foralln > 0, f(t) > u
for some ¢t € (t,, ty + n). Clearly, this is equivalent to requiring that it has a
(nonstrict or strict) upcrossing there, and furthermore f(t) < u for all ¢ in
(to — & ty). An e-upcrossing is always an upcrossing, while obviously an
upcrossing need not be an e-upcrossing. Clearly the number of e-upcrossings
in, say, a unit interval is bounded (by 1/¢) and hence certainly has a finite
mean. Even if this mean cannot be calculated as easily as the mean number
of ordinary upcrossings, its limiting form for large u has a simple relation to
the extremal results for M(T). In particular, as we shall see, it does not depend
on the & chosen. As noted we shall not use ¢-upcrossings in our main result,
but will show (in Section 12.4) how Poisson results may be obtained for them.

The main complication in the derivation of the main result, as compared
with the case @ = 2, concerns the tail distribution of M(h) for h fixed, which
cannot be approximated by the tail distribution of the simple cosine process
if ¢ < 2. Our proof is organized in a number of parts, and it may be useful to
get a “bird’s-eye view” from the following summary of the main steps.

1. Find the tail of the distribution of max{&(jq);j=0,...,n— 1} for a
fixed n:
P(u)

P{ max &(jg) > u} ~= C'*H (n, a)

0<j<n

as u— 0, g—=0, g~au"? a>0 and n fixed; H,(n, a) a constant
(Lemma 12.2.3).



218 12. Nondifferentiable Normal Processes

2. Find the tail of the distribution of max{&(jq); 0 < jq < h} for a fixed
h>0:

'P{ max &(jg) > “} Z%(u) C'"H (a),
O0<jg<h
where

H,(n, a)

“na T

asn — oo (Lemma 12.2.4).

3. Approximate sup, ., <, &(t) by max,  ;, ., £(jg) for fixed h:

af
lim su p max &(jg) < u — —, su €t>u}—>0
u->uop 2 ¢( )u {Osquh Uo) u Ost}:h ©

asa— 0 (Lemma 12.2.5)

and

]
lim sup gV — — < max éUq)Su}—»O asa—0

- {
u— oo ¢ ( )/ u u 0<jg<h
(Lemma 122.6).

4. Find the tail distribution of sup, ., ., &(¢) for a fixed h:

P{ sup &(t) > u} u ¢(u) Cl*H,

0<t<h

(Theorem 12.2.9), where
H,=lim H,(a) >0

a-0

(Lemmas 12.2.7 and 12.2.8).

5. Once the tail distribution and its discrete approximation are obtained,
continue as in Chapter 8 to prove asymptotic independence of maxima
in disjoint intervals under suitable covariance conditions, e.g. r(t) log t = 0.

12.2. Maxima Over Finite Intervals

We start the derivation with a general result, of some interest in its own right,
giving an estimate of the probability of a large deviation. This is a special
case of a result announced by Fernique (1964), a proof having been given by
Marcus (1970).
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Lemma 12.2.1. If {&(t);0 <t < 1} is a normal process with mean zero,
Var(&(0)) = 62 > 0, such that

E((G6s) — &) < Cle — s (122.1)

Jor some a,0 < o < 2, then there exists a constant ¢, > 0, only depending on «,
such that for all x,

C‘,,x2 1 x2
m=}ssen{ ) s sen(- )

If 6% = 0 the last term is zero.

Proor. The idea of the proof is to express all t€[0, 1] in dyadic form,
t=a,2 ' +a,272 4+ ..., with g, =0, 1, and then write

&) = E&0) + (E(@271) — E0) + (&(a,27 ' + a327%) — &@ 27 ) + -+
(122.2)

and construct bounds for each of the terms in this telescoping sum. Define
forp=0,1,...;k=0,1,...,27 — 1,

Uk, p) = [EK277 + 2777 1) — &(Kk27P),

and note that since &(t) is normal with mean zero,

C(k’ p) © - x2
P{W >xp=2 J; oM dy <e *? forx>0. (1223)
Now, let § > 0 and introduce the event
% {(k, p) 1 }
A= max ———— = (2B(p + 1))Y/?}.
pgo {osksZP— 1 E((K, p)2)1/2 (26 2
If B > log 2, Boole’s inequality, together with (12.2.3) implies

o 27-1 k,
P(A) < z z P{E(CEIE, p§3)1/2

p=0 k=0
e—ﬂ

1 — e—(ﬂ—logZ)’

> (2B(p + 1))”2}

e o]
< Z 2P~ BlP+1) —
p=0

so that if f > 2 log 2, then P(4) < 2 exp(—f), so that
P(A) < 4e” . (12.24)

But for f < 2 log 2 this holds trivially (since P(A) < 1) and we can therefore
use (12.2.4) for all values of § > 0.
Next, note that on the complementary event A°,

1Lk, p)| < E((k, p))'2 - (2B(p + 1)'7?
forp=0,1,...;k=0,1,...,27 — 1, and that (12.2.1) implies that
E((k, p)*) < C27 ¢+ 1=,
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Thus, by (12.2.2) we conclude that on A,
© \ 1/2
1E() — £0)| < Y, CY227®*D22B(p + 1))'/? = (f_C) , say,
p=0 Cq

and that consequently, by (12.2.4),
C 1/2
P{ sup |£(0) — £0)1 > (5—) } < de"
0<r<1 4c,

The conclusion of the lemma now follows by choosing f = ¢,x?/C, since

P{ sup &(r) > x} < P{ sup |&(t) — &0)] > ;} + P{i(O) > ;}

0<t<1 0<t<1
<4 exp(— caxz) + %exp(— x—zz),
C 8
using the inequality in (12.2.3). O

With this result out of the way we return to the process {£(¢)} with mean
zero, variance one, and covariance function r(t). When considering the
distribution of continuous or discrete maxima like supy.,., ¢(t) and
max < j;<x £(jq) for small values of h, it is natural to condition on the value
of £(0). In fact, the local behaviour (12.1.1) of r(t) is reflected in the local
variation of £(t) around &(0). For normal processes this involves no difficulty
of definition if one considers &(t) only at a finite number of points, say
t=t;j=1,...,n, since conditional probabilities are then defined in terms
of ratios of density functions (cf. Section 7.5). Thus we can write, with t, = 0,

P{ max () < u} = f ) qb(x)P{ max &(t;) < u|é(0) = x} dx,

j=0,...,n ji=1,...,n

where the conditional probability can be expressed by means of a (con-

ditional) normal density function (cf. Chapter 10). In particular, the con-

ditional probability is determined by conditional means and covariances.
For maxima over an interval we have, e.g. with t; = hj27",j =0,...,2",

P{ sup &(t) < u} = lim P{max i) < u},
0<t<h n— oo tj
which by dominated convergence equals

’ ¢(x) lim P{max &(t;) < ul&0) = x} dx.

- n—o tj

Now, if the conditional means and covariances of £(t) given £(0) are such
that the normal process they define is continuous, we define

P{ sup &(t) < ulé0) = x}

O<t<h
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to be the probability that, in a continuous normal process with mean
E(&(t)|€(0) = x) and covariance function Cov(&(s), £(t)|£(0) = x), the
maximum does not exceed u. Then clearly

lim P{max &(t;) < ulé0) = x} = P{ sup &(t) < u|é(0) = x},

n— o 0<t<h

so that

tj

P{ sup &(1) < u} = J. ) ¢(x)P{ sup &(t) < ulé0) = x} dx.

0<t<h 0<t<h

In the applications below, the conditional distributions define a continuous
process, and we shall without further comment use relations like this.
To obtain nontrivial limits as u — oo we introduce the rescaled process

¢t = u(€(tq) — u),

where we shall let g tend to zero as u — co. Here we have to be a little more
specific about this convergence than in Chapter 8, and shall assume that
u?*q — a > 0, and let a tend to zero at a later stage.

Lemma 12.2.2. Suppose u — 00, q — 0 so that u**q — a > 0. Then
(i) the conditional distributions of £,(t) given that ¢£,(0) = x, are normal with
EC€01¢00) = x) = x — Ca®|t|*(1 + o(1)),
Cov(£u(s), £uIE0) = x) = Ca*(|s]* + [tI* — |t — s|*) + o(1)

where for fixed x the o(1) are uniform for max(|s|, |t|) < to, for all
to >0,
(ii) for allty > O there is a constant K, not depending on a or x, such that, for
Is], |t] < to,
Var(£.(s) — ¢(0)1Eu0) = x) < Ka*|t — s|
Proor. (i) Since the process {&,(¢)} is normal with mean —u? and covariance
function

Cov(&(s), ElD)) = wPr((t = 5)q)

we obtain (see, for example, Rao (1973, p. 522)) that the conditional distribu-
tions are normal with

EGOIE0) = %) = = + wr(ig) s (x + )

= —u? + (1 = Cq*|t]* + |t[*o(g™) (x + u?)
=x — (x + u?)(Cq*|t|" + |t|"0(q™)
=x — Ca®[t|"(1 + o(1)) asqg—0,
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since u?q* = a* > 0 and x is fixed. Furthermore,
Cov(&,(s), Elt)I€.0) = x) = w?(r((t — 5)g) — r(sq)r(tq))
= u*(1 — Cq*|t — 5" — (1 — Cg*|s|)
x (1 — Cq*[t]*) + o(q"))
Ca*(IsI* + [tI* — |t — sI) + o(1),

uniformly for max(|s|, |t|) < t,.

(i) Since ¢ (s) — &, (t) and £ (0) are normal with variances 2u?(1 —
r((t — s)q)) and u?, respectively, and covariance u*(r(sq) — r(tq)), we have,
for some constant K,

Var(€,(s) — E(0)1£(0) = x) = 2u*(1 — r((t — 5)g)) — u*(r(sq) — r(1q))*
< 2Cu*q*|t — sI* + o(uPq®|t — s|%)
< Ka*|t — s|%,

for |s}, |t] < to. O

The first step in the derivation of the tail distribution of M(h) =
sup{&(t); 0 < t < h} is to consider the maximum taken over a fixed number
of points, 0, ¢, ..., (n — 1)q.

Lemma 12.2.3. For each C there is a constant H,(n, a) < co such that, if
u— 0,q-0,u**q—a>0,then

1 ; o Cla
S P{ max &(jq) > u} CY*H (n, a).

0<j<n

ProoF. We have

P{ max £(jq) > u} = P{ max £,()) > 0}

0<j<n 0<j<n

= P{{,(0) > 0} + P{éu(()) < 0, max {,(j) > 0},
0<j<n
where P{£,0)> 0} = P{&(0) > u} =1 — ®(u) ~ ¢(u)/u. Since, furthermore,
¢ (0) is normal with mean —u? and variance u?, we have

P{fu(()) <0, max ¢,(j) > 0}

0<j<n

| x .
= f_ ” ¢(u + ;)P{ max &,(j) > 01£,0) = x} dx

0<j<n

0 2
= @ f_w exp(—x — 2x_uz>P{ max (£,(j) — x) > —x|£,0) = x} dx.

0<j<n

(12.2.5)
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By Lemma 12.2.2(i), for any fixed x,
E.()) — x|[0) = x) » —Ca?*|j[%
Cov(&, () — x, () — x|8,0) = x) - Ca*(Jil* + |jI* — |i —JI?)

as g — 0. Since limits of covariances are covariances, one can define normal

1.v.’s, Y(j),0 < j < n, with means and covariances depending on a = lim qu*/*,

E(Y.(j))) = —Ca*|jIf,
Cov(Y,(0), Yo())) = Ca*(fil* + [jI* = |i = jI").

Now convergence of moments implies convergence in distribution for jointly
normal r.v.’s (as can easily be seen, e.g. using characteristic functions). If
A = (—x, 00), (with boundary 64 = {—Xx}), then clearly

P{ max Ya(j)eaA} s”ilP{Ya(i) = —x}
0<j<n j=1

which is zero since the one-dimensional distributions of Y,(1), ..., Y,(n — 1)
are all continuous.
It follows that

P{ max (&) — x) > —x|&0) = x} - P{ max Y, (j) > —x}.

O0<j<n 0<j<n

To be able to use the dominated convergence theorem in (12.2.5) we note
that, by Lemma 12.2.2(i) for x < 0

P{ max (éu(.]) - X) > _x‘éu(o) = X}

0<j<n

< .ZIP{éu(i) = x> —x[50) = x}
j=
¢(cl _ C”x)

<n(l — B — "x)) <n— ~
¢ —c'x

for some constants ¢’, ¢” > 0. This shows that the convergence in (12.2.5) is
dominated, and we obtain

1 ] 0 -X - _
o P{ max ¢(jg) > u} -1+ j_we P{ max Y,(j) > x} dx < o0,

0<j<n 0<j<n

which proves the existence and finiteness of the constant H,(n, a). O

For future use we note the following expression for the constant H,(n, a):

H,(n,a) = C'”“(l + fo e“"P{ max Y(j) > —x} dx). (12.2.6)

0<j<n
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Lemma 12.2.4. Suppose u — o0, q — 0, u**q — a > 0, and take h such that
SUP, << 1t) < 1 for all ¢ > 0. Then, for each C,

(i) there is a constant H,(a) < oo such that

Hy(n, a)
—_—
na

H,(a) asn— oo,
and

1 , ]
P L 00 > 1} b

(ii) H(ay) > O for some ay > 0.
PROOF. (i) Let n be a fixed integer, write m = [h/nq], and

B, = { max &(jg) > u}.

mj<(r+1)n

Then

Cs

P<mOIB,) < P{ max £(jq) > u} < P(

r=0 0<jg<h

r)a
0

C'*H (n, a)

where, by Lemma 12.2.3,

P( U B,) < (m + 1)P(Bo) ~ (m + 1) 2 d’( )

huzl ()

CY*H (n, a)
na u

since 1/q ~ uZ/“/a by assumption. Hence

. H,(n, a)
lim su - max &(jg) > u} <hCV* 22~ <« 0. (1227
s i 00 na ’
Furthermore

P("D1 ) Z P(B) — Y P(B, nB)

r=0 r¥s
m-1
> mP(Bo) —m Y. P(B, N B,)
r=1
so that
.. 1 m=1 H,(n, a)
> Y/a 270\ 7
llﬁ <lnf W P(rgo B ) hC >
m—1
— lim sup ——— 2/a¢( i Z P(B, N B,)

= hCl/* H%‘—Q — pn, say. (12.2.8)
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We shall now show that

m—1

= lim sup g™ Z P(BonB)—>0 asn—o0. (1229)

ueo ¢( )u

By Boole’s inequality and stationarity

m Z P(B,nB)=m 2 P( U U {&Gg) > u &Gg) > u})

r=1 0<i<n rn<j<(r+1)n

n—1 mn

<mY, Y P{&q) > u, &(ig) > u}

i=0 j=n

<m 3 JPEO) > u, &) > u)

=1

+ mn mz P{E(0) > u, &(jq) > u}. (12.2.10)

j=n+1

To estimate these sums we use different techniques for small and large values
of jq. Let ¢ > O be such that

1>1—-r@) Z%lﬂ“ for [t| < e

Assume jq < ¢, and write r = r(jq). Since the conditional distribution of
&(jq) given &(0) = x, is normal with mean rx and variance 1 — r2,

P{E©0) > u, {(jg) > u} = quS(x)P{é(jq) > u|&(0) = x} dx
®© u— xr
- f $(x) <1 - @(m)) dx
u— Xxr @
-[-a-ea(i- o[ =)
® u
+fu(1—<1>(x» 2“’(\/1 )
<{- (I)(u)) / ))
@ u
+f.,“‘q’(“)) 2¢<¢1 )
~2(1 - (D(u))( ( /L= ))
) 2@ ( / )) (122.11)




226 12. Nondifferentiable Normal Processes

Here,

L—r r(jq)

* > Ki%a®u~ 2, 12.2.12
e 1+r(]q)_4|JqI j a’u ( )

for some constant K > 0, and thus if nq < &,

m¥. JPLEO) > u, &) > u}

j=1

my %% 1 - o /KFa)

j=1

u
~ ;" w1y 1 ¥ it - o(/KFa)

2/“¢(u) K’h 1

< Z ja — ®(/Kj*a*)) (12.2.13)

for some (generic) constant K'. Since 1 — ®(x) < ¢(x)/x the sum

(1 — O/ Kja®))

is convergent, and since nqg — 0 as u — oo (n fixed)

uMs

lim sup g™ Z JP{&O0) > u, &(jq) > u} = O(1/n). (12.2.14)

oo ¢( )u
For the second sum in (12.2.10) we get, again using (12.2.11) and (12.2.12),
as n — oo,
[e/q) K'h w?*d(u )
mn 3 PIEO)> u i) > 0} < 0 T (1 - o /KT,
j=n+1 j=n+1
(12.2.15)

where the sum is convergent. For terms with jqg > & we use the estimate from
Corollary 4.2.2, (using 6 = sup,.,, |7(t)| < 1),

2
PIEO) > 1, &Ug) > u} < (1 = B@)* + K’ exp( - %WDI)

which implies that

mn S P{EO) > u, &) > u}

Jj=le/q)+ 1

’ 2
< (g)z(l — ®(u))? + K'h Y exp(— ———u—)

e<ja<h 1+ |r(j)l
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Since again J < 1, this is bounded by

h? , K'n? u?
"]7(1 —_ (I)(u)) + q2 exp(—m)

w?*P(u) u u? 1-96
- / w2z 1
u K u?leg? P\ T 1T +oll)

= ”Z/Z‘f’(”) o(l) asu— oo, (12.2.16)

since u/(u**q*) ~ u'*?*/a?,
Together, (12.2.15) and (12.2.16) imply that

ln’fx_}?p 2/°’¢( ™ %11’{5(0) > u, &(jg) > u}

=K Y (1-®/Ki*a®)) -0 asn— o,
j=n+1
and combining this with (12.2.14) and (12.2.10) we obtain (12.2.9).
Thus we have shown that

peve, Him @) pp < lim inf max £(jq) > u

1
na oo 2’"¢( )/u P{O<quh }

< llm_’sup S ¢ G {Omgxhé(jq) > u}

< hCl/a . a(n, a)
- na

2

where p, — 0 as n - 0. Since H,(n, a) < oo for all n, and thelim inf and
lim sup do not depend on n, this implies the existence of

B9 _ o,
na

which is then the joint value of lim inf and lim sup. Furthermore this proves
that H,(a) < .

(ii) Again take ¢ > 0 small enough to make (12.1.2) hold for |jg| < e.
Applying (12.2.11) we obtain for |h]| < ¢,

P{ max &(jq) > u}

0<jg<h

> [h/q]P{4(0) > u} — [h/q] Y. P{&0) > u, &(jg) > u}

0<jg<h

T
> [h/q](1 — () — 2[h/q] . 2 h¢f,u)( q’(“ TJ}—:((%))

$() g .
>[hiq] = (1 +o(1) =2 Zl (1 — @ /Kf‘a“))).
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But [/q] ~ (h/a)u®"*, and
[h/q]+ 1

Z (1 — o(/Kj*a*)) < Z(l — ®(/Kj*a%))

Z oG/ Kj*a*)
j=1 ./K]a

and hence there is then certainly one g, that makes the sum less than 1/2,
giving P{maxo . ;, <4 £(jq) > u} = nu**¢p(u)/u for some n > 0, from which
(ii) clearly follows. O

-0 asa-— o0,

The following three lemmas relate the continuous maximum supg <, <, &(t)
to the discrete one max, ¢ j, <4 £(jq). We first prove that we can neglect the
probability that the discrete maximum is less than u — y/u and the continuous
is greater than u, as y = af — 0.

Lemma 12.2.5. Let u — 00, ¢ = 0, u?*q —» a > 0, and let y = a® for some
positive constant § < oz/2 Then

. Y
v, = lim su - max &(jq) < u ——, sup é(t)>u}—>0
u—»aop WP P(u)fu (b( )u {Oqush ) U o<t<h
asa— 0.
PrOOF. By Boole’s inequality and stationarity

P{ max &(jg) < u — %, sup &(t) > u}

O0<jg<h O<t<h

< ([h/g] + 1) P{é(O) <u-1, sup &) > u},
<t<q
and with &,(s) = u(é(sq) — u), we can write

P{:(O) <u—2L sup &) > u}

0<t<g

= P{éu(O) < —y, sup & (s) > 0}

0<s<1

_ f l¢(u + X)p{ sup £,(s) > 0]£,0) = y} dy
y=—oo U u 0<s<1

By Lemma 12.2.2(i), the conditional distributions of £,(s) given £,(0) =y
are normal with mean

us) =y — Ca*|s|’(1 + o(1)) asq—0
with the o(1) uniform in |s| < 1. Here u(s) < y for small g, and

P{ sup ¢,(s) > 01,0) = Y} < P{ sup (Su(s) — u(s)) > —y1¢(0) = y},

O0ss<1 0<s<1
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where, conditional on £,(0), £,(s) — u(s) is a nonstationary normal process
with mean zero and, by Lemma 12.2.2(ii), incremental variance

Var(§,(s) — Cu®)1E.0) = y) < Ka*|t — s,

for some constant K which is independent of a and y. Fernique’s lemma
(Lemma 12.2.1) implies that, with ¢ = ¢/K,

P{ sup (£.(s) — u(s)) > ~yl&.0) = y} < 4exp(—ca™*y?),

O0<s<1

and thus, using K and ¢ as generic constants,

1
RLIYRYS P{ max ¢(jg) <u — X sup &(t) > u}

0<jg<h U o<t<h

Kh Y y -2
< —__—qu”“(ﬁ(u) f_wd)(u + a) -exp(—ca™*y*) dy
K =7
< P J exp(—y—ca~%y?) dy

K -7 —a,,2
s ) exp(—ca™°y*) dy
~ Ka*?7'®(—caf~%?).

Clearly, this tends to zero as a — 0, since f < a/2, which proves the lemma.

O

Lemma 12.2.6. If u — 00, q = 0,u**q — a > 0, and y = a” for some constant
p > 0, then, with h as in Lemma 12.2.4,

. 1 y
lim ———— P{u — = < max &(jg) < u} = h(e? — 1)CY*H (a).
u— 0 uZ/ ¢(“)/u { u O0<jg<h / ( )

PROOF. Since u?*q — a > 0 implies (u — y/u)*>*q — a, and since furthermore

(u _ 2)2/“ O — i), u9()

u u— y/u u

as u — oo, it follows from Lemma 12.2.4(i) that

1
uz/md)(u)/u P{u - g < max 5(161) = u}

0<jg<h

1 - . .
~ g (28,800 > = 1 = | s 00 >
- he’C'*H (a) — hC'*H (a). O
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Lemma 12.2.7. Under the conditions of Lemma 12.2.4,

. e 1
(i) hC'*H (a) < lim inf W P{ sup &(t) > u}

u—oo 0<t<h
1
< lim sup —_——— P{ su c(t)>u}
S R (uu {p

< v, + h(e" — 1)CY*H (a) + hCY*H (a) < o0,  (12.2.17)

fory = af, where, by Lemma 12.2.5, v, > 0 as a — 0,

(ii) lim H(a) = H,, say
a—0
exists finite, and
1
—e——— P4 sup &(1) > u} - hCY*H,, (12.2.18)
u*d(u)/u {Ostgh

(iii) H, is independent of C.
PRrROOF. Since

P{ max &(jg) > u} < P{ sup &(t) > u}

0<jg<h 0<t<h

< P{ max &(jgq) < u — 2, sup &(t) > u}

0<jg<h U o<i<h

+ P{u — g < max &(jq) < u}

0<jg<h

+ P{ max &(jq) > u},

0<jg<h

part (i) follows directly from Lemmas 12.2.4, 12.2.5, and 12.2.6.
Further, the middle limits in (12.2.17) are independent of a, and it follows
that lim sup,_. o H{a) < oo. Therefore

h(e? — 1)CY*H (a) -» 0

as a — 0, and since v, — 0 it follows as in the proof of Lemma 12.2.4(i)
that lim,_,, H,(a) exists, finite and (12.2.18) holds.
For part (iii), note that if {(¢) satisfies (12.1.1) then the covariance function
7(t) of &(t) = &(t/C/*) satisfies
ft)=1—|t]*+ o(|7]*) ast—0O0.
Furthermore,

1 1 s
~—m—— P{ su ft>u}=aAP{ su é(t>u},
G {p ® TR W A
which by (ii) shows that H, does not depend on C. O
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One immediate consequence of (12.2.18) and Lemma 12.2.4(i) is that

1
lim sup ———a———P{ max &(jq) < u, sup &(t) > u}
U= u?/ d(w)/u 0<jg<h o) OSzIs)h )

= lim sup (———1—— P{ sup &(t) > u}

U= uz/a(ﬁ(“)/u O<t<h

1 .
L0 P{o‘:‘;’;f‘f‘” > })
= hCY*(H, — H(a)) » 0 asa — 0. (12.2.19)

Of course, (12.2.18) has its main interest if H, > 0, but to prove this requires
a little further work as follows.

Lemma 12.2.8. H, > 0.
PRrOOF. We have from Lemma 12.2.4(i) and (ii) that there is an a, > 0 such
that

H,(ag) = lim 2<™ %)
n—w hay

Let the Y,(j) be as in the proof of Lemma 12.2.3, i.e. normal with mean
—Ca*|j|* and covariances Ca*(|i|* + |j|* — |j — i|). Then we have from
(12.2.6),

0
CY*H,(n,a) = 1 + f e""P{ max Y(j) > —x} dx,

0<j<n

0
CYeH (nk,a) =1 + J‘ e"‘P{ max Y(j) > —x} dx,

0<j<nk
0
C'*H,(n,ak) = 1 + J‘ e"‘P{ max Y,(j) > —x} dx.
-~ 0<j<n
Here Y,(jk), j = 1,..., n have the same distributions as Y,(j),j = 1,...,n,
which implies
H,(n, ak) < H(nk, a)

fork = 1,2,...,ther.v’sin H,(n, ak) forming a subset of those appearing in
H (nk, a). Thus

. H,n,ay) . H,(nk, ay/k)
_— —_— <L —_— =
0 < H,(a,) 3{{2 = 31:1; k- (ao/k) H (ay/k),
and since H,(ay/k) = H, as k — o, the lemma follows. O

By combining Lemmas 12.2.7 and 12.2.8 we obtain the tail of the distribu-
tion of the maximum M(h) = sup{&(t); 0 < t < h} over a fixed interval.
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Theorem 12.2.9. If r(t) satisfies (12.1.1), then for each fixed h > 0 such that
SUP,<;<p 1(t) = 0, < 1 foralle > 0,

i T Sy

where H, > 0 is a finite constant depending only on o.

P{M(h) > u} = hCV*H,,

Remark 12.2.10. In the proof of Theorem 12.2.9 we obtained the existence
of the constant H, by rather tricky estimates, starting with

0
H,(n,a) = C””"(l + f e"‘P{ max Y,(j) > —x} dx).
—® 0<j<n
By pursuing these estimates further one can obtain a related expression
for H,,

0

H,= lim T! e"‘P{ sup Yo(t) > -—x} dx,
T-wo -0 0<t<T

where {Y,(t)} is a nonstationary normal process with mean —|¢|* and

covariances |s|* + |t|* — [t — s|*. However, this does not seem to be very

instructive, nor of much help in computing H,,.

It should be noted, though, that the proper time-normalization of the
distribution of M(h) only depends on the covariance function through the
time-scale C'/* and on the constant H,. Therefore, if one can find the limiting
form of the tail of the distribution of M(h) (for some h) for one single process
satisfying (12.1.1) one also knows the value of H, for that particular a. For
o = 2 this is easily done, by considering the simple cosine-process (7.4.3).
By comparing (7.4.7) and Theorem 12.2.9, we find H, = 1 /ﬁ.

The only other value of a for which the tail of the distribution of M(h)
has been found is « = 1. In fact, explicit expressions for the entire distribution
of M(h) are known for the normal process with triangular covariance func-
tion #(t) =1 — |t], |t] < 1, see Slepian (1961), and as a result one has
H, = 1. In particular, this shows that for the Ornstein—-Uhlenbeck process,
with (t) = exp(— |t]), P{M(h) > u} ~ hud(u). O

Before proceeding to the maxima over increasing intervals we formulate
the following lemma for later reference.

Lemma 12.2.11. Suppose {é(t)} satisfies (12.1.1), let h > O be fixed such that
SUP,<,<n 1(t) < 1 for all ¢ >0, and let u — 0, ¢ - 0, u*’*q > a > 0. Then
for every interval I of length h,

0 < P{¢(jq) < u, jge I} — P{M(I) < u} < php, + o(p),

where u = CYP"H, u**¢(u)/u, p, = 1 — H a)/H,—»0 as a—0, and the
o(u)-term is the same for all intervals of length h.
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Proor. By stationarity

0 < P{{(jg) < u,jgel} — P{M(I) < u}
< P{&0) > u} + P{l(jg) < u, jq [0, h]} — P{M(h) < u},

where P{£(0) > u} < ¢(u)/u = o(u). Therefore the result is immediate from
Lemma 12.2.4(i),

u“P{ max &(jg) > u} H(a) + o(1),

0<jg<h

and (12.2.18),
u *P{M(h) > u} = h + o(l). .

12.3. Maxima Over Increasing Intervals

The covariance condition (8.1.2), i.e. 7(t) log t = 0 as t — 0, is also sufficient
to establish the double exponential limit for the maximum M(T) =
sup{¢(t); 0 < t < T} in this general case. We then let T — o0, u — oo so that

Tu = TCY*H,u**$(u)/u — 1t > 0,
ie. TP{M(h) > u} — th. Taking logarithms we get
2
log T + log(CY*H ,(2m)~1/?) + log u-— %— - log 1,
implying
u* ~2logT,
orlogu = %log2 + $loglog T + o(1), which gives

u2=210gT+2—aloglogT—2logr

+ 2 log(C'*H (2m)~ 1222 ~9/23) 1 o(1). (12.3.1)

Lemma 12.3.1. Let ¢ > 0 be given, and suppose (12.1.1) and (8.1.2) both hold.
Let T~ t/u for © > 0 fixed and with pu = CY*H, u**¢(u)/u, so that u ~
(2log T)'? as T— co, and let g — 0 as u — co in such a way that u*°q —
a > 0. Then

T u?
- rkg)| exp{ — ——————>—>0 as T— o0. 12.3.2
esgql (kq)| P{ T+ (kg )l} ( )

ProoF. This lemma corresponds to Lemma 8.1.1. First, we split the sum in
(12.3.2) at T*, where B is a constant such that 0 < § < (1 — 8)/(1 + &),
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o0 =sup{|r(t)|;t = ¢} < 1. Then, with the generic constant K, since
exp(—u?/2) < K/T,u* ~ 2log T,

T u2 Tﬂ"‘l u2
— |r(kq)| ex {—— }S ex {————}
q ssquéTﬁ W)l exp 1 + |r(kq)| 7 P10
K
B+ 1-2/(149) 2/arf+1-2/(1+8)
< . T + + (uZ/Gq)Z (log T) T
-0 asT- oo,
and u**q — a > 0.

With 6(¢t) = sup{|r(s) log s|; s > t}, we have |r(t)| < &t)/logt ast — oo,
and hence for kq > T,

2 5(T*)
e"p{_ 1+ |r(kq)|} = e"p{" u? (1 " og T”)}’

so that the remaining sum is bounded by

T 5(Tﬂ))}
— r(kq)| ex —uz(l—
ALC) p{ o
T\? . MTH\] 1 g
L —u2f1 - 4 kq)| log kq.
s(q) exp{ u (1 e )P s I M@l oz kg

(12.3.3)

Since r(t) log t — 0, we also have
4 Y |r(kq)|log kg0
T 18 kq<T
as T — oo, while for the remaining factor in (12.3.3) we have to use the more
precise estimate from (12.3.1),
2—a

u*=2log T+ log log T + 0(1).

o
Since 6(t) — 0 as t — oo, we see that for some constant K > 0, since f < 1,

exp _u2 1— 5(Tﬂ) < Kexp(_uZ) < KT—Z(log T)_(Z_a)/a.
log T#){ — =

Thus, since u?> ~ 2 log T and u**q — a,

T T*
T 5 mton] (1~ 1)

TA<kg<T

< T 2T‘Z(log T)“‘Z'“’/“—l—o(l)
~\q log T#

1 —a- 1
= W(log T)Z/G(log T) (2 -a)/a mo(l) — 0(1),

and this concludes the proof of the lemma. O
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We can now proceed along similar lines to the proof of Theorem 8.2.5.
First, take a fixed h > 0, write n = [T/h], and divide [0, nh] into h intervals
of length h, and then split each interval into subintervals I, I¥ of length
h — gand ¢, respectively. We then show asymptotic independence of maxima,
first giving the following lemmas, corresponding to Lemmas 8.2.3 and 8.2.4,
respectively.

Lemma 12.3.2. Suppose u — oo, q -0, u?*q —a >0, (12.1.1) holds, and
Tu— 1> 0. Then

€

@) lim sup P{M(O Ik) < u} — P{M(nh) <u}| <1 W
U= 1
(i) lim sup P{é(jq) < u,jqe(')u} - P{M(O Ik) < u} < pa;
u—w 1 1

where p, > O asa — 0.

PRroOF. Part (i) follows at once from Boole’s inequality and Theorem 12.2.9,
since

0< P{M(C) 1k> < u} — P{M(nh) < u} < nP{M(I¥) > u} ~nug > 1 -%,
1

since nu ~ Tu/h — t/h.
Part (ii) follows similarly from Lemma 12.2.11, which implies

0< P{é(jq) <ujgel) Ik} - P{M(O u) < u}
1 1
< n max(P{E(jq) < u, ja€ Iy — PIM(L) < u})

< nu(h — €)p, + no(u) r(l - %)pa < P,

where p, = 1 — H(a)/H, —» 0asa— 0. O

Lemma 12.3.3. Let r(t) » 0 as t — oo, and suppose that, as u**q — a > 0,
(12.3.2) holds for each ¢ > 0. Then, as T — oo, u**q — a,

o) P{é(jq) <ujge|) Ik} — [TP(EG0) < wjacky >0,

<1 +E
- pa h’

(ii) lim sup

u—>aoo

[I P{&(jg) < u,jge .} — P"{M(h) < u}

k=1

where p, - 0 asa — 0.
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ProoOF. The proof of part (i) is identical to that of Lemma 8.2.4(i). As for
part (ii),

0< TP s wiaeld — [1PIM) < )

k=1
7l 1 ¢ <7
— — —
hpa pa

as in the proof of Lemma 12.3.2(ii), which does not use dependence or
independence between variables in different intervals. Furthermore, by
stationarity

0 < [ PIM(L) < u} — PHM(K) < u}
k=1
= P"{M(l,) < u} — P"{M(h) < u}
< n(P{M(I,) < u} — P{M(h) < u})

SnP{M(Il)>u}~nu8—»r-%. O

Theorem 12.3.4. Let {&(t)} be a stationary normal process with zero mean and
suppose r(t) satisfies (12.1.1) and (8.1.2), i.e.

r®)=1—-CJt]* + o(|t|*) ast—0
and
r(t)logt -0 ast— oo.
Ifu = up — oo so that Tu = TC'*H u**¢(u)/u — © > 0, then
PM(T)<u} e * asT— 0.

ProoF. By Lemma 12.3.1, condition (12.3.2) of Lemma 12.3.3 is satisfied, and
by Lemmas 12.3.2 and 12.3.3 we then have

lim sup | P{M(nh) < u} — P(M(h) < u}| < 2‘6(p,, ; g)
where p, — 0 as a — 0. Letting ¢ - 0 and a — 0 this shows that

lim (P{M(nh) < u} — P"{M(h) < u}) = O.

u— o

By Theorem 12.2.9, P{M(h) < u} = 1 — uh + o(p) and hence, as u ~ /T,
n ~ T/h,

P{MM) <u} =00 — ph+ o) = e~
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Since furthermore
M(nh) < M(T) < M((n + Dh),
this proves the theorem. O
As is easily checked, the choice ur = x/ay + by, with ar and by given

by (12.1.2), satisfies Tu — 7 = e~ cf. (12.3.1), and we immediately have the
following theorem.

Theorem 12.3.5. Suppose {£(t)} satisfies the conditions of Theorem 1234,
and that, with H, as in Remark 12.2.10,
ar = (2 log T)”Z’

1

br =21 L E
r=Q2logT) +(210gT)1/2

2
Then P{ar(M(T) — br) < x} - exp(—e *)as T — .

X{z —a log log T + 10g(C”“Ha(27z)’ 1/22(2—-a)/2a)}.

12.4. Asymptotic Properties of e-upcrossings

As mentioned in Section 12.1, the asymptotic Poisson character of up-
crossings applies also to nondifferentiable normal processes, if one considers
g-upcrossings instead of ordinary upcrossings. To prove this, we need to
evaluate the expectation of N, (T), the number of e-upcrossings of u by
0t < T

Lemma 12.4.1. Suppose r(t) satisfies (12.1.1). Then, with h as in Theorem
12.2.9, with ¢ = h/2,

. E(N, (1
lm i =
Proor. Write

A = {&(t) > ufor some te(—¢, 0]},
B = {&(t) > ufor some t €(0, &)}.
From Theorem 12.2.9 we have, for 2¢ < h, as u — oo,
P(A U B) ~ 2eCY*H u?*~1¢(u),
P(4) ~ eC'™"H,u**~ 1 (u),
P(B) ~ ¢CY*H u**~1¢(u).
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Hence
P(B N A%) = P(A UB) — P(A) ~ eCY*H u*"* " 1¢(u),
and
P(B N A°) < P{N, [(¢) = 1} = E(N, (¢€)) < P(B),

since there is at most one g-upcrossing in [0, ¢]. Hence
E(N,,(¢)) ~ eC'*H, u**" ' (u)
and thus

BN, (1)) = £ BN, 0) ~ CYH 12~ (0
as required. O

In particular, the lemma implies that asymptotically the mean number of
g-upcrossings of a suitably increasing level is independent of the choice of
e > 0, (¢ < h/2), and this leads us directly to the following Poisson result
obtained in Lindgren et al. (1975). Let N* be the point process on (0, c0)
defined by

N#(B) = N, (T B),

where the level u is chosen so that Ty = TCY*H u**¢(u)/u ~ © > 0, and
let N be a Poisson process with intensity 1.

Theorem 12.4.2. Suppose that the assumptions of Theorem 12.3.4 are satisfied.
Then the time-normalized point process N% of e-upcrossings of the level u
converges in distribution to N as u — oo, where N is a Poisson process with
intensity T on the positive real line.

PRrROOF. As in the proof of Theorem 9.1.2 we only have to check that for
O<cxd

(a) limy_, , E(NF((c, d])) = E(N((c, d])) = 1(d — ¢),andif R; = (c;, d;] (dis-
joint), U = { Jo; R;, then

(b) P{NX(U) = 0} - P{N(U) = 0} = ﬁ e

By Lemma 12.4.1, E(N3((c, d])) = E(N, ((Tc, Td])) = TE(N, ((c, d])) ~
T(d — c)u ~ 1(d — ¢), which proves (a). For part (b) the same steps as
in the proof of Theorem 9.1.2 go through, with only obvious changes. [

In previous chapters we have encountered a variety of results, related
to the Poisson convergence of upcrossings of an increasing level. There are
no further difficulties in extending these results to cover e-upcrossings.
However, we do not want to lengthen an already long journey over an ocean
of lemmas. We mention that a little further generality may be obtained
throughout by including a function of slow growth (or perhaps slow decrease)
instead of C in (12.1.1). This has been considered by Berman (1971b), and
also by Qualls and Watanabe (1972).
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12.5. Weaker Conditions at Infinity

As already noted, the above extremal results may also be generalized by
weakening the condition (8.1.2), which describes the behaviour of the cor-
relation at distant points. We shall proceed as in the discrete case (Section
4.5), following Leadbetter et al. (1978) and Mittal (1979). Of course, we
cannot expect a substantial weakening of (8.1.2) since it is clearly close to
being a necessary condition.

Let h(t) be any function and define

0r(h) = {te (0, T]; |r(*)| log t > h(r)},
l7(h) = Lebesgue measure of 0,(h). (12.5.1)

By analogy with the conditions for discrete time we will place restrictions on
the amount of time that |r(t)| log ¢ is large by requiring that there is some
nonincreasing function h with h(t) | 0 as ¢ T co such that

I(h) = O(T/(log T)y") for somey > max(0,1 — 1/a)  (125.2)
and some constant K > 0 such that
I{(K) = 0O(T") forsomen < 1. (12.5.3)

Obviously, the condition r(t)logt— 0 as t — oo implies that 6,(h) is
empty if, e.g. h(t) = sup,,, |r(s)| log s, so that (12.5.2) is actually weaker
than (8.1.2); see Mittal (1979) for examples. In fact, (12.5.2) is also weaker
than some other conditions which have been used on occasions. For example,
since [J |r(t)|Pdt > Ir(W)(W(T)/log T)? if h is decreasing, [ r’(t)dt < oo
implies that [p(h) = O((log T/h(T))*) for all h, so that (12.5.2) is indeed
weaker than the condition jg° r2(t) dt < oo, sometimes used in the literature.

Theorem 12.5.1. Let &(t) be a (zero mean) stationary normal process with
covariance function r(t) -» 0 as t — oo, and satisfying (12.1.1), (12.5.2), and
(12.5.3). Let u = up — o0 so that Tu — t© > 0. Then

PM(T)<u}—»e™ " as T- 0.
PrOOF. In the proof of Theorem 12.3.4 the condition (8.1.2) was used
exclusively to prove (12.3.2). Thus, to prove the theorem, let u » coas T — oo
so that T ~ t/u with t > 0 fixed and u = CY*H_u**¢(u)/u, and take g — 0

so that u*q — a > 0. Then, as we shall see, (12.1.1) and (12.5.1)-(12.5.3)
imply that for ¢ > 0,

T u?
—_— rk €X ——— e —PO
7 gD p{ 1+ Ir(kq)l}

as T — oo, proving the theorem.
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Let p(t) = sup,s, |1(s)], let fsatisfy 0 < f < (1 — 3)/(1 + S) for 6 = p(e),
and split the sum in (12.3.2) into two parts at T?, i.e., let Z’ be the sum over
¢ < kg < T* and )" the sum over T? < kq < T. As in the proof of Lemma
12.3.1

T
o

if qu** > a > 0.

For the remaining sum )" we need a bound on the number of terms
for which |r(kq)|log kq is not bounded by a small function. Define, for a
function h,

np(h) = # {k; T® < kq < T, |r(kq)| log kq > h(kq)}

in analogy with [1(h) in (12.5.1).
Since r(t) satisfies a Lipschitz condition at 0 it does so uniformly for all t.
In fact, if &' < min(1, &) then

2
|r(kq)] exp{— ——} -0
T8

T u
q e<kqg< | + lr(kq)l

Ir(t + 5) — r(®)| < C|s|*,

for some constant C, see Boas (1967, Theorem 1). We will use this to give a
bound for ny(h) in terms of I(h/2). Let y be as in condition (12.5.2) and take
o such that a/(1 + ya) < o' < min(1, o). Note that we can always find such
an o and that 1/¢' — 1/a — y < 0. We will show that for all nonincreasing

functions h,
(log T\'™*  (h
np(h) < C (~h(—T)—) lT(f)’ (12.5.4)

if T is large enough. Since, for t > kq > 1, |r(t)|logt > (|r(kq)| — C|t —
kq|*) log kq we see that if
|r(kq)| log kq > h(kq)
and t < T'is such that
WT) \Y=
k t<k —
a<t<ta+ <2C log T)

then

|r(t)] log t > %Q

We have g ~ a/u?? u ~ (2 log T)"/? and thus

1/a
h(T) (lOg T)—l/a'-f‘l/!l -0

(h(T)/log T)"'*/q ~

since a > o. This implies that for T large enough the kg which contribute to
ny(h) also contribute disjoint intervals of length (h(T)/(2C log T))* to
I7(h/2), and we get (12.5.4) with C' = QC)!/*.
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We can now proceed by splitting the sum )" according to whether
kq € 0:(2K) or not. Recalling the notation p(t) = sup,,|r(s)}, we have

T T u?
) lﬂww{—-*—}
rRA P U T+ kgl
T u?
< E nT(ZK) exp{—- T[)(Tﬂj}
T 2K
+ = |r(kq)lex {—uz (1 - _)} 12.5.5
qd 1r<Kgs< T{chqeoT(zmv ? P log T* ( )

(where the ¢ denotes complement). For large T, the bound (12.5.4) applies
to np(2K), and therefore the first term in (12.5.5) is

T [log T\'* C ,
o (25 KT 2/ +p@h) - 1/a
C p ( 2K ) I(K)T e (log T)
as T — oo, since < 1 by (12.5.3) and since p(T*?) — 0.

The second term in (12.5.5) is bounded by

T\? 2K 1 9 =
(;1—) exp{—uz(l ~ Blog T)} BlogT T 2 Irtkllog ka = Fy ‘F212.5.6)

say, where the sum is extended over all kg such that T? < kg < T and
kq e 0(2K)°. We will see that F, is bounded and that F, >0 as T > o
so that F, - F, — 0. We start with F,, introducing the function & that appears
in (12.5.2) and split the sum according to whether kq € 04(2h) or not, giving

F; = = ¥ Irkg)| log kq

IA

q q

Z Z + L

T kqe@r(2h)c T kqebT(2h)nOT(2K)C
kg<T

<2 Toprsy + 2. 2kn2h)
q T

log T\
< 2W(T% + 2KC'
(1%) + 2kC & ( hm) I(h)

= 2h(T*) + K(T)™ "(log T)"* ~ 1=~ "(u2/g)0(1)

say, by condition (12.5.2). Since 1/a' — 1/a — y < 0, we can deduce that
F, >0 as T - oo, provided h(t) decreases sufficiently slowly. Note that if
(12.5.2) is satisfied for some function h, then it is satisfied for all functions
which decrease more slowly. The remaining factor F, in (12.5.6) is given by

T\? 2 2K 1
F, = (—q—) exp{~u (1 — Biog T)}ﬂlog T
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Using the fact that u?> = 2log T + 2(1/x — %) log log T + O(1) we obtain
0oQ1) 1 1 o)
-z =7 - .
q* log T eXp{ (a 2)log toe T} q*(log T)** om

Thus, F, - F, = 0, and we have proved that also the second term in (12.5.5)
tends to zero, which completes the proof of the theorem. O

Remark 12.5.2. As in discrete time, one would be inclined to consider a
condition like

3 S nkg)|log kq exp{y|r(kg)| log kg} - 0 (12.5.7)

T TB<kgsT

as T — oo, for some f < 1,7 > 2 which in fact can replace (12.5.2). However,
(12.5.7) contains the somewhat arbitrary spacing g, and a more natural
condition for a continuous time process would restrict the size of

T
J; [r(t)| log t exp{y|r(t)| log t} dt.

However, it is not clear how this might be done, in relation to (12.5.7). 0O



CHAPTER 13
Extremes of Continuous Parameter
Stationary Processes

Our primary task in this chapter will be to discuss continuous parameter
analogues of the sequence results of Chapter 3, and, in particular, to obtain
a corresponding version of the Extremal Types Theorem which applies
in the continuous parameter case. This will be taken up in the first section,
using a continuous parameter analogue of the dependence restriction
D(u,). Limits for probabilities P{M(T) < uy} are then considered for arbitrary
families of constants {u;}, leading, in particular, to a determination of
domains of attraction.

The theory is applied in two cases—first to normal processes, providing
an alternative approach to the derivation of the results of Chapter 12, and
then to stationary processes with finite upcrossing intensities. Finally, for this
latter class, general Poisson results are obtained for upcrossings of high
levels, giving, as applications, asymptotic distributions (and joint distribu-
tions) of kth largest local maxima.

13.1. The Extremal Types Theorem

Throughout this chapter we consider a (strictly) stationary process
{&(t); t = 0} satisfying the general conditions stated at the start of Chapter 7.
In particular, it will be assumed that £(¢) has a.s. continuous sample functions,
continuous one-dimensional distributions, and that the underlying prob-
ability space is complete. As shown in Lemma 7.1.1, it then follows that
M(I) = sup{{(t); tel} is a r.v. for any interval I and, in particular, so is
M(T) = M((0, T]).

Our main interest in this section concerns asymptotic distributional
properties of M(T), and especially what forms of nondegenerate limiting
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distribution are possible, in the sense that P{a(M(T) — b;) < x} converges
to a nondegenerate d.f. G for some constants ar > 0,b;,as T — o0. Following
Leadbetter and Rootzen (1982), we shall find that interesting forms of the
Extremal Types Theorem hold under natural continuous parameter ana-
logues of the dependence restriction used in the discrete case. In fact our
approach to the continuous situation is to relate it to the discrete case as in
Chapter 8 by considering a sequence of “submaxima”. Specifically, for
some i > 0 (to be conveniently chosen) let

(i =sup{é(t); (i — Dh <t < ih}, (13.1.1)
so that for anyn = 1, 2,... we have

M(nh) = max({y, Las .o s ). (13.12)

It is apparent that the properties of M(T) as T — oo may be obtained from
those of M(nh) by writing n = [T/h] and thus approximating T by nh.

As noted above, we shall consider a continuous parameter analogue (to
be called C(u7)) of the condition D(u,), used for sequences. The condition
C(uy) will be used in ensuring that the stationary sequence {{,} defined by
(13.1.1) satisfies D(u,). However, before introducing this condition we note
a preliminary form of the Extremal Types Theorem which simply assumes that
the sequence {{,} satisfies D(u,). This result follows immediately from the
sequence case and clearly illustrates the central ideas required in the con-
tinuous parameter context. The more complete version (Theorem 13.1.5) to
be given later, of course simply requires finding appropriate conditions, of
which the main one will be C(uz), on £(t), to guarantee that {{,} will satisfy
D(u,).

Theorem 13.1.1. Suppose that for some families of constants {ay > 0}, {b+},
P{a;(M(T) — b)) < x} 5 G(x) asT - © (13.1.3)

for some nondegenerate G, and that the {(,} sequence defined by (13.1.1)
satisfies D(u,) whenever u, = x/a,, + b, for some fixed h > 0 and all real x.
Then G is one of the three extreme value types.

Proor. Since (13.1.3) holds, in particular, as T — oo through values nh and
the {,-sequence is clearly stationary, the result follows by replacing ¢, by {,
in Theorem 3.3.3 and using (13.1.2).

Although we shall not make further use of the fact, it is interesting to note
that this at once implies that the Extremal Types Theorem holds under
“strong mixing” assumptions as the following corollary shows.

Corollary 13.1.2. Theorem 13.1.1 holds, in particular, if the D(u,) condition
is replaced by the assumption that {&(t)} is strongly mixing. For then the
sequence {{,} is strongly mixing and hence satisfies D(u,).
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We now introduce the continuous analogue of the condition D(u,), stated
in terms of the finite-dimensional distribution functions F,, ..., of &(t),
again writing F, .., (u) for F, .., (u,...,u). The points t; will be members
of a discrete set {jg,;j=1,2,3,...} where {g;} is a family of constants
tending to zero as T — oo at a rate to be specified later.

The condition C(uy) will be said to hold for the process &(t) and the family
of constants {ur; T > 0}, with respect to the constants q — 0, if for any points
§1 <8, < <5, <ty <---<t, belonging to {kqr;0 < kqr < T} and
satisfying t; — s, > y, we have

|Foysysty oty i) = Fayooy p)Fyy o (up)| S 0p,  (13.14)

where ay . — 0 for some family yr = o(T), as T — o0.

As in the discrete case we may (and do) take ar , to be nonincreasing as y
increases and also note that the condition ay , — 0 for some yr = o(T)
may be replaced by

or,ar—=0 as T — oo (13.1.5)

for each fixed 1 > 0.

The D(u,) condition for {{,} required in Theorem 13.1.1 will now be
related to C(ur) by approximating crossings and extremes of the continuous
parameter process, by corresponding quantities for a “sampled version”.
To achieve the approximation we require two conditions involving the
maximum of &(¢) in fixed (small) time intervals. These conditions are given
here in a form which applies very generally—readily verifiable sufficient
conditions for important cases are given later in this chapter.

It will be convenient to introduce a function y(u) which will generally
describe the form of the tail of the distribution of the maximum M(h) in a
fixed interval (0, h] as u becomes large. Specifically as needed we shall make
one or more of the following successively stronger assumptions:

P{&(0) > u} = o(Y(w)), (13.1.6)
P{M(q) > u} = o(Y(u)) foranygqg =q(u)—0 asu— oo,
(13.1.7)
there exists by > 0 such that
lim sup %‘ﬁ <1 forO<h<hy, (13.1.8)
P{M(h) > u} ~hf(u) asu—>oo for0<h<h,. (13.1.9)

Note that equation (13.1.9) commonly holds and specifies that the tail
of the distribution of M(h) is asymptotically proportional to y(u), whereas
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(13.1.8) is a weaker assumption which is sometimes convenient as a sufficient
condition for the yet weaker (13.1.7) and (13.1.6). As we shall see later, ¥()
can also be identified with the mean number of upcrossings of the level u
per unit time, p(u), in important cases when this is finite. In any case it is, of
course, possible to define y(u) to be P{M(hy) > u}/h, for some fixed hy > 0,
or some asymptotically equivalent function and then attempt to verify any
of the above conditions which may be needed.

We shall also require an assumption relating “continuous and discrete”
maxima in fixed intervals. Specifically we assume, as required, that for each
a > 0 there is a family of constants {q} = {q,(4)} tending to zero as u —» o
for each a > 0, such that for any fixed h > 0,

lim sup L M®) > ¥ éol'zgu)s u 0 < jg < h}

-0 asa—0.

(13.1.10)

Finally a condition which is sometimes helpful in verifying (13.1.10) is

i sup 160 1040 < 100 > 1)

Here the constant a specifies the rate of convergence to zero of q,(u)—as a
decreases, the grid of points {q,(u)} tends to become (asymptotically) finer,
and for small g the maximum of &(t) on the discrete grid approximates the
continuous maximum well, as will be seen below. (Simpler versions of
(13.1.10) and (13.1.11) would be to assume the existence of one family
q = q(u) of constants such that the upper limits in (13.1.10) and (13.1.11) are
zero for this family. It can be seen that one can do this without loss of generality
in the theorems below, but it seems that, as was the case in Chapter 12, the
conditions involving the parameter a may often be easier to check.)
The following lemma contains some simple but useful relationships.

~0 asa—0. (13.111)

Lemma 13.1.3. (i) If (13.1.8) holds, so does (13.1.7) which in turn implies
(13.1.6). Hence (13.1.9) clearly implies (13.1.8), (13.1.7), and (13.1.6).

(ii) If I is any interval of length h and (13.1.6) and (13.1.10) both hold, then
there are constants A, such that

0 < lim sup P{¢(jg) < u,jge 1} — PIM(I) < u} > 2

-0
u— oo Y(u) ‘

(13.1.12)

asa — 0, where q = q,(u) is as in (13.1.10), the convergence being uniform
in all intervals of this fixed length h.

(iii) If (13.1.7) and (13.1.11) hold, so does (13.1.10) and hence, by (ii) so does
(13.1.12).

@iv) If (13.1.9) holds and I, = (0, h}, I, = (h, 2h] with 0 < h < hy/2, then
P{M(,) > u, M(1,) > u} = o(Y(u)) as u - o©.
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ProOF. (i) If (13.1.8) holds and g — 0 as u — oo, then for any fixed h > 0, g
is eventually smaller than h and P{M(q) > u} < P{M(h) > u}, so that

. P{M(q) > u} .. P{M(h) > u}

limsup —————— < limsuyp —————— < h
YW VW)

by (13.1.8). Since h is arbitrary it follows that P{M(q) > u}//(u) — 0, giving

(13.1.7). It is clear that (13.1.7) implies (13.1.6) since

P{{(0) > u} < P{M(q) > u},

which proves (i).

To prove (ii) we assume that (13.1.6) and (13.1.10) hold and let I be an
interval of fixed length A. Since the numbers of points jq in I and in (0, k]
differ by at most 2, it is readily seen from stationarity that

P{E(a) < u,jge I} < P{E(jg) < u, 0 < jq < h}
+ P{&0) > u} + P{&(h) > u}
so that
0 < P{¢(jg) < u,jge I} — P{M(I) < u}
< P{&(jq) < u,0 < jqg < h} — P{M(h) < u} + 2P{4(0) > u}
= P{M(h) > u, &(jq) < u,0 < jq < h} + 2P{&(0) > u}
from which (13.1.12) follows at once by (13.1.6) and (13.1.10), so that (ii)
follows.

To prove (iii) we note that there are at most [h/q] complete intervals
((j — 1)g,jq] in (O, h] with perhaps a smaller interval remaining so that

P{M) > u, §(jg) <u,0 < jg < h} < gp{f(()) < u, &q) < u, M(q) > u}

+ P{M(q) > u}

so that (13.1.10) easily follows from (13.1.11) and (13.1.7).
Finally if (13.1.9) holds and I, = (0, k1, I, = (h, 2h] with 0 < h < hy/2,
then

P{M(I,) > u} = P{M(I,) > u} = hy(u)(1 + o(1))
and
P({M(Iy) > u} U {M(I,) > u}) = P{M(I, U I,) > u} = 2hy(u)1 + o(1))
so that

P{M(1,) > u, M(I,) > u} = P{M(I,) > u} + P{M(I,) > u}
= P(M(1;) > u} v {M(I,) > u})
= o(Y(w)

as required. O
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Forh > 0,let {T,} be a sequence of time points such that T, € (nh, (n + 1)h]
and write v, = ug,. It is then relatively easy to relate D(v,) for the sequence
{¢,} to the condition C(ur) for the process &(t), as the following lemma
shows.

Lemma 13.1.4. Suppose that (13.1.6) holds for some function Y(u) and let
{q,(u)} be a family of constants for each a > 0 with q,(u) > 0, q,(u) > 0 as
u — 00, and such that (13.1.10) holds. If C(uy) is satisfied with respect to the
Jamily qr = q(u) for each a > 0, and TY(ur) is bounded, then the sequence
{C.} defined by (13.1.1) satisfies D(v,), where v, = ur, is as above.

PrROOF. For a given n, let i; <i, <.+ <i,<j < <jy<nj, —i, =1
Write I, = ((i, — )h, i,h], J; = ((js — Dh, j,h]. For brevity write q for the
elements in one of the families {g,(-)} and let

All ﬁ{‘f(]q) < vnajq € Ir}s A= ﬁ{Cir < v,,},
r=1 r=1

B

r p’
.= (1 {80a) < vnjgedd, B= (V{;, < va}
s=1 s=1
It follows in an obvious way from Lemma 13.1.3(ii) that
0 < lim sup{P(A4,B,) — P(AB)} < lim sup(p + p'W(v,)4,

< lim sup my(v,)A, < K4,

for some constant K (since nh ~ T, and T,¥(v,) is bounded) and where
A, = 0 as a — 0. Similarly,

lim sup | P(4,) — P(4)| < K4,, lim sup| P(B,)) — P(B)| < K4,.
Now
|P(A n B) — P(A)P(B)| < |P(A n B) — P(4, " B,)|
+ |P(4, " B)) — P(A))P(B,)| + P(4,)| P(B,) — P(B)|
+ P(B)|P(4,) — P(4)|
=R, ,+ |P(4;, " By) — P(A))P(B))|, (13.1.13)
where lim sup,, , R, , < 3K4,.
Since the largest jq in any I, is at most i, h, and the smallest in any J is at
least (j; — 1)h, their difference is at least (I — 1)h. Also the largest jg in J,,
does not exceed j, h < nh < T, so that from (13.1.4) and (13.1.13),

|P(A4 A B) — P(A)P(B)| < R, , + & 1_ 1yn> (13.1.14)

in which the dependence of ay ; on a is explicitly indicated. Write now
ak; = inf,s 0 {R, o + af (- 1)} Since the left-hand side of (13.1.14) does not
depend on a we have

|P(4 ~ B) — P(A)P(B)| < o',
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which is precisely the desired conclusion of the lemma, provided we can show
that lim,_, , af ;,; = 0 for any A > 0 (cf. (3.2.3)). But, for any a > 0,

o m < R, .+ P -1 < Ry + a(Ta,)‘J.T,./Z
when n is sufficiently large (since «f, decreases in I), and hence by (13.1.5)

lim sup of ;. < 3K4,,
n—w
and since a is arbitrary and 1, - 0 as a — 0, it follows that o ;,; = 0 as
desired.

The general continuous version of the Extremal Types Theorem is now
readily restated in terms of conditions on &(¢) itself.

Theorem 13.1.5. With the above notation for the stationary process {&(t)}
satisfying (13.1.6) for some function \y, suppose that there are constants ar > 0,
br such that

P{ag(M(T) — by) < x} > G(x)

Jor a nondegenerate G. Suppose that Ty(ur) is bounded and C(uy) holds for
ur = x/ar + by for each real x, with respect to families of constants {q,(u)}
satisfying (13.1.10). Then G is one of the three extreme value distributional

types.

ProOOF.This follows at once from Theorem 13.1.1 and Lemma 13.1.4, by
choosing T, = nh. a

As noted the conditions of this theorem are of a general kind, and more
specific sufficient conditions will be given in the applications later in this
chapter.

13.2. Convergence of P{M(T) < ur}

The Extremal Types Theorem involved consideration of
Plar(M(T) — by) < x},

which may be rewritten as P{M(T) < uy} withur = x/ar + br. Weturn now
to the question of convergence of P{M(T) < uy} as T — oo for families uy
which are not necessarily linear functions of a parameter x. (This is analogous
to the convergence of P{M, < u,} for sequences, of course.) These results are
of interest in their own right, but also since they make it possible to simply
modify the classical criteria for domains of attraction to the three limiting
distributions, to apply in this continuous parameter context.
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Our main purpose is to demonstrate the equivalence of the relations
P{M(h) > uy} ~ t/T and P{M(T) < ur} — e * under appropriate con-
ditions. The following condition will be referred to as C'(uy) and is analogous
to D'(u,) defined in Chapter 3, for sequences.

The condition C'(u;) will be said to hold for the process {£(t)} and the family of
constants {ur; T > 0}, with respect to the constants ¢ = qr — 0 if

. T ,
limsup— 3 P{&0) > ur, &(jg) > ur} >0
T h<jgq<eT

as ¢ = 0, for some h > 0.
The following lemma will be useful in obtaining the desired equivalence.

Lemma 13.2.1. Suppose that (13.1.9) holds for some function , and let {us}
be a family of levels such that C'(uy) holds with respect to families {q,(u)}
satisfying (13.1.10), for each a > 0, with h in C'(uy) not exceeding hy/2 in
(13.1.9). Then Ty(uy) is bounded, and writing n' = [n/k], for n and k integers,

0 < lim sup(n'P{M(h) > v,} — P{M(n'h) > v,}) = o(k™ ) ask — oo,

o (13.2.1)
with v, = ur,, for any sequence {T,} with T, € (nh, (n + 1)h].
PrOOF. We shall use the extra assumption
lim inf Ty(uy) > 0, (13.2.2)

T—o0

in proving Ty(u7) bounded and (13.2.1). It is then easily checked (e.g. by
replacing Ty(uz) by max(1,Ty(ur)) in the proof) that the result also holds
without the extra assumption.

Now,write I; = ((j — Dh, jhl,j = 1, 2,...and Mi(I) = max{{(jq;jq €I},
for any interval I. We shall first show that (assuming (13.2.2) holds)

0 < lim sup —— (WP{M(h) > v,} — P{M(n'h) > v,}) = o(k™ ")

now  In t//( )
(132.3)

as k — co. The expression in (13.2.3) is clearly non-negative, and by station-
arity and the fact that M > M, does not exceed

liri?p T w( 5 ,Z (P{M(I)) > v,} — P{M(I)) > v,})
+ lim sup ——— T!//( ) Z P{MI) > v,} — P{M(n'h) > v,,}].
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By Lemma 13.1.3(ii), the first of the upper limits does not exceed
Aglim sup, ., 0'/T, = A,/(hk), where 1, — 0 as a — 0. The expression in the
second upper limit may be written as

T./,( ) ZP (ML) >t} = Z” { q<1,-)>v,.,Mq( U n)gv,}]

I=j+1
1
nl//( n) i=

1 "
Ty S0 (1) o

n'h
P{E(0) > vy, £(jq) > va},
qT,y(v,) hsjqz‘én’h
by Lemma 13.1.3(iv) and some obvious estimation using stationarity. By
C'(u7), using (13.2.2), the upper limit (over n) of the last term is readily seen
to be o(k™?) for each a > 0, and (13.2.3) now follows by gathering these

facts.
Further, by (13.2.3) and (13 1.9)

1
lim inf > lim inf ——— P{M(n'h) > v,
T gy = sz( o P MR > v}

<

ZP{Mq(I]) > Uy, Mq(IJ+1) > vn}

> lim inf

n—-w ]—;l w(vn)

n'P{M(h) > v,}

— lim sup ——— [W'P{M(h) > v,} ~ P{M(n'h) > v,}]

nsoo Iy !//( n)

_1_ 1
k%)

and hence lim inf,_, (T, ¥(v,))”* > 0. Thus T,¥(ur,) is bounded for any
sequence {T,} satisfying nh < T, < (n + 1)h, which readily implies that
Ty(uy) is bounded. Finally, (13.2.1) then follows at once from (13.2.3). O

Corollary 13.2.2. Under the conditions of the lemma, if
Ani = [W'Y(v,) — P{M(n'h) > v,}],
then lim sup,, , 4, , = o(k™") as k - o0.

Proor. Noting that n'yy(v,) is bounded, this follows at once from the lemma,
by (13.1.9). g

Our main result now follows readily.

Theorem 13.2.3. Suppose that (13.1.9) holds for some function , and let {uz}
be a family of constants such that for each a > 0, C(uy) and C'(ur) hold with
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respect to the family {q (u)} of constants satisfying (13.1.10), with h in C'(uy)
not exceeding ho/2 in (13.1.9). Then

TY(up) > >0 (13.24)

if and only if
P{M(T) < us} » e~ (13.2.5)
ProOF. If (13.1.9), (13.1.10), and C’'(u) hold as stated, then T(ur) is bounded
according to Lemma 13.2.1 and by Lemma 13.1.4 the sequence of “sub-
maxima” {(,} defined by (13.1.1) satisfies D(v,), with v, = ur , for any
sequence {T,} with T, e(nh, (n + 1)h]. Hence from Lemma 3.3.2 writing

n' = [n/k],
P{M(nh) < v,} — P*{M(n'h) <v,} -0 asn—->o0. (13.2.6)
Clearly it is enough to prove that

Ly(v,) > >0 (13.2.7)

if and only if
PM(T) <v,}—-e (13.2.8)

for any sequence {T,} with T, € (nh, (n + 1)h]. Further, Ty/(u;) bounded
implies that Y(u;) = 0 as T — oo so that

0 < P{M(nh) < v,} — P{M(T,) < v,}
< P{M(h) > v,} ~ hy(v,) — O,

and thus (13.2.8) holds if and only if
P{M(nh) < v,} - e " (13.2.9)

Hence it is sufficient to prove that (13.2.7) and (13.2.9) are equivalent under
the hypothesis of the theorem.
Suppose now that (13.2.7) holds so that, in particular,

Wy (v,) — % as n - oo. (13.2.10)
With the notation of Corollary 13.2.2 we have
1 —n'hy(v,) — Ay < PIM(n'h) < v,} <1 —n'hy(v,) + 4, (13.2.11)

so that, letting n — oo,

1— % — o(k™!) < lim inf P{M(n'h) < v,}
< lim sup P{M(n'h) < v,}

n—ow

<1 —%+ o(k™1).



13.3. Associated Sequence of Independent Variables 253

By taking kth powers throughout and using (13.2.6) we obtain

(1 - % - o(k"‘))ks lim inf P{M(nk) < v,}

n— oo

< lim sup P{M(nh) < v,}

<(1-%+ o)
= k 4 >

and letting k tend to infinity proves (13.2.9).

Hence (13.2.7) implies (13.2.9) under the stated conditions. We shall now
show that conversely (13.2.9) implies (13.2.7). The first part of the above
proof still applies so that (13.2.6) and the conclusion of Corollary 13.2.2, and
hence (13.2.11), hold. A rearrangement of (13.2.11) gives

1 — P{M(n'h) < v,} — Ayx < n'hip(v,)
< 1 — P{M@'h) < v,} + Ay

But it follows from (13.2.6) and (13.2.9) that P{M(n'h) < v,} - e~ 7* and
hence, using Corollary 13.2.2, that

1 — e % — o(k™ ') < lim inf n'hy(v,)

n— o

< lim sup n’hy(v,)

<1 —e 7 4 ok™).

Multiplying through by k and letting k — oo showsthat T, y(v,) ~ nhy(v,)—1,
and concludes the proof that (13.2.9) implies (13.2.7). O

13.3. Associated Sequence of Independent Variables
Withasslight change of emphasis from Chapter 3 we say that anyi.i.d. sequence
¢,,¢,, ... whose marginal df. F satisfies

1 — F(u) ~ P{M(h) > u}

for some h > 0, is an independent sequence associated with {£(t)}. If (13.1.9)
holds this is clearly equivalent to the requirement

1 — F(u) ~ hfy(u) asu— oo. (133.1)
Theorem 13.2.3 may then be related to the corresponding result for i.i.d.

sequences in the following way.

Theorem 13.3.1. Let {ur} be a family of constants such that the conditions of
Theorem 13.2.3 hold, and let {,, (,, ... be an associated independent sequence.
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Let0<p < 1. If

PM(T)<uz}—->p asT—> (13.3.2)
then

P{M,<v}—>p asn— o (13.3.3)

with v, = u,,. Conversely, if (13.3.3) holds for some sequence {v,} then (13.3.2)
holds for any {ur} such that Y(ur) ~ Y(virn), provided the conditions of
Theorem 13.2.3 hold.

ProOF. If (13.3.2) holds, and p = e, Theorem 13.2.3 and (13.3.1) give

1= Flt) ~ hbh) ~ —,

so that P{M, < u,,} — e, giving (13.3.3). Conversely, (13.3.3) and (13.3.1)
imply that hyj(v,) ~ 1 — F(v,) ~ 1/n and hence

Tt
Ty(ur) ~ T‘/’(”[T/h]) ~ m =71
so that (13.3.2) holds by Theorem 13.2.3. |

These results show how the function i may be used in the classical
criteria for domains of attraction to determine the asymptotic distribution of
M(T). We write D(G) for the domain of attraction to the (extreme value)
df. G, i.e. the set of all d.f’s F such that F*x/a, + b,) - G(x) for some
sequences {a, > 0}, {b,}.

Theorem 13.3.2. Suppose that the conditions of Theorem 13.2.3 hold for all
Jamilies {ur} of the form uy = x/a; + by, where ar > 0, by are given con-
stants, and that

P{ar(M(T) - by) < x} > G(x). (13.3.4)

Then (13.3.1) holds for some F € D(G). Conversely, suppose (13.1.9) holds and
that (13.3.1) is satisfied for some F € D(G), let a, > 0, b, be constants such
that F"(x/a, + b,) > G(x), and define ar = ajr;y, br = brmy. Then (13.3.4)
holds, provided the conditions of Theorem 13.2.3 are satisfied for each uy =
X/ar + by, —00 < x < 0.

Proor. If (13.3.4) holds, together with the conditions stated, Theorem 13.3.1
applies, so that, in particular,

P{anh(Mn - bnh) < X} I G(X),

where M, is the maximum of the associated sequence of independent variables
¢y, ..., L, It follows at once that their marginal d.f. F belongs to D(G), and
(13.3.1) is immediate by definition.
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Conversely, suppose (13.3.1) holds for some d.f. F € D(G),and let {,, {,, . ..
be an i.i.d. sequence with marginal d.f. F, and suppose that for v, = x/a;, + b;,

P{M, <v,} - G(x) asn— oo.
Then clearly, for a; = ajzu;, by = bz and up = x/ar + by,

Y(ur) = w(v[T/h])
so that Theorem 13.3.1 applies, giving (13.3.4). O

13.4. Stationary Normal Processes

Although we have obtained the asymptotic distributional properties of
the maximum of stationary normal processes directly, it is of interest to see
how these may be obtained as applications of the general theory of this
chapter. This does not lessen the work involved, of course, since the same
calculations in the “direct route” are used to verify the conditions in the
general theory. However, the use of the general theory does also give insight
and perspective regarding the principles involved. We deal here with the
more general normal processes considered in Chapter 12. This will include
the normal processes with finite second spectral moments considered in
Chapter 8, of course. The latter processes may also be treated as particular
cases of general processes with finite upcrossing intensities—a class dealt
with in the next section.

Suppose then that £(¢) is a stationary normal process with zero mean and
covariance function (12.1.1), viz.

rt)=1— Cltf* + o(|7]®) ast—O0, (13.4.1)

where 0 < a < 2. The major result to be obtained is Theorem 12.3.4 restated
here.

Theorem 12.3.4. Let {{(t)} be a zero-mean stationary normal process, with
covariance function r(t) satisfying (13.4.1) and

r(t)logt -0 ast— oo. (134.2)

Ifu = ur - oand p = pu) = C**H,u**¢(u)/u (with H, defined in Theorem
12.2.9), and if Tu(uy) — 1, then P{M(T) < u} > e "as T — o0.

PROOF FROM THE GENERAL THEORY. Write /(1) = pu(u) so that Ty(uy) — .
Theorem 12.2.9 shows at once that (13.1.9) holds (for all h > 0). Define
q,(u) = au™ %", and note that (13.1.10) holds, by (12.2.19). Hence the result
will follow at once if C(ur), C'(ur) are both shown to hold with respect to
{q,(w)} for each a > 0.



256 13. Extremes of Continuous Parameter Processes

It is easily seen in a familiar way that C(uy) holds. For by Corollary 4.2.2
the left-hand side of (13.1.4) (with g,(u) for g(u), u = ur) does not exceed

p P u?
KY ¥ |rt; - Si)leXP{" m}

i=1 j=1

which is dominated by

T u?
KE Y lr(kq)iexp{—m},

y<kg<sT

and this tends to zero for each {q} = {q,}, a fixed, by Lemma 12.3.1. If we
identify this expression with ay , then (13.1.5) holds almost trivially since
ar, v < ar,, for any fixed y when AT > y.

C'(uy) follows equally simply by Corollary 4.2.4, which gives

[P{&0) > u, E(jg) > u} — (1 — B(u))?| < K!"(J"I)|€XP{— T:?;Gq—)‘l}
so that
Ty P >uiio>u
h<jq<eT
eT? T u?
B - ) + K= : LA
< pe ( w)* + quZSETIr(jq)lexp{ o |"(i¢1)|}

The second term tends to zero as T — oo again by Lemma 12.3.1. The
first term is asymptotically equivalent to

oT (W) | er?

q2 u2 a2c2/aHZ
by the definitions of g and ¥(u), and the fact that Ty(u) — 7. Since et?/a® -0
for each fixed a as ¢ — 0, C'(uy) follows. O

i

Finally, we note that the “double exponential limiting distribution’
for the maximum M(T) (Theorem 12.3.5) follows exactly as before from
Theorem 12.34.

13.5. Processes with Finite Upcrossing Intensities

We show now how some of the conditions required for the general theory
may be simplified when the mean number u(u) of upcrossings of each level
u per unit time is finite. This includes the particular normal cases with finite
second spectral moments already covered in Chapter 8 and in the preceding
section but, of course, not the “nondifferentiable” processes with o < 2.
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We use the notation of Chapter 7 in addition to that of the present
chapter and assume that u = u(u) = E(N(1)) < o for each value of u.
Writing as in (7.2.1) for ¢ > 0,

P{E0) < u < iq)}

J ) = p (135.1)
it is clear that
J ) < P{N (g = 1} E(N(;(q)) (13.52)
and it follows from Lemma 7.2.2(iii) that
Jwy—»p asq-0 (13.5.3)

for each fixed u.

In the normal case we saw (Lemma 7.3.1) that J (u) ~ u(u) as g —0
in such a way that ug — 0. Here we shall use a variant of this property
assuming as needed that, for each a > 0, there are constants g, (u) — 0 as
u — o0 such that, with g, = q,(u), p = w(u),

lim inf ~4=— G ) Vas (13.5.4)
u= U
where v, — 1 as a - 0. (As indicated below this is readily verified when &(t)
is normal when we may take q,(u) = a/u.)

We shall assume as needed that

P{&O) > u} = o(u(u)) asu — oo, (13.5.5)

which clearly holds for the normal case but more generally is readily verified
if, for example, for some g = g(u) — 0 as u — oo,

: P{0) > u, &(q) > u}
lim s
et PEO) > 4]
since (13.5.6) implies that lim inf,_, ., ¢J,(w)/P{{(0) > u} > 0, from which
it follows that P{{(0) > u}/J(u) - 0, and hence (13.5.5) holds since

J(u) < pw).
We may now recast the conditions (13.1.8) and (13.1.9) in terms of the
function p(u), identifying this function with (u).

<1, (13.5.6)

Lemma 13.5.1. (i) Suppose u(u) < oo for each u and that (13.5.5) (or the
sufficient condition (13.5.6)) holds. Then (13.1.8) holds with y(u) = u(u).
(i) If(13.5.4) holds for some family {q (1)} then (13.1.11) holds with y(u) = u(u).

PRroOOF. Since clearly
P{M(h) > u} < P{N,(h) = 1} + P{&(0) > u} < ph + P{&(0) > u},
(13.1.8) follows at once from (13.5.5), which proves (i).
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Now, if (13.5.4) holds, then with g = q(u), p = u(u),
P{E(0) < u, &(q) < u, M(q) > u}
= P{(0) < u, M(q) > u} — P{{(0) < u < &(q)}
< P{Nq9) = 1} — qJ(w)
< ug — pgv(l + o(1))

so that
lim sup P{$0) < u, {(g) < u, M(q) > u} <1-1v,
u— qu
which tends to zero as a — 0, giving (13.1.11). O

In view of this lemma, the Extremal Types Theorem now applies to
processes of this kind using the more readily verifiable conditions (13.5.4)
and (13.5.5), as follows.

Theorem 13.5.2. Theorem 13.1.5 holds for a stationary process {&(t)} with
W(u) = u(u) < oo for each u if the conditions (13.1.6) and (13.1.10) are re-
placed by (13.5.4) and (13.5.5) (or by (13.5.4) and (13.5.6)).

PRrOOF. By (i) of the previous lemma the condition (13.5.5) (or its sufficient
condition (13.5.6)) implies (13.1.8) and hence both (13.1.6) and (13.1.7). On
the other hand (ii) of the lemma shows that (13.5.4) implies (13.1.11) which
together with (13.1.7) implies (13.1.10) by Lemma 13.1.3(iii). O

The condition (13.1.10) also occurs in Theorem 13.2.3 and may, of course,
be replaced by (13.5.4) there, since (13.1.7) is implied by (13.1.9) which is
assumed in that theorem.

Finally, we note that while (13.5.5) and (13.5.6) are especially convenient
to give (13.1.8) (Lemma 13.5.1(i)), the verification of (13.1.9) still requires
obtaining

lim inf TM®) > u}
u—o hu(u)

This, of course, follows for all normal processes considered by Theorem
12.2.9 with a = 2. There are a number of independent simpler derivations
of this when a = 2, one of these being along the lines of the “cosine-process”
comparison in Chapter 7. The actual comparison used there gave a slightly
weaker result, which was, however, sufficient to yield the desired limit
theory by the particular methods employed.

=>1 forO<h<h,.

13.6. Poisson Convergence of Upcrossings

It was shown in Chapter 9 that the upcrossings of one or more high levels
by a normal process £(t) take on a specific Poisson character under appro-
priate conditions. It was assumed, in particular, that the covariance function
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r(t) of &(t) satisfied (8.1.1) so that the expected number of upcrossings per
unit time, u = E(N (1)), is finite.

Corresponding results are obtainable for e-upcrossings by normal
processes when r(t) satisfies (13.4.1) with « < 2 and indeed the proof is
indicated in Chapter 12 for the single level result (Theorem 12.4.2).

For general stationary processes the same results may be proved under
conditions used in this present chapter, including C, C’. Again when p =
E(N,(1)) < oo the results apply to actual upcrossings, while if 4 = oo they
apply to e-upcrossings. We shall state and briefly indicate the proof of the
specific theorem for a single level in the case when u < co.

As in previous discussions, we consider a time period T and a level uy
both increasing in such a way that Ty -t > 0 (u = u(ur)), and define
a normalized point process of upcrossings by

N¥(B) = N, (TB), (N}(t) = N, (tT))
for each interval (or more general Borel set) B, so that, in particular,
E(N3(1)) = E(N,(T)) = pT - .

This shows that the “intensity” (i.c. mean number of events per unit
time) of the normalized upcrossing point process converges to 7. Our task
is to show that the upcrossing point process actually converges in distribution
to a Poisson process with mean .

The derivation of this result is based on the following two extensions of
Theorem 13.2.3, which are proved by similar arguments to those used in
obtaining Theorem 13.2.3, and in Chapter 9.

Theorem 13.6.1. Under the conditions of Theorem 13.2.3, if 0 <0 < 1 and
uT — 7, then

P{M@OT) < up} »e* asT > . (13.6.1)

Theorem 13.6.2. If I,, I,,...,I, are disjoint subintervals of [0, 1] and
It = TI;= {t;t/T € l;} then under the conditions of Theorem 13.2.3 if
T — 1,

P(jOI{M(I}*) < ur}) - .ljllP{M(I;-*) < ur} -0, (13.6.2)

J

so that by Theorem 13.6.1

P< : {MI?) < uT}) - exp(—t zr: Gj), (13.6.3)
j=1 =1

J

where 0; is the length of I;,1 < j <r.



260 13. Extremes of Continuous Parameter Processes

It is now a relatively straightforward matter to show that the point
processes N¥ converges (in the full sense of weak convergence) to a Poisson
process N with intensity 7.

Theorem 13.6.3. Under the conditions of Theorem 13.2.3, if Ty — © where
1 = w(uy), then the family N¥% of normalized point processes of upcrossings of
ur on the unit interval converges in distribution to a Poisson process N with
intensity 1 on that interval as T — 0.

PROOF. Again by Theorem A.1 it is sufficient to prove that

(1) E(N¥((c,d])) - E(N((¢c,d])) =1d —c)as T—o> oo forall ¢,d, 0 < ¢ <
d < 1,and

(ii)) P{N¥(B) = 0} - P{N(B) =0} as T — oo for all sets B of the form
()i B; where r is any integer and B ; are disjoint intervals (c;, d;] < (0, 1].

Now (i) follows trivially since
E(NF((c,d])) = pT(d — ¢) > 1(d — ¢).
To obtain (ii) we note that
0 < P{N¥@B) = 0} — P{M(TB) < uzg}
= P{N/(TB) = 0, M(TB) > ur}

< j;P{ach) > ur}

since if the maximum in TB = U;= 1 (Tc;, Td;] exceeds ur, but there are
no upcrossings of ur in these intervals, then &(t) must exceed uy at the initial
point of at least one such interval. But the last expression is just

rP{&0) > ur} — 0
as T — oo. Hence
P{N}B) = 0} — P{M(TB) < uy} — 0.
But P{M(TB) < ur} = P([)j=; {M(TB)) < ur}) > exp{—~1Z(d; — ¢y} by
Theorem 13.6.2 so that (ii) follows since P{N(B) = 0} = exp{—1tX(d; — ¢;)}.
(]

Corollary 13.6.4. If B; are disjoint (Borel) subsets of the unit interval and if the
boundary of each B; has zero Lebesgue measure then

(rm(B)))”

r;!

2

P{NiB) =rj,1 <j<r}- ]L[exp{—rm(Bj)}
i=1

J

where m(B;) denotes the Lebesgue measure of B;.

ProoF. This is an immediate consequence of the full distributional con-
vergence proved (cf. Appendix). O
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The above results concern convergence of the point processes of up-
crossings of ur to a Poisson process in the unit interval. A slight modification,
requiring C and C’ to hold for all families uy in place of uy for all 8 > 0,
enables a corresponding result to be shown for the upcrossings on the whole
positive real line, but we do not pursue this here. Instead we show how
Theorem 13.6.3 yields the asymptotic distribution of the kth largest local
maximum in (0, T].

Suppose, then, that £(t) has a continuous derivative a.s. and (cf. Chapters 7
and 9) define N,(T) to be the number of local maxima in the interval (0, T']
for which the process value exceeds u, i.e. the number of downcrossing
points t of zero by & in (0, T] such that &(t) > w. Clearly N(T) > N(T) — 1
since at least one local maximum occurs between two upcrossings. It is also
reasonable to expect that if the sample function behaviour is not too ir-
regular, there will tend to be just one local maximum above u between most
successive upcrossings of u when u is large, so that N (T) and N (T) will
tend to be approximately equal. The following result makes this precise.

Theorem 13.6.5. With the above notation let {u;} be constants such that
P{&EO) > ur} — 0, and that Tu (=Tu(ug)) -t > 0as T — co. Suppose that
E(N (1)) is finite for each u and that E(N (1)) ~ pu(u) as u — oo. Then, writing
ur =u, E((N(T) — N(T)|) - 0. If also the conditions of Theorem 13.6.3
hold (so that P{N(T) =r} - e *t"/r!) it follows that P{N(T) =r} —
e "t/r!.

PROOF. As noted above, Ni(T) > N, (T) — 1, and it is clear, moreover, that if
N(T)= N/(T) — 1, then &T) > u. Hence

E(INAT) — N(T)|) = E(N(T) — NAT)) + 2P{N(T) = N(T) - 1}
< TE(N(1)) — puT + 2P{&(T) > u},

which tends to zero as T — oo since P{&(T) > ur} = P{&(0) > uz} =0
and TE(N, (1)) — uT = uT((1 + o(1)) — 1) - 0, so that the first part
of the theorem follows. The second part now follows immediately since the
integer-valued r.v. N(T) — N(T) tends to zero in probability, giving
P{N(T) # N(T)} - 0 and hence P{N(T) =r} — P{N/(T) = r} - 0 for
each r. |

Now write M*)(T) for the kth largest local maximum in the interval (0, T).
Since the events {M®(T) < u}, {N/(T) < k} are identical we obtain the
following corollary.

Corollary 13.6.6. Under the conditions of the theorem

k—1 s

PIMNT)<up}—»e® Y —.
s=0 S!
As a further corollary we obtain the limiting distribution of M®(T) in
terms of that for M(T).
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Corollary 13.6.7. Suppose that P{ar(M(T) — by) < x} = G(x) and that the
conditions of Theorem 13.2.3 hold with uy = x/ay + by for each real x
(and Y = p). Suppose also that E(N'(1)) ~ E(N (1)) asu — o0. Then

k=1 (] §
P{apf(M™(T) — by) < x} - G(x) Y. _Og?!G_(jQ)_

s=0

. (13.64)

where G(x) > 0 (and zero if G(x) = 0).

Proor. This follows from Corollary 13.6.6 by writing G(x) = e™* since
Theorem 13.2.3 implies that Tu — 7. O

Note that, by Lemma 9.5.1(i), for a stationary normal process with finite
second and fourth spectral moments E(N,(1)) ~ u so that Theorem 13.6.5
and its corollaries apply.

The relation (13.6.4) gives the asymptotic distribution of the kth largest
local maximum M®(T) as a corollary of Theorem 13.6.5. Further, it is clearly
possible to generalize Theorem 13.6.5 to give “full Poisson convergence”
for the point process of local maxima of height above u and indeed to general-
ize Theorem 9.5.2 and obtain joint distributions of heights and positions of
local maxima in this general situation.

13.7. Interpretation of the Function y(u)

The function ¥(u) used throughout this chapter describes the tail of the
distribution of the maximum M(h) in a fixed interval A, in the sense of (13.1.9),
Viz.

P{M(h) > u} ~ hp(u) for0 < h < h,.

We have seen how iy may be calculated for particular cases—as Y(u) = w(u)
for processes with a finite upcrossing intensity u(u) and as

W) = Kgu® ™!

for normal processes satisfying (13.4.1). Berman (1982a) has recently con-
sidered another general method for obtaining ¢ (or at least many of its
properties) based on the asymptotic distribution of the amount of time spent
above a high level.

Specifically Berman considers the time L,(u) which a stationary process
spends above the level u in the interval (0, t) and proves the basic result

lim P{vL,(u) > x}
oo E(VL(u))
at all continuity points x > 0 of I (under given conditions). Here v = v(u)

is a certain function of u and I'(x) is an absolutely continuous nonincreasing
function with density I'", and ¢ is fixed.

- —T'(x),
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While this result does not initially apply at x = 0, it is extended to so
apply giving, since the events {M(t) > u}, {L(u) > 0} are equivalent,

P{M(t) > u} ~ —T'(0)E(uL(u))
= —T'O)r(1 — F(u)),

where F is the marginal d.f. of the process, since it is very easily shown that
E(L(u)) = t(1 — F(u)). Hence we may—under the stated condition—obtain

Y as
Y@) = —T"(O))(1 — Fu)).

It is required in this approach that F have such a form that it belongs to
the domain of attraction of the Type I extreme value distribution and it
follows (though not immediately) that M(k) has a Type I limit so that (e.g.
from the theory of this chapter) a limiting distribution for M(T) as T — oo
must (under appropriate conditions) also be of Type I. However a number
of important cases are covered in this approach including stationary normal
processes, certain Markov processes, and so-called y2-processes. Further,
the approach gives considerable insight into the central ideas governing
extremal properties.



PART IV

APPLICATIONS OF EXTREME
VALUE THEORY

A substantial section of this volume has been directed towards showing
that the classical theory of extremes still applies, under specified general
assumptions, to a wide variety of dependent sequences and continuous
parameter processes. It is tempting, by way of applications, to give examples
which simply demonstrate how the classical extremal distributions do
apply to such dependent situations. We have done this only to a limited
extent, for two reasons. First, the literature abounds with applications of the
classical theory, and many of these are really dependent cases although
assumed independent. More importantly, however, we feel that each potential
application should be understood as well as possible in terms of its under-
lying physical principles so that extremal theory may be thoughtfully
applied in the light of such principles, rather than by routine “trial and error”
fitting.

Our approach in this part is therefore to primarily include applications
which we feel do profit from a discussion of such underlying principles,
occasionally involving modest extensions to the general theory, and to
point out where difficulties may occur. For a more extensive compilation of
the fitting of extremal distributions, under classical assumptions, we refer
to the literature, e.g. Gumbel (1958); Harter (1978) contains a comprehensive
listing of references.



CHAPTER 14

Extreme Value Theory and
Strength of Materials

Extreme value distributions have found widespread use for the description
of strength of materials and mechanical structures, often in combination with
stochastic models for the loads and forces acting on the material. Thus it is
often assumed that the maximum of several loads follows one of the extreme
value distributions for maxima. More important, and also less obvious, is
that the strength of a piece of material, such as a strip of paper or glass fibre,
is sometimes determined by the strength of its weakest part, and then perhaps
follows one of the extreme value distributions for minima. Based on this
so-called weakest link principle much of the work has been directed towards
a study of size effects in the testing of materials. By this we mean the empirical
fact that the strength of a piece of material varies with its dimensions in a way
which is typical for the type of material and the geometrical form of the
object. An early attempt towards a statistical theory for this was made more
than a century ago by Chaplin (1880, 1882); see also Lieblein (1954) and
Harter (1977).

14.1. Characterizations of the Extreme Value
Distributions

Here we shall state and discuss some precise conditions under which the
extreme value distributions would appear as distributions for material
strength, and we also present some illustrating data.

Suppose that a piece of material, such as a glass fibre or an iron bar, is
subject to tension, and that it breaks if the tension exceeds the inherent
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strength of the material. It has been found by experience that the breaking
tension varies stochastically from piece to piece but that its distribution
depends on the size of the material in quite a regular manner.

Let £, be the random strength of a piece of material L with length I,
and suppose the material can be divided, at least hypothetically, into smaller
pieces, Ly,..., L, of arbitrary lengths /,, ..., l,, and with (random) strength
¢r,s. .., &p,, respectively. We say that the material is stochastically

(i) brittleif £, = min(&y, ..., &),
(ii) homogeneous if the marginal distributions of §; , ..., {; depend only on
Ly ooy by
(iii) disconnectedif &, ..., ¢, are independent for all disjoint subdivisions
Ly,...,L,of L.

Of these properties, (ii) and (iii) are of purely statistical character, while (i)
depends on the mechanism involved in a failure. All properties have definite
physical meaning, and any specific material can, at least approximately,
have one or more of the three properties. Later we will discuss what happens
when some of the requirements are relaxed, and see how far the present
theory can describe properties of nonbrittle, inhomogeneous, and weakly
connected materials.

Suppose a material satisfies (i)-(iii), and let F(x) be the (non-degenerate)
d.f. of the strength of a piece with length [ Then

1 — Fy(x) =( — Fy ()" (14.1.1)

Now, any d.f. Fy(x) satisfies (14.1.1) for some d.f. F;,(x), for example,

taking Fy,(x) =1 — (1 — F,(x))'", so that in order to obtain a simple

structure, we therefore have to introduce one extra restriction on the material.
A material is called stochastically

(iv) size-stable if the distribution of £, is of the same type regardless of the
length [, i.e. there are constants g; > 0, b, and a d.f. F, such that F(x)
= F(a(x — b))

This is an ad hoc notion, but is frequently used in this context, since it leads to
considerable mathematical simplification. Unlike properties (i)-(iii) it has
no strict physical meaning, but is sometimes defended from the intuitively
appealing principle that the simplest model is also the physically most
realistic one.

For a size-stable material, writing o, = ay,d; ', f, = by — a,byp,

Fl/n(x) = Fl(anx + ﬂn)
so that, by (14.1.1),
1-F,x)=01 - Fy(a,x + )" (14.1.2)

Thus, F, is min-stable, and hence, according to Theorem 1.8.4, F can be
taken to have one of the following forms.
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Type . F(x) =1 — exp(—eé”), —00 < X < 0,
1 —exp(—(—x)"%), for somea > 0, x<0
Type II: F(x) =
ype ) {1, x>0,
0 x<0
TypelIl: F(x) =<
ype ) {1 — exp(—x%), for some a > 0, x = 0.

Thus strength distributions for materials satisfying (i)-(iv) are of one
of the three minimum extremal types. If, furthermore, the scale of measure-
ment is such that the measured strength &; is bounded from below, ¢; > x,
for some x, € (— o0, 00), then the only possibility is the Type I1I (or Weibull)
distribution, with location parameter x,, and general scale parameter, i.e.

F(x) = 1 — exp{—(a(x — xp))*}, X = X, (14.1.3)

for some constant & > 0. Often x, = 0 is a natural choice, expressing the fact
that strength can never be negative. However, even in cases when the strength
must be positive, one may prefer to use one of the other types, e.g., the double
exponential,

F(x) = 1 — exp{—e®>"9}, -0 < X < 0, (14.1.4)

since if the location parameter b is large enough, the probability of a value
below the a priori lower bound is negligible. If (14.1.4) gives a better fit
to data than (14.1.3) in the important region of variation it is therefore
perhaps not necessary to favour the latter. However, great care must be taken
when the aim of the analysis is prediction of very low values, as the following
example shows.

Example 14.1.1. (Yield strength of high-tensile steel). Test specimens of high-
tensile steel of a special quality were tested for yield strength. The samples
were selected from the entire production of a specific manufacturer during
two years (1975 and 1976). The empirical distribution of 100 observed
values of yield strength is plotted on a nonstandard Weibull probability
paper in Figure 14.1.1 together with a fitted Weibull distribution,

(=log(l — F(x))Y* = a(x — x,), X > Xo

with & = 2.7, x, = 463 MPa; (MPa = MegaPascal = 10° Newton per m?).
There is a good fit to the Weibull distribution, quite in accordance with
theory. One could even be tempted to use x, = 463 MPa as a true lower
strength limit, and to predict the frequency of low strength values from this
distribution function.

For example, since the 0.1 % fractile of the fitted distribution is 470 MPa it
appears that only 1 out of 1000 test probes should have a strength less than
470 MPa.
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Figure 14.1.1. Empirical distribution of 100 yield strength values with fitted Weibull
df F(x) = 1 — exp(—a(x — xq)*) with a = 0.011, x;, = 463, a = 2.7.

However, Figure 14.1.2 shows the observed distribution of strength in a
sample of 6262 items, in which as many as 25 are less than 470 MPa, and 12
even less than 460 MPa. Hence, clearly the excellent Weibull fit obtained
from the 100 values in the centre of the range does, for some reason, not
extend to the tails. One explanation for the noted discrepancy between the
behaviour in the tail and in the central region of the distribution could be that
Figure 14.1.1 describes the variation in the material under some normal
production conditions, while the extremely low strength values in Figure
14.1.2 are due to gross effects, such as misclassification of the product or
external disturbances of the production.

Regardless of the explanation, the example shows that great care has to be
used when extrapolating from the normal range of variation to very extreme
ranges, even in cases where theory and observations seem at first sight to
agree. )

An account of the data presented above can be found in Ofverbeck and
Ostberg (1977), together with a discussion of gross error effects on construc-
tion steel. a
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Figure 14.1.2. Empirical distribution of 6262 yield strength values; scales chosen to
give a straight line for the Type III (Weibull) distribution.

14.2. Size Effects in Extreme Value Distributions

The conditions (i)-(iii) introduced in Section 14.1 state that the strength
of a piece of material is determined by its weak points, of stochastic strength
and location, distributed completely at random over the material. Together
with the stability condition (iv) this led to a characterization of the possible
strength distributions as the three types of extreme value distribution for
minima. A simple consequence of the conditions is that the strength decreases
in a specific way as the size of tested material increases. Here we shall give an
example to illustrate this, and also show how an observed deviation from the
simple law of decrease can suggest possible violations of one or both of the
conditions (ii) and (iii). Harter (1977) gives an extensive discussion of the
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literature of size effects from the earliest days; the bibliographic part of
Harter’s work is published separately as Harter (1978).

If conditions (i)-(iv) hold, then the d.f. F/(x) of the strength of a piece with
length [ is

F(x)=1- (1 — F,(x) = F(a(x - b)). (14.2.1)

Thus, F, being min-stable, it is simple to obtain the relation between size |
and distributional parameters such as mean strength and standard deviation.

For example, if F(x) = 1 — exp(—e*), writing a = a,, b = by, F(x) =
1 — exp(—e**~?) is a double exponential distribution with scale and
location parameters a~ ! and b, and then

Fi(x) = 1 — exp(—ex—b+a”tloghy
so that F(x) is double exponential with parameters

a =a,

bl=b——a_110gl.

From this we can obtain the effect of size on other parameters, such as the
mean strength m,, and the standard deviation ;. Since, in the standardized
case with a=1, b =0, m; = —y, (where y is Euler’s constant with the

approximate value 0.577), and g, = n/ﬁ we have in the general case

m=b—a'(y + logl,
o, = a~'n/,/6.

Similar calculations may be done for the Type II and III distributions.
Table 14.2.1 gives location and scale parameters and the mean and standard
deviation of strength as functions of the tested length [ (expressed in terms of
[(2) = [§ x*~'e™*dx). For completeness, all three types of distributions are
included in the table, even though the Type II d.f. is not commonly used as
strength distribution.

Example 14.2.1. (Size effect on strength of paper strips). A strip of paper
will burst when it is subjected to a tension which exceeds the strength at its
weakest point. We shall discuss here the mean strength of paper strips (of
constant width) with length varying from 8 cm up to 10 m.

If an experiment is carried out several times with strips of various lengths
one can check the fit of the extreme value distributions and the predicted
dependence of the mean strength m; on the length I. Figures 14.2.1 and 14.2.2
show observed mean values (measured in the unit kN, kiloNewton, per
meter of paper width) obtained from experiments with paper strips of width
5 cm, plotted on two different scales, chosen so that a Type I (Figure 14.2.1)
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Table 14.2.1

Type I (double exponential, F(x) = 1 — exp(—e¥))
F((x) = F(ax — b)) = 1 — exp(—¢"=~b+a""loah)
a =da

by=b—a'logl

m=b—a 'y +logl

o= a‘ln/\/g

Typell (F(x)=1—exp(—(—x)"%),x <0)

Fi(x) = Flafx — b)) = 1 —exp(—=K—alx — x¢))™").  x < xg
a, = al™'"

b=b=x,

m=xq — 1"a”'T(1 — lja) (fa>1)

o, = """ YT = 2/a) — T2 = 1/)}V? (if e > 2)

Type III  (Weibull distribution, F(x) = 1 — exp(—x*), x > 0)
F(x) = Flafx — b)) = 1 — exp(—la(x — x0))), x> xq
a, = al'

by=b=x,

m = xo + "%~ 'I(1 + 1/a)

o, = 1"~ Y{T(1 + 2/a) — T*(1 + 1/}

and a Type III (Figure 14.2.2) distribution would give a straight line for m;.

Two qualities of paper were tested and for one of the qualities three series
of experiments were carried out. As is seen from the diagrams, mean strength
clearly decreases with increasing length, but no decisive conclusion can be
drawn from these data regarding the best fitting distribution. We are grateful
to Dr Bengt Hallberg and Svenska Cellulosa Aktiebolaget, SCA, for making
the data available. O

There is no difficulty in generalizing the theory above to apply in more
than one dimension and to describe area and volume effects on the strength
of materials.

We shall now briefly discuss the possibility of handling nonbrittle,
inhomogeneous and/or weakly connected materials for which one or more of
(i)—(iii) does not hold. As mentioned previously, the size-stability condition
(iv) cannot be removed completely, since then any strength distribution
would apply.

If a material is (stochastically) nonbrittle the strength of the whole is not
equal to the strength of its weakest part.

A number of different strength models would then be possible. If, for
example, in a bundle of parallel fibres, the total load were distributed on the
separate fibres in proportion to their individual strength, then the total
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Figure 14.2.1. Mean bursting strength of paper strips of varying length; scales chosen to
give straight lines for the Type I distribution.

strength would be the sum of the strengths of the fibres, leading to a normal
distribution for total strength, with mean proportional to the number of
fibres. Also the case where the total load is distributed equally over all
remaining, nonfailed parts of the material, those parts failing whose strength
is less than its share of the total load, will lead to an asymptotic normal
distribution for the total strength, see, for example, Smith (1980) and
references therein.

In a stochastically inhomogeneous material the strength distribution for
a small piece of the material varies with its location. However, if the con-
ditions (i), (iii), and (iv) are satisfied, one can still obtain one of the extreme
value distributions under mild conditions on the inhomogeneity. One simple

mean strength
(kN/m)
2.00

175 \

1.50

1.25

length

1 1 1 1 ]

1.00 —— -
005 01 02 05 1 2 5 10 20 ™

Figure 14.2.2. Mean bursting strength of paper strips of varying length; scales chosen
to give straight lines for the Type III distribution.
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kind of inhomogeneity is obtained by measuring the size of the material not
as its physical dimension but in terms of an integral of a positive local size
function, as will now be described.

Let A(x), x e L be a non-negative, integrable function, and define, for
LicL,

l; = [ A(x) dx. (14.2.2)

Let L;,i=1,..., n be disjoint parts of L, U?zl L; = L, and let, as before,
&y oo &, be the strengths of the separate pieces.
The material is called stochastically

(ii") inhomogeneous with size function A, if the marginal distributions of
¢rps---5 €L, depend only on Iy, ..., [, as defined by (14.2.2).

Now suppose a material satisfies (i), (ii"), (iii), (iv), and let F,(x) be the d.f.
of the strength of a piece L with

I= Lll(x) dx.

Then it is readily seen that (14.1.1) and (14.1.2) still hold, so that F,(x) is
min-stable and one of the three extremal types for minima. Using a, b as the
parameters in F(x), we have in the Weibull and double exponential case

Fi(x) = 1 —exp{—(alx — x0))*}, x> Xo,
Fi(x) =1 — exp{—e"*™"},

respectively.

Starting from the local size function A(x) one can simply derive explicit
expressions for the location- and scale-parameters in the strength distribu-
tion for a piece L with size | = |, A(x)dx, which is FP(x) = Fy(x) =
Faf(x — b;), with a; and b, given in Table 14.2.1. To obtain these expressions,
define the functions a(x), b(x) as

a(x) = aA'’*(x) (Weibull), (14.2.3)

b(x) =b — a 'log A(x) (double exponential)

A(L) = <f a(x)* dx)l/a,

B(L) = —a!log fe—“"m dx.

L

and

(14.2.4)
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We can then write the d.f. for minimum strength &, of a piece L as
FB(x) = 1 — exp{—(AL)(x — xo))},
F8(x) = 1 — exp{— e~ BN}

respectively. These formulae motivate the use of a(x)~ ! and b(x) as “local”
scale and location functions in standard extremal models.
The average strength is given by
Xo + AL)"TA + 1/a),
—a”'y + B(L),

(14.2.5)

E(L) = {

in the two cases.

The most interesting generalization of the properties (i)-(iv), from the
point of view taken in this book, is to (weakly) connected materials, in which
there is a dependence of the strength over separate parts of the material.
However, this will lead to strength distributions which are not necessarily
any of the extreme value types for any finite test size, although they may be
asymptotically so as size increases, under natural conditions as in Chapter 13.

Let the local strength parameters (14.2.3), a(x), xe L or b(x), xe L,
be, not deterministic functions but, stochastic processes with some distri-
bution that depends on the irregularity and connectedness of the material.
Then A(L) and B(L) in (14.2.4) are r.v.’s with d.f’s F 44, and Fg,, say, and
if we let (14.2.5) define the conditional d.f. of &, given a(x) or b(x), then

PO = 1= [ expl=(sx = x0)f) dFaas®)

or

o«

FO(x) =1 — f exp{—e“*~9} dFg1\(s), (14.2.6)

§= -0

respectively. Furthermore, the strengths of disjoint pieces would be de-
pendent, through the outcome of the processes a(x) and b(x). The average
strength will be

xo + E(A(L)"HI (A + 1/w),

Eev = {a“y + E(B(L)).

The concept of a random local strength, averaging to a random location
parameter B(L) in the d.f. F¥(x) given by (14.2.6), is formally somewhat
analogous to the “strong dependence case” for the maxima of normal
sequences treated in Sections 6.4 and 6.5 in which one has to subtract a
slowly varying mean level before obtaining the double exponential limit;
compare formula (14.2.6) with the mixed double exponential limit for
maxima in Corollary 6.5.2.



14.2. Size Effects 277

Example 14.2.2. It has been noted in experiments that the average strength
does not always decrease with increasing length as in any one case in Table
14.1, but can fall off with varying rates for different lengths. For example, the
strength of glass fibre seems to decrease more rapidly when the length
exceeds a certain limit. Some authors, for example, Metcalfe and Smitz
(1964) explain this by postulating that weak points of the fibres appear in
certain semi-stochastic patterns, and that they tend to cluster at regular
intervals, This can obviously be modelled by means of the random strength
parameters A(L) and B(L) as described above. d



CHAPTER 15

Application of Extremes and Crossings
under Dependence

In this chapter we shall present some examples of continuous parameter
processes and sequences with dependence where extreme value theory may
be applied for descriptive or predictive purposes.

First, the important distinction between continuous time and discrete
time extremes is illustrated, and the Poisson character of exceedances and
crossings discussed in some examples. Descriptive models for some physical
phenomena are discussed in connection with domains of attraction, particu-
larly relative to mixtures of distributions with random scale or location
parameter. An important problem, lying behind many extremal problems,
is that of extrapolating extreme value distributions over expanding intervals
(cf. the discussion of size effect in Chapter 14). This gives rise to several
statistical problems concerning the choice of proper normalizing constants
and the effect of nonstationarity. A discussion of these and some examples
of local extremes for the description of random waves concludes the chapter.

15.1. Extremes in Discrete and Continuous Time

Many physical phenomena are (seemingly) continuous by nature, and the
mathematical models which describe them are most naturally phrased in
terms of continuous time processes. For extreme values, it is, in many cases,
the continuous time extremes which are of primary interest. However, most
statistical observations are obtained from some sampling procedure, and
this will have the obvious effect that extremes in many cases become less
accentuated. Since there are fairly complete (asymptotic) theories for ex-
tremes in both the continuous and the discrete case (at least for normal
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processes) a natural question concerns the relation between the two. The
following example illustrates some practical consequences of the difference
between discrete and continuous extremes.

Example 15.1.1 (Extreme temperatures). Experiments with thermometers
and temperature measurements were started in Uppsala, Sweden, around
1712-1713, shortly after Fahrenheit had constructed his temperature scale

Figure 15.1.1. (a) Maximum and (b) minimum recorded temperature in Uppsala during
the month of July; note the introduction of a max- and min-thermometer in 1839.



Figure 15.1.2. Observed d.f. of (a) maximum and (b) minimum temperature in Uppsala
during July; X = discrete recordings, 1739-1838, O = continuous recordings, 1839-
1981.
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in 1709. With Anders Celsius, these measurements became more regular and
there is an almost complete series of daily temperature data from January
1739.

During the first century of this period measurements were made only
three or four times a day, and sometimes at irregular intervals. In 1839 ob-
servations of the true maxima and minima were made possible by the installa-
tion of a max- and min-thermometer. The observed daily maximum or
minimum for the period 1739-1838 should therefore be expected to be less
extreme than the recordings from 1839 onwards. This effect can be expected
to be particularly large for the minimum temperature during the summer
months, since the lowest temperatures then occur very early in the morning
at that latitude, while the discrete recordings were normally made when the
sun had been up for several hours. This is illustrated in Figure 15.1.1 which
shows the observed monthly maxima and minima for the month of July for
each year (except for a few missing years during the 1770s). The data consists
of M{739,..., M g3g(and my;s9,..., m g35), Where, e.g. M, is the maximum
of the discrete set of July temperatures in year i, and of M g39,..., Mgy
(and myg39,..., Myggy), With M; equal to the absolute (continuous) July
maximum in year j. The d.f’s of these data are plotted in Figure 15.1.2 with O
for continuous and X for discrete recordings. There is a clear shift towards
more extreme values with the introduction of the max- and min-thermometer,
as is also seen, at least for minima, in the complete time series in Figure
15.1.1. The data are plotted on double exponential probability paper, but
the fit is not particularly good, and there is no strong reason why it
should be; the maximum temperature over a month being determined more
by the prevailing weather conditions during that month than by any extreme
weather that might occur in particular months.

The temperature data in this example have been extracted from the
original manuscripts by Sverker Hellstrom, Uppsala, to whom we are
grateful for permission to use them. U

15.2. Poisson Exceedances and Exponential
Waiting Times

The Poisson character of exceedances or crossings of a high level, and the
exponential waiting times between successive exceedances, is coupled to the
weak dependence of maxima in adjacent intervals, as has been observed
empirically in connection with rare events emerging from unlikely com-
binations of innocent causes, such as extreme floods or storm winds and
extreme loads in mechanical structures.

Example 15.2.1 (High river flows). Todorovic (1979) has obtained the ob-
served frequencies of N(T), the number of times in T days, that the water
flow in the Greenbrier River, West Virginia, exceeds the level 17,000 cubic ft.
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Figure 15.2.1. Observed ( ) and fitted Poisson distribution (——-) for the number of
exceedances in time T'; flood data from Todorovic (1979).

The total observation period was 72 years between 1896 and 1967. The ob-
served frequences, together with theoretical Poisson probabilities are shown
in Figure 15.2.1 for a few values of T

In this type of river and climate, the Poisson distribution gives a reasonably
good fit to the observed distribution. The time between exceedances is also
large and the independence therefore plausible.

In other areas, with a climate that changes between wet and dry periods,
the exceedances may occur in clumps and, of course, then deviate from the
Poisson distribution. O

When no clumps of exceedances occur, one can use the approximation
P{N(T) = 0} =~ exp{— Tu(u)}, (15.2.1)

where u(u) is the mean number of exceedances of u per time unit (u(u) =
P{&; > u} if time is discrete). In other cases, better approximations to the
probability of no exceedances may be obtained from the crossing rate for a
smooth, enveloping process.

However, even if (15.2.1) provides a good approximation to the probability
of no exceedance, there remains the more difficult problem of assessing the
form of the crossing intensity u(u) as a function of u. In discrete time, u(u) =
P{¢; > u} is given by the marginal d.f, while in continuous time it is, by
(7.2.3),

a

W) = fyoyWEE Q) 1E0) = u) = f 2o, e0)(ts 2) dz.

z=0

What is needed then, apart from the density f;o,(1), is a measure of the average
steepness of the sample functions at various levels. For normal processes,
u(u) is given by (7.3.4) and it can also be calculated exactly for a few non-
normal processes, some of them functions of multivariate normal processes,
such as the y2-process; see Belayev (1968), Belayev and Nosko (1969),
Veneziano (1979), Hasofer (1976), and Lindgren (1980b,c).

Even if the mean crossing rate has a known functional form, some param-
eters have to be estimated from observations before the formula can be



15.2. Poisson Exceedances and Exponential Waiting Times 283

used in practice. For example, if £(¢) is a stationary normal process with mean
m and variance A,

1 [1,\Y? 1
wu) = e (Ii) €Xp {* 2—/10 (u — m)z}

so there are three parameters, m, Ay, and v = (1/27) (4,/4)"/* = mean num-
ber of upcrossings of the level m in unit time, to be estimated. Of course, for
large values of u — m, predictions by means of this formula can be highly
unreliable.

Example 15.2.2 (Break frequency of paper; cf. Example 14.2.1). A paper web
which runs through a printing press is subject to a tension which can cause
a web break. Since a break usually starts at one of the side edges of the web
we can model this phenomenon by considering the local strength of the paper
(at any of the side edges) as a stationary stochastic process &(t) with one-
dimensional parameter ¢ running along the length of the paper.

In Example 14.2.1 the object of study was min{&(t); 0 < t < T} for small
values of T (between 0.08 m and 10 m), and from that example we can draw the
conclusion that the mean local strength is certainly not less than 1.5 kN/m
for those particular qualities of paper.

In the model a web break starts when the local strength &(¢) has a down-
crossing of the tension level u, which in a printing press takes values some-
where around 0.3-0.5 kN/m. Suppose now that for small values of u the
downcrossing rate is the same as for a normal process,

1
w(u) = v exp {— ﬁ(;(u - m)z}.

(This is consistent with Example 14.2.1 which did not exclude a Type I
decrease of mean strength with increasing length.) Further assume that we
can run the press at a series of different tension levels. An experiment carried
out on tension level u; will result in an observed distance to the first web
break, which we can denote by y;. The tension can be varied between each
experiment. We thus obtain a sequence of tension levels u;, and observed
corresponding distances to web breaks, y;, i = 1,..., n.

By the Poisson character of extreme crossings, for small values of u; the
y;’s are approximately independent and exponentially distributed with mean
1/u(u;), so one can write

1
log yi = —logv + 5~ (u; — m)* + log ¢;, (15.2.2)
0

where log ¢;, i = 1,..., n, are approximately independent r.v.’s with d.f.
P{loge; < x} =1 — exp(—e€¥), — 00 < x < 00. Thus (15.2.2) is a regression
equation from which m, 4,, and log v can be estimated. However, the levels
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u; need to be spread out over a wide range of values in order to give good
estimates of the parameters and this is not always possible under experimental
conditions; for a discussion of efficiency, see Héllberg and de Maré (1976).

a

15.3. Domains of Attraction and Extremes from
Mixed Distributions

In this section we shall discuss two important questions related to the do-
mains of attraction, namely, the effect on the extreme value distribution of
a randomly varying parameter in a parent distribution, and the influence of
deterministic components in nonstationary cases. We start with a discussion
of some models for wind variation.

Example 15.3.1. The variation in wind speed and direction has long been
studied and documented in statistical terms and has an interesting history.
Notable studies were made by Gustav Eiffel on top of the Eiffel tower during
the early years after its construction ; see Eiffel (1900). As an example, Figure
15.3.1(a) shows a recording of speed and direction during a day at the top of
the tower (upper curve) and on the ground (lower curve).

The speed was measured as the time it takes the wind to run 5000 m, which
means that there is an averaging over a time interval with a length depending
on the current wind speed. This averaging was partly due to the construction
of the measuring and recording devices and, as Eiffel noted, has a consider-
able influence on the observed high speeds. To partly compensate for this,
Eiffel installed an extra, more sensitive, anemometer which was engaged
only when the slow anemometer showed values exceeding a certain level.
Figure 15.3.1(a) and (b) shows examples of the slow and sensitive meter
recordings.

In Figure 15.3.2 empirical d.f’s for wind speed on top of the tower are
shown for two different months, (a) January and July, based on measurements
from 1890 to 1895, and (b) for combined data for all twelve months in a year.
Since there are some theoretical arguments for using a Rayleigh distribu-
tion in connection with speed measurements and random directions, the
scales are chosen so that the Rayleigh distribution, F(v) = 1 — exp(—1v?/2¢?),
is represented by a straight line:

log(— log(1 — F(v))) = 2 log v — log(26?).

As is seen, the curves for the individual months show some definite curva-
ture, while the combined data show a good fit to the Rayleigh distribution.
This has sometimes been taken as an indication that wind speed should be
described by the Rayleigh distribution. As we shall see, there is at least some
further rationale for this. a
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The horizontal wind blowing at a specific point at time ¢ can be represented
as a vector W(t) = (&,(¢), &,(t)) with components &,(t) and &,(t) which are
the wind velocities along, say, the N-S and E-W directions, respectively. The
total wind speed is then

&0 =Wl = (Ei® + W)

(with wind direction 6(t), i.e. &,(t) = &(t) cos 0(t), &,(t) = &(t) sin 6(¢)).

Suppose &,(t) and &,(t) are independent normal processes with mean m,,
m, and the same covariance function r(t) = Cov(£(s), E{s + t)),i = 1,2,and
variance o2 = r(0) = Var((t)). If both components have mean zero,
m, = m, = 0, then

2
P{E(t) > v} = P{EI() + E3(1) > v*} = eXp(— -2%3) v>0,

so that &(t) has a Rayleigh distribution with density

2

few(v) = v~ exp ( - 2”72> ,  v>0. (153.1)

If m, or m, are not zero, i.e. if there is a prevailing wind direction, the wind
speed has a noncentral Rayleigh distribution with parameter 4 = (m? + m2)!/2
and probability density function

- AZ 244'
f (V) = vo™ 2 exp <_. 0( l(?i!/)za ¥

1’2 + 2
= po~? exp(— Mi) I (g) , v>0, (15.3.2)

18

202

]

A%+ vz>
J

2062

where Iy(x) is the modified Bessel function of the first kind of order 0; see
Johnson and Kotz (1970, Section 28.3).

Due to these relations between the normal and the Rayleigh distribution
it is not surprising that the latter has been used as a parent distribution for
wind speed measurements by many authors. However, in the example above
(Example 15.3.1) the Rayleigh distribution did not fit the monthly data well.

Note also that if &(t) = (&3(t) + E3())? is a Rayleigh process with
normal components, then the averages

1 T
an =7 [ e
are still normal, so that

HORN(HORRZ{0) G
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is also Rayleigh, but the observed mean of &(t),

1 T
00-7 [ @o+a0ma

is not Rayleigh. The distributional properties of filtered wind speed data
has been studied by Sharpe (1974).

We turn now to a discussion of extreme wind data and the effect of non-
stationarity and time-varying parameters. The Rayleigh distributions (both
central and noncentral) belong to the domain of attraction for the Type I
double exporncntial extreme value distribution. One would therefore expect
that the maximum wind M(T), taken over an interval of length T where
stationary conditions hold, would follow this distribution, i.e.

P{M(T) < u} ~ exp(_ e_aT(“_bT))

for some constants a; > 0, by depending on the length of measurement and
the correlation structure of the process.

Example 15.3.2 (Yearly maximum of wind speed). Table 15.3.1 and Figure
15.3.3 show the observed yearly maximum of the 1-hour mean wind in
London, Ontario for the years 1939-1961 (T = 1 year, unit of speed = m/s).
(The data have been compiled from Davenport (1978).) The straight line
in the figure is the d.f. for a double exponential distribution as fitted by
Davenport: F(v) = 1 — exp(—e~¢~1773), O

As was seen in the previous example a Type I extreme value distribution
can be reasonably well fitted to the yearly maxima of wind at a specific
point. On the other hand, in Example 15.3.1 different short-term distribu-
tions had to be fitted for each month, and there is no reason to believe that

Table 15.3.1

Speed Year  Speed Year

143 1958 18.3 1947
14.8 1944 18.3 1949
15.2 1960 18.8 1954
15.6 1946 19.2 1959
16.1 1939 20.1 1941
16.1 1956 20.1 1955
16.5 1940 20.6 1952
16.5 1945 224 1942
17.4 1943 232 1948
17.4 1951 24.6 1957
17.4 1953 259 1950
17.4 1961
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Figure 15.3.3. Observed d.f. of maximum yearly wind speed 1939-61, plotted on double
exponential probability paper (from Davenport (1977)).

itisnot also the case in Example 15.3.2. There are many other situations, e.g. in
modelling rainfall, waveheight, etc., when one has to use different models for
different periods of time, and let the parameters of the model vary with time.
This variation can then be considered either as deterministic, repeating a
certain pattern from one period of time to the next, or as a random function
with its own distributional properties. The former case is parallel to the con-
siderations leading to formula (14.2.5) for the strength of materials, and it
involves taking the maximum of variables with nonidentical distributions.
A theory for normal sequences with varying means was presented in Chapter
6, and an example will be given at the end of the next section.

In the latter case, when the variation is random, one is actually facing a
situation in which the individual observations are identically distributed,
and follow some mixed distribution, in analogy with formula (14.2.6). An
important question then is to what extent extreme observations are due to
extreme parameter values or to extreme experimental outcomes.

Simiu and Filliben (1976) have demonstrated that the double exponential
distribution does not describe extreme winds in climates characterized by
the occurrence of special types of winds, such as hurricanes, which are con-
siderably stronger than the usual winds. They conclude that in such cases
knowledge of the frequency and characteristics of hurricanes is vital for a
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reliable prediction of strong winds. Similar problems occur in ocean engineer-
ing where the frequency of different weather types is used to mix the effects
calculated from stationary short-term wind and wave models.

As an example we will discuss in more detail a scale mixture F of Rayleigh
distributions,

1 — Fyv) = P{{ >0} = J:oP{f > v]o = s} dF ,(s)

=] 2
= f exp(— —”—2) dF (s), (15.3.3)
0 2s
where F, is the d.f. of a random scale parameter in (15.3.1) (assuming m; =
m, = 0 to be constant).

As follows simply from Theorem 1.6.1, each conditional distribution
1 — exp(—v?/2s%) belongs to the domain of attraction to the Type I extreme
value distribution, which means that the maxima, suitably normalized have
approximately a double exponential distribution. When s varies as the r.v. g,
extreme values of £ may occur due to large values of ¢, and the question we
shall deal with is the domain of attraction for the mixed distribution (15.3.3)
for different mixing distributions F,. In the Type II case there is the following
simple and satisfying answer: A scale mixture F, of Rayleigh distributions
belongs to the domain of attraction for the Type II extreme value distribution
with parameter a if and only if the same is true for the scale distribution F.

Furthermore, if {a, > 0} is a sequence of scale parameters for F, such that,
as n— oo, Fy(x/a)"— exp(—x~%, x >0, and c, = 2¥°T(¢/2 + 1), then
a, = @, 1s an appropriate sequence of scale parameters for F,, and

’
n

Fé(ai) —=exp(—x"% as n—ooo,x>0.

We shall prove this here making use of the explicit form of the Rayleigh
distribution, even though it seems likely that a direct estimate of the tail of
the distribution of the mixture would work just as well. Let

F1/(2az)(x) =1- Fa(

e

be the d.f. of 1/(262) and let

L(t) = f e—tx dFl/(Zaz)(x)

[

be-its Laplace transform, so that

1 - Fg(v) = J e—le dFl/(z,,z)(x) = L(Uz).
0
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Now, by Theorem 1.6.2, F,, belongs to the domain of attraction for the Type
II extreme value distribution if and only if it is regularly varying with ex-
ponent a, i.e. if

.};&(I_x) 2> Xx % ast—o 0,
1 - Fa(t)
and hence with s = 1/(2t2),
F1/(2a2)(5/x2) 2y~
P 2 5 (x2)7 9% ass— 0,
F1/(2a2)(s)

so that F;(,,2/(s) is regularly varying at O with exponent /2. By a Tauberian
theorem for Laplace transforms (see Feller (1971), Section XIII.5, Theorem
3, formula (5.7)), this is equivalent to L(t) being regularly varying at oo and

L ~T (; + 1) Fyiooflf) ast— .
Thus

2 o 1
I—F‘:(U)=L(U)~r '2‘+1 Fl/(ZaZ) ;i

o v
=r(¥s1)(1-F, (2
(2+ )( (ﬁ))
~202T (5; + 1) (1 —F,@) asv— oo, (153.4)

proving the equivalence of domains of attraction.
Further, F (x/a,)" — exp(—x~%) if and only if

n(l — Fy(x/a,)) = x~*
With a, = a;.,,;, (15.3.4) then shows that
n(1 — Fdx/ay)) ~ [c.nle;? (1 — F,:( X ))

Afcan)

~ [l (1 —F,< a ))—»x-“,
Oican)

so that aj, is a proper choice of scale parameters.

Thus in the Type II case with F, falling off regularly at infinity i.e.
1 — F,(x) ~ x~*L(x) and L(x) varying slowly, the maximum M of the
independent variables ¢, ..., ,, each with d.f.

1 0 UZ
_ fo exp( — Z;) dF ,(s),

has an asymptotic Type II distribution
P{a,M® < x} - exp(—x"%.
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In this case the type of the maximum is therefore determined by the domain
of attraction of the d.f. F, of the parameter values.

15.4. Extrapolation of Extremes Over an Extended
Period of Time

Suppose {&(1)} is a stationary continuous time process, for which the maxi-
mum is attracted to the double exponential law, so that with some ay > 0, by,

P{M(T) < u} = P{ sup &(t) < u} ~ exp(—e 90 (15.4.1)
0<t<T

and we want to use knowledge of ar, by, for some T and “extrapolate” to
the distribution of M(nT) for some fixed integer n. If T is large we can expect
that the maxima over the intervals (0, T], (T, 2T],...,((n — 1)T, nT] are
approximately independent, so that

P{M(nT) < u} ~ P"{M(T) < u} ~ exp(—ne™ °T~b71))
= exp(__e—aT(u—bT—afllogn)),
and hence we would have
anr = ar,
b,r = by +ar'logn (154.2)

as a possible choice for the location and scale parameter for the maximum
over an extended period of time; cf. the discussion of the size effect on strength
in Section 14.2.

These relations hold as soon as {&(¢)} belongs to the domain of attraction
of the double exponential law. For a differentiable normal process

ar = (2 log T)I/Z’
by = ar + a7 ' log(\/A,/2m) (15.4.3)

by Theorem 8.2.7, where A, = Var(£'(t)), which gives, as T — o,

1 logn 1
_ 12 _ 1/2 =
a,r = (2log nT)? = 2 log T) (1 T ologT T "(log T))

= ar + ar ' logn + o(ar "),

bnT = a,r + an—Tl IOg(\/ '12/271:)
=ar + ar'logn + ar ' log(y/4,/2n) + o(ar )
=br +ar'logn + o(ar}?),

agreeing with (15.4.2) up to terms of low order, as it should.
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However, these scale and location parameters are dependent on the time-
scale of the process, in a way which sometimes can be a source of confusion.
A change of scale units in (15.4.1) and (15.4.3), so that time T is replaced by
T’ = cT, will change (2 log T)"? into (2 log T+ 2 log ¢)"/* and 1}/? into
¢ 1A}/2, so the approximation (15.4.1) will be different. Of course, whatever
the time scale, there is a precise limiting distribution for the maximum, the
problem is that the error in using (15.4.1) for finite time intervals depends on
the time scale.

One natural way of counting time, which is often used, is in terms of zero
crossing distances or mean period length. Let (assuming 4, = 1),

1
— __,11/2
Y 2m "2
be the mean number of zero upcrossings per (old) time unit, and introduce
the new time scale T’ = vT, which counts the time in terms of the expected
number of zero upcrossings. Then log(v™A}/?/2n) = log1 = 0, so the
(standardized) approximation would be

P{M(T) < u} ~ exp(—e'(z log vT)!/2(u—(2 log vT)‘/z))
with equal scale and location parameter,
ar = by = 2log vT)'2, (1544)
The approximating distribution has mean and standard deviation

= QlogvT)2 4 —1
my = (2log vI)'" + G T

T
or = ——=QlogvT)'?,

which can be used as standard approximations of the limiting mean and
standard deviations.

Example 15.4.1 (Extremes in air pollution data). The United States Federal
short-term standard for sulfur dioxide (SO,) requires that the 3-hour mean
concentration of SO, should not exceed 50 pphm (parts per hundred million)
more than once a year. To see how this can be complied with we shall discuss
data from 19 years observations of 1-hour mean concentrations from Long
Beach, California (taken from Roberts (1979b)). Clearly the 3-hour means
have less accentuated extremes than the 1-hour means so this procedure
will certainly not underestimate the frequency of exceedances.

Figure 15.4.1 shows the daily maxima of the hourly averages for each of
the 365 days of 1979.

As is seen in the diagram the data are clearly correlated. Furthermore,
from a complete set of data from 1956-1974, shown in Table 15.4.1, it is seen
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Figure 15.4.1. Observed values of daily maximum of 1-hour mean SO, concentration
at Long Beach, California, 1979.

that the highest values are concentrated to the winter months, so that what
we actually have is an example of a nonstationary correlated sequence.

The d.f. of mean concentration of air pollutants has been studied and de-
scribed by many authors, and it appears that a lognormal distribution would

Table 15.4.1 Sulfur dioxide, 1-hour average concentrations (pphm); monthly

and annual maxima and annual averages.
Ann. Ann.

Year Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec. Max. Ave.

1956 47 31 4 12 13 3 14 21 33 26 40 32 47 4.0
1957 22 19 20 32 20 23 18 16 13 14 41 25 41 30
1958 15 13 20 12 24 13 37 20 32 27 27 68 68 34
1959 20 32 20 15 3 6 8 15 17 15 20 20 32 2.1
1960 22 18 23 20 8§ 13 14 9 13 16 27 20 27 1.9
1961 25 20 20 16 10 10 8§ 10 12 16 14 43 43 1.9
1962 20 13 15 18 10 12 10 10 11 11 14 7 20 1.5
1963 12 18 27 21 2 7 4 4 15 10 18 18 27 1.3
1964 16 10 3 3 19 9 16 25 4 14 18 21 25 1.4
1965 16 18 9 14 8§ 10 18 18 14 12 17 14 18 2.6
1966 27 33 25 10 17 30 13 18 22 15 25 23 33 30
1967 30 40 32 10 8 7 8 26 10 40 18 17 40 2.5
1968 51 30 18 22 10 19 22 25 26 29 S50 40 351 3.1
1969 37 13 55 14 9 10 13 17 33 13 15 44 55 25
1970 23 19 10 11 15 12 25 40 25 20 12 8 40 24
1971 2 36 20 28 10 15 20 55 38 41 26 25 55 25
1972 30 32 18 27 37 13 23 19 21 31 25 13 37 2.5
1973 10 8 8§ 12 11 16 25 16 11 28 10 23 28 1.9
1974 8 9 9 13 8 14 9 9 25 11 19 15 34 1.7

Average 23.8 21.6 208 163 12.7 13.7 160 19.6 19.7 204 229 250 24
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Figure 15.4.2. Observed d.f. of monthly maxima ( x ), yearly maxima (O) from 1956 to
1974 at Long Beach; —— fitted double exponential distributions, ~ — - d.f. for yearly
maximum extrapolated from monthly maxima.

give a reasonable fit, at least in the center of the distribution. The lognormal
distribution belongs to the domain of attraction to the Type I distribution
(see Example 1.7.4), and we shall try to fit a double exponential distribution
to the extremal data in Table 15.4.1. Of course, a good fit to lognormality
in the centre of the distribution does not ensure that this will work well.

Figure 15.4.2 shows the empirical d.f’s of the 19-yearly, and 19 x 12
= 228 monthly maxima, plotted on double exponential probability
paper. It is worth noting that the theory in Chapters 3 and 13 might be
applicable to the correlated data here and that then the data should give an
acceptable plot on the appropriate extreme value paper. However, the non-
stationarity, and perhaps also the dependence from month to month, affects
the choice of scale and location parameters in the approximation formula
(15.4.1) as will now be demonstrated.

Assuming a double exponential distribution for M(month) and M(year),
one can estimate parameters, e.g. by the maximum-likelihood method.
Roberts (1979a,b), from which the complete set of data has been taken, uses a
variant of the least-squares method and obtains the estimated distributions

P{M(month) < u} = exp(—e~ 011507145}y
P{M(year) < u} = exp(—e 0081315
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The estimated probability that the 1-hour averages exceed 50 pphm at
least once in one year is

P{M(year) > 50} = 1 — exp(— e~ 0-081(50-315)) _ 0,

while the observed frequency is 4/19 &~ 0.21. This should be compared to
(15.4.2) from which one would expect

Qyear = Amonth = 0115,
2.48

byear = bmonth + a;mlmh log 12 = 145 + 61—15 = 36.1

Using a0 and b, to estimate the probability of exceeding 50 pphm
during one year, would then give

P{M(year) > 50} ~ 1 — exp(—e~0-115650-36.1)y _ (18,

and the correspondingly estimated d.f. of M(year) is represented by the
dashed line in Figure 15.4.2.

As seen from Figure 15.4.2, the location of the extrapolated distribution
agrees reasonably well with that of F,,,, but at the same time it is more
concentrated, so that the probability of very high or very low yearly maxima
will be underestimated. It is not clear whether this is caused by the non-
stationarity or by the strong correlation (or by both), but it is evident from
the data in Table 15.4.1 that there are several runs of very low or very high
values within individual years, and that high yearly maxima tend to encourage
several high monthly maxima that same year. O

As was seen in Chapter 6, for normal sequences the “stationary” theory
still applies to sequences with nonstationary mean or correlation structure,
provided the location parameter is adequately adjusted and the correlations
show the standard log ™ *-decay with time.

Example 15.4.2 (Nonstationary ozone data). Horowitz (1980) has applied
extreme-value theory to correlated, nonstationary ozone data. Assuming
daily maximal 1-hour mean concentrations #; to be lognormal, he allows for
a time-dependent mean value function over the year, with residuals which
are correlated normal variables with zero means and common variance o>
Normalizing the mean in terms of ¢ we obtain the model

logn; = a(m; + &), i=1,...,n(=365), (15.4.5)

where a second degree polynomial is fitted for m; and ¢; are assumed to be
correlated standard normal variables. As Figure 15.4.3 shows there is clearly
a need for a time-dependent model, and the model (15.4.5) at least gives a
good fit for the marginal distribution of #;.
By Theorem 6.2.1, under mild conditions on the function m; we then have
that
P { max log #; s.o<ai +b, + m,’,")} —exp(—e™™),

1<i<n n
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Figure 15.4.3. Observed daily maximum 1-hour average ozone concentrations.
where m* is defined by (6.2.2). Writing d, = exp(a(b, + m})), ¢, = a,/(5d,),

exp(a(ai + b, + m,’:‘)) = d,,(l + 2 oa, 1)) =d, + ; + o(c; ),

n n n

and hence
x _
P{ max #n; < — + d,,} ~ exp(— e %)
1<i<n Cp

for large n.

This is in sharp contrast to the extremal distribution that would appear
for the yearly maximum of a sequence of (dependent) identically distributed
variables, each with a marginal distribution equal to the observed “pooled”
dis ribution of the 365 daily values, not accounting for a nonstationary mean.

It is worth noting that the application of the normal extreme value theory
to this nonstationary situation is not restricted by an assumption of station-
ary correlation structure, as was shown by the results of Sections 6.2-6.3.

O

15.5. Local Extremes—Application to
Random Waves

In this last section we shall discuss some applications of continuous time
extremal theory which relates to the behaviour of the process as a sequence
of random waves, in particular, the sequence of successive local maxima and
minima.
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Let &(t) be a continuously differentiable normal process, twice differ-
entiable in quadratic mean, with local maxima at s;,,0 < s5; <5, < -+ < Sy
< T, where N' = N'(T) is the (random) number of local maxima in the
interval [0, T] as in Section 7.6. Further, let s; be the locations of the
local minima, indexed to make s; < s} < s;, ;- For example, thinking of £(t)
as describing the height of the sea level above the mean level at a specific
point at time ¢, a natural terminology is to call £(s, ), &(s}), &(s,), . . . a sequence
of random wave characteristics. The values &(s;), £(s}) are the apparent ampli-
tudes, while the drops in height, &(s;) — &(s}), are the apparent waveheights.
The extreme values of &(s;) and &(s;) — &(s;) are of importance in many fields,
marine sciences providing one prominent example.

1t is sometimes easier to obtain reliable measurements of the waveheights
and amplitudes than to get continuous measurements of £(t) itself. Since

max(&(sy), .. ., E(sn)) = sup{¢(0); s; <t < sy-},

which equals M(T) = sup{&(t); 0 < t < T} if M(T) is not attained at 0 or
T, one can nevertheless use the continuous time extremal results to obtain
the asymptotic distribution of the maximum of &(s),i = 1, 2, ...

We now specialize to a stationary normal process with 4, = Var(£"(t)) < o0
and general variance A, = Var(&(t)). This requires only obvious changes in
previous standardized (4, = 1) formulae since &(t) = A5 Y/2&(t) satisfies
Var(&(®)) = 1, Var(&(t)) = A,/A, Var(&'(t)) = A4/A. If, as in Section 7.6,
N/(T) denotes the number of local maxima s; in [0, T'] such that &(s;) > u,
then by (7.63) with v =(121)(A/A0)Y% Vv = (1/2r)(A4/4,)3,
e= (1= V) =1 - 13/A A",

E(N(T)) = {( CD(;\/L_-))—I—vexp( 2”;) (L\/_vl)}

Since the total expected number of maxima is TVv', the ratio E(N(T))/TV
may be regarded as a measure of how likely it is that a local maximum is
greater than u, and we define the function F,,, by

EN))

Fr) =1 = ==

Evidently F,,,(u) is nondecreasing, continuous, and F,,(u) — 0 (or 1) as
u— —oo(or + oo) so that F,, is a d.f. Write

fmax(u) Fmax(“)

&

el
Vo \e/ho

1= e2\¥2 y 2) (1 — g2y u )
(25) Fpoel sl -

for the corresponding density function. If the process &(t) is ergodic
N(T)/N(T) - 1 — F,,(u), with probability one (cf. Section 10.2), so that
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F.x(1) is in that case the limit of the empirical distribution of the apparent
amplitudes. The form of this distribution depends only on the so-called
spectral width parameter &¢ = (1 — A3/AoA4)'/?. Values of & near 0 give a
narrow banded spectrum, with one dominating frequency, while values ¢
near 1 give a broad-band spectrum.

Example 15.5.1. The apparent amplitudes of sea level were observed by a
floating buoy off South Uist in the Hebrides. During several storms the em-
pirical distribution of the local wave maxima and minima were recorded and
the spectral parameters estimated. Figure 15.5.1(a)-(c) shows the result of
one such recording with moderate spectral width. The figures show in histo-
gram form the distribution of the sea level &(t) sampled twice per second,
the local maxima &(s;), and the local minima &(s;). The density function
Sfrmax() (and the corresponding f;.(u) = fu.(—u) for minima) based on
normal process theory is also shown, with ¢ = 0.617 estimated from data.
The observation time was T = 17.4 min.

As is seen, the current sea level £(t) is reasonably normal in this example,
and it is striking how well the theoretical densities f,,,.(u) and f,;,(u) describe
the observed amplitudes, although they are fitted only via indirect estimation
of the spectral moments Ag, 4,, 4,. O

The apparent waveheight £(s;)) — &(s7) is frequently studied in oceano-
graphic surveys, but no closed form expression for its density is known.
Some simple, and for many processes, reliable approximations have been
given by Lindgren and Rychlik (1982), and by Cavanie et al. (1976).

In oceanography the severity of the seas is often described in terms of the
significant waveheight or the significant amplitude. Let u, 5 be such that

1 - Fmax(u1/3) = 1/3’

so that one-third of the amplitudes exceed u, 3, and define
A=3 | ) du
u1/3

to be the mean of the one-third highest waves. Then A, is called the significant
amplitude. The significant waveheight H, is defined similarly, and one often
assumes H; = 2A4,, an approximation which seems to be good if ¢ is small,
i.e. v & v so that there is only one local maximum between every zero
upcrossing. Furthermore, for small values of ¢,

Ay~ JRo(/2 log 3 + 3,/27(1 — O /2 log 3))) & 2.00,/4,. (15.5.1)

For any given significant amplitude one can ask for the maximum ampli-
tude one is likely to encounter over a period of time T. Since, as noted above,
My = max{&(sy), ..., &(sy)} = sup{&(t); 0 <t < T} = M(T),except when
M(T) is attained in [0, s,) or in (sy-, T], this can be solved within the present
theory.
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Figure 15.5.1(a). Histogram of observed water level; estimated spectral width parameter
& = 0.617.
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Figure 15.5.1(b). Height of local maxima; estimated spectral width parameter ¢ = 0.617.
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Figure 15.5.1(c). Height of local minima ; estimated spectral width parameter ¢ = 0.617.

Let a; and by be the standardized normalizing constants given by (15.4.4),
again with general variance A, = Var(&(1)),

ar = Ao Y22 log v)Y?, by = AY*Q2 logvT)Y2.  (15.5.2)
Then, by Theorem 8.2.7,
P{ar(M(T) — br) < x} > exp(— e7%)
so that
P{My, < u} ~ exp(— e™ T,

where N’ = N'(T) is a random variable. All that is needed is therefore
estimates of /A, and v, or equivalently of the significant mean period T, = 1)v.

(For small values of ¢ one can estimate \/,TO by A,/1.66, according to (15.5.1.)
O

Example 15.5.2. The highest encountered amplitude, together with the esti-

mated variance Ay and mean period T = 1/v, were recorded during 12-minute

periods eight times per day in the winter months January-March, 1973 at

the Seven Stones Light Vessel between Cornwall and the Isles of Scilly.
This results in a total of 8 x 90 = 720 triples of observations,

M(ﬁ), 1(8)9 ng)’ .] = 1’ crre 720’

where the M) are the maximal wave amplitudes over separate intervals of
length T = 12 min. Taken over the entire 3-month period the 4§’ (and
M) vary considerably as is seen in Figure 15.5.2 (a) and (b).
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Figure 15.5.2. Plot of temporal variation in standard deviation (a) of observed water
level over 12-minute periods, and (b) of observed maximum water level over the same

periods, January-March.
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In Figure 15.5.3 the normalized amplitudes aP(M§} — b¥) are plotted
on double exponential probability paper with

. . T \1/?
af = (AP~ 172 (2 log 72;;) ,

b = (A2 (2] T\
7 = (Ad) Ogﬂj‘) .

This choice of normalizing constants is appropriate if the M{? are observa-
tions of the maximal wave amplitudes of a (nonstationary) normal process
whose correlation structure is so slowly varying that it can be regarded as
stationary over each individual interval.

The theoretical (asymptotic,as T — oo) d.f. of these standardized variables
is exp(—e™%), and in Figure 15.5.3 this d.f. is illustrated by the straight
dashed line. As seen in Figure 15.5.3 there is a considerable difference be-
tween the observed and the theoretical d.f. of standardized wave maxima.
There may be physical reasons for this (such as breaking waves) but there
are also two plausible statistical explanations. The observation interval
T =12 min may be too short for the asymptotic theory to be effective, and
there may be long-ranging effects that shift the values of a(M{! — b{?) up
and down at a slow rate. To see this phenomenon we have plotted the entire

Figure 15.5.3. Observed d.f. of standardized observed maximum over 12 minutes,
January-March plotted on double exponential probability paper.
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Figure 15.5.4. Plot of temporal variation in standardized maxima over 12-minute periods.

series of normalized values in Figure 15.5.4. As can be seen there, such a slow

variation seems to be present, and this might be the main reason for the
deviation shown in Figure 15.5.3.

The data behind Examples 15.5.1 and 15.5.2 were made available by the

courtesy of P. Challenor at the Institute of Oceanographic Sciences, Wormley,
England. O



APPENDIX
Some Basic Concepts of
Point Process Theory

Intuitively, by a point process, we generally mean a series of events occurring
in time (or space, or both) according to some statistical law. For example,
the events may be radioactive disintegrations or telephone calls, occurring
in time, or the positions of a certain variety of plant in a field (two-dimen-
sional space). The cases of particular interest to us are when the events are
the instants of occurrence of exceedances of a level u by a stochastic sequence
{&,} (Chapter 5) or of the upcrossings of a level u by a continuous parameter
process {&(t)} (Chapter 9).

These point processes occur in one dimension (which we may regard as
“time” if we wish). We may simultaneously consider exceedances or up-
crossings of more than one level, and obtain a point process in the plane
(cf. Chapters 5 and 9).

Point process theory may be discussed in a quite abstract setting, leading
to a very satisfying general theory, and we refer the interested reader to
the books by Kallenberg (1976) and Matthes et al. (1978) for this. Here we
shall just indicate some of the main concepts regarding point processes on
the real line, and in the plane.

If 1 is any finite interval on the real line, the number of events, N(I) say,
of a point process occurring in I must be a random variable. More generally,
for any bounded Borel set B, N(B) should be an r.v. Further, the number
of events in the union of finitely or countably many disjoint sets, is the sum
of the numbers in each set, ie. N(B) = ) ¥ N(B)) if B; are disjoint (Borel)
sets whose union is B. That is, N(-) is a measure on the Borel sets. Again
the value of N(B) must be an integer as long as it is finite. Hence the following
formal definition naturally suggests itself.
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Figure A.1. (a) Point process of exceedances. (b) Point process of upcrossings.

A point process in a rectangle S = R" is a family of non-negative integer
(or + oo0)-valued r.v.’s N (B) defined for each Borel set B = S and such that
for each w, N (-) is a measure on the Borel sets, being finite valued on
bounded sets.

In the definition some useful extra generality has been gained by con-
sidering point processes defined on rectangles S = R" (where S may be
finite or infinite, and open or closed at each of its boundaries) in addition
to point processes on all of R". The requirement that a Borel set B is bounded
has, in this context, the precise technical meaning that the diameter of B
is finite and that the closure of B in R" is contained in S. Thus, for instance,
if §$=R" then any set with finite diameter is bounded, while if
S = (0, 1] = R!, say, then, e.g. the set (0, a], a > 0, has finite diameter but
is not bounded.

Note that the same definition may be used for more abstract topological
spaces than S< R" by using the Borel sets of that space in lieu of those in
R". Here, as noted, we shall mainly consider just the line and the plane.



Appendix. Some Basic Concepts of Point Process Theory 307

If 7 is a random variable we may consider the trivial point process con-
sisting of just one event occurring at the value which 7 takes, i.e. the point
process &, where 6(B) = 1 if t € B and §,(B) = 0 otherwise. Thus 9, repre-
sents unit mass at the randomly chosen point t. More generally, if 7; are
random variables (for j = 1,2, 3,...0orj=0, + 1 +£2,...) we may define
a point process N = ) ; 6, provided that N(B) = ) ;d, (B) is finite a.s. for
bounded sets B. For this point process, the events occur at the random
points {t;}. Going a little further still, we may conveniently include possible
multiple events by writing N = Zj B; 0., where f3; are non-negative integer-
valued r.v.’s and the 1; taken distinct.

In fact for a space with sufficient structure (such as the real line or plane)
it may be shown that any point process N may be represented in terms of
its atoms in this way, ie. N = Y, B; d.,, where the 7; are a.s. distinct random
elements of the space, and f; are non-negative, integer-valued random
variables. In the case where the f; are each unity a.s., we say that the point
process has no multiple events or is simple.

If By, ..., B, are bounded Borel sets, N(By), ..., N(B,) are random
variables and have a joint distribution—termed a finite-dimensional
distribution of the point process. In fact, the probabilistic properties of
interest concerning the point process are specified uniquely by the collection
of all such finite-dimensional distributions, i.e. for all choices of k and the
sets By, ..., By Of course, to define a point process starting from finite-
dimensional distributions, we must choose these distributions in an appro-
priately consistent manner, so that the r.v.’s N(B) will not only be well
defined but will be non-negative, countably additive in B, etc. We refer the
interested reader to Kallenberg (1976) for details.

If N is a point process the measure A defined on the Borel sets (of the
space involved) by

A(B) = E(N(B))
is termed the intensity measure of the point process. Note that, unlike N(B)
itself, A(B) may be infinite even when B is bounded (since while a r.v. is finite
valued, its mean need not be).

Although we shall not need them here, it is of interest to note that the
probabilistic properties of a point process N may also be summarized by
various generating functionals. In our judgement the most natural and use-
ful of these is the Laplace transform Ly( f) defined for non-negative measur-
able functions f by

Ly(f) = E<exp<— deN» = E(exp(—). B; /()

when N is represented as ) f; d.,- Such generating functionals have properties
and uses analogous to those of characteristic functions, moment generating
functions, and Laplace transforms of random variables. In particular, if
J(x) = tyg(x) (where yg(x) = 1 or 0 according as x € B or x ¢ B) we have
Ly(f) = E(e""™"®), This is simply the Laplace transform (or moment
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generating function evaluated at —¢t) of the r.v. N(B), and it uniquely specifies
the distribution of N(B). Similarly joint Laplace transforms for r.v.’s
N(B,), ..., N(B,) may be specified by taking f = > ¥_ t; 1,

Probably the most useful point process—both in its own right, and also
as a “building block” for other types—is the Poisson process. This may be
specified by its intensity measure A(B) which may be taken to be any measure
which is finite on bounded sets. The point process N is said to be Poisson
with this intensity if for each (bounded) B, N(B) is a Poisson r.v. with mean
A(B), and N(B,), ..., N(B,) are independent for any choice of k, and disjoint
B,, ..., B,. The existence of such a process N is easily shown under very
general circumstances though we do not do so here. Further, N has the
Laplace transform Ly(f) = exp{~—[(1 — e"/®) dA(u)}, and N is simple if
the intensity A is absolutely continuous.

It is readily checked that the choice f(x) = typ(x) yields the Laplace
transform of a Poisson r.v. with mean A(B). Incidentally this process may
be called the “general Poisson process”. The usual (stationary) Poisson
process on the real line arises when A(B) is a constant multiple of Lebesgue
measure m(B), i.e. A(B) = tm(B), in which case we say that the Poisson
process has intensity 1.

As noted above, the Poisson process may be used as a building block
for the construction of other point processes. In particular, a most useful
case arises if the intensity measure 4 is itself allowed to be stochastic. Such
a point process is no longer Poisson, but may be profitably thought of as
“Poisson with a (stochastically) varying mean rate”. We refer to such a
process as a doubly stochastic Poisson or, more commonly, a Cox process.
Specific use is made of such processes in Chapter 6, where the distribution
is explicity given.

A notion which will be useful to us is that of thinning of a point process—
and, in particular, of a Poisson process. Thinning refers to the removal
of some of the events of the point process by a (usually) probabilistic mech-
anism which can be quite complicated. In its simplest form—with which
we shall be concerned here—each event is removed or retained independently,
with probabilities 1 — p, p, say. For example, if N is a Poisson process
with intensity measure 4, and N* a point process obtained from N by such
independent thinning, we have, for a Borel set B,

i

P{N*(B) = r} Z P{N(B) = s} P{N*(B) = rIN(B) = s}

_ MB)(/{(B))S ( ) (1 p)s _,

Il
"MB |

since given that N(B) = s, N *(B) is binomial with parameters (s, p). This
expression reduces simply to yield
e  PB(pAB)Y

PIN*(B) = r} = ——
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so that N*(B) is a Poisson r.v. with mean pA(B). Similarly, it may be seen
that N*(B,), ..., N*(B,) are independent whenever By, ..., B are disjoint,
so that N* is clearly a Poisson process with intensity measure pA—an
intuitively appealing result of which use is made, e.g. in Chapter 3.

There are numerous structural properties of point process theory—such
as existence, uniqueness, simplicity, infinite divisibility and so on—which
we do not go into here. It will, however, be of interest to mention convergence
of a sequence of point processes, and to state a useful theorem in this
connection.

Suppose that {N,} is a sequence of point processes on a rectangle § — R"
and that N is a point process. Then we may say that N, converges in distri-
bution to N (written N, % N) if the sequence of vector r.v.’s (N(B,), ...,
N,(B,)) converges in distribution to (N(B,), ..., N(B,)) for each choice
of k, and all bounded Borel sets B; = S such that N(0B,) =0 as., i = 1,
..., k, (writing 0B for the boundary of the set B).

A point process may be viewed as a random element of a certain metric
space (whose points are measures) and convergence in distribution of N,
to N becomes weak convergence of the distributions of N, to that of N.
Here we do not need this general viewpoint since the above definition is
equivalent to it. However, at the end of this appendix we shall make a few
more comments on the general approach, and exemplify how proofs can
be simplified once results from the general theory are available.

The main result which we shall need is the following simple sufficient
condition for convergence in distribution. This is a special case of a theorem
of Kallenberg (1976), stated here for semiclosed (finite or infinite) intervals
and rectangles—obvious modifications apply to other types of set S.

Theorem A.1. (i) Let N,,n = 1,2, ..., and N be point processes on the semi-
closed interval S in the real line, N being simple. Suppose that

(a) E(N,((c,d])) = E(N((c,d])) for all —0 <c <d < oo such that
[c,d] = S, and

(b) P{N,(B) = 0} - P{N(B) = 0} for all B of the form U’{ (c;, d;], with
[e,d]l S, fori=1,...,k;k=12,....

Then N, % N.

(ii) The same is true for point processes on a semi-closed rectangle S in the
plane, if the semi-closed intervals (c,d], (c;,d;] are replaced by semi-
closed rectangles (c,d] x (y,0d], (¢;,d;]} x (3;,6;].

The remarkable feature of this result is that convergence of the probability
of occurrence of no events in certain given sets is essentially sufficient to
guarantee convergences of quantities like P{N,(B) = r} and corresponding
joint probabilities. The simple conditions (a) and (b) are often readily
verified.

The following useful proposition is a main step in Kallenberg’s proof of
Theorem A.1. (The idea of the proof is that (a) ensures that to each sequence
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of integers there is a subsequence such that N, converges to some simple
point process along the subsequence. Proposition A.2 and (b) of Theorem
A.1 then shows that the limit has the same distribution as N, which completes
the proof.)

Proposition A.2. (i) Suppose that N and N’ are simple point processes on a
semiclosed interval S in the real line and that P{N(B) = 0} = P{N'(B) = 0}
for all B of the form \ )} (c;, d;], with [¢;,d] =S for i=1,...,k;
k=1,2,.... Then N and N’ have the same distribution.

(ii) The same is true for point processes on a semi-closed rectangle in the plane,
if the semi-closed intervals (c;,d;] are replaced by semi-closed rectangles

(ci,d;] x (3;,0;]-

Our next result concerns convergence of a sequence of point processes
in the plane, to a Poisson process in the plane, and shows how this property
is preserved under suitable transformations of the points of each member
of the sequence, and of the limit. Obviously this result could be stated in
much greater generality but the form given here is sufficient for our
applications.

Theorem A.3. Let N,,n = 1,2,...,and N be point processes on a semi-closed
rectangle S in the plane, N being simple, and ©(x) a strictly decreasing continuous
real function. Define new point processes {N,}, N’ such that if N, (N) has an
atom at (s, t) then N, (N') has an atom at (s, t~ '(t)), where 1~ ' is the inverse
function of .

(@) If N,% NthenN, % N'.

(i) If N is Poisson, with intensity measure A, then N' is Poisson with intensity
AT ™', where T denotes the transformation of the plane given by
T(s,t) = (s, 7~ X(t)). If A is Lebesgue measure on the plane, the intensity
AT~ is the product of linear Lebesgue measure and the measure defined
by the monotone function .

PROOE. (i) It is readily checked that for any rectangle B = (c,d] x (y,9]
N'(B) = N((¢,d] x [«(), () = N(T~'(B))

and hence (by uniqueness of extensions of measures) N'(B) = N(T ~!(B))
for all Borel sets B. This holds also with N, N, replacing N’, N.

Suppose now that B is a Borel set such that N'(0B) = 0 a.s. (again 0B
denotes the boundary of B). Now it may be seen (using the continuity of 7)
that 0T~ (B) < T~ '(0B) so that N(T ~*(B)) < N(T~'(¢éB)) = N'(6B) = 0
as. Since N, 5 N we thus have N,(T ™ }(B)) % N(T ~*(B)) or N;(B) 4 N'(B).
This result extends simply to show that (N(B,), ..., N.(By) 4 (N'(By),...,
N'(B,)) whenever N'(0B;) = 0 a.s. for each i = 1, ..., k and hence N, 4N
as required.
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(ii) If N is Poisson with intensity 4, and B is any Borel set in S

e—}.T‘ l(B)(lT_ I(B))r
r!

P{N'(B) = r} = PIN(T"'(B)) = r} =

foreachr =0, 1, 2, ..., so that N'(B) is Poisson with mean AT ~(B). In-
dependence of N'(B,), ..., N'(B) for disjoint B, ..., B, follows from the
fact that T~ !(B,),..., T~ '(B,) are also disjoint, and hence N(T ~(B))),. ..,
N(T ~(B,)) are independent.

The last statement of (ii) follows simply if A is Lebesgue measure,

AT ((c,d] x (3,0]) = A{(c,d] x [(3), 1(»))}
= (d — o)(x(d) — 1)),

noting also that 7 is continuous. L]

As promised, we shall make some comments (without proofs) on the
general approach to point processes. The reader should perhaps be warned
that this presupposes some knowledge of weak convergence of probability
measures on metric spaces, which is not needed elsewhere in the book.

Let, as before, S be a rectangle in R" and let M denote the set of positive
integer-valued measures of S which are finite on bounded sets. A sequence
{v,} = M is said to converge vaguely to a measure v € M (notation: v, % v)
if { fdv, — [ fdv for all functions f which are continuous and vanish outside
some bounded set. The notion of vague convergence is particularly straight-
forward if v is simple, as can be seen from the following easily proven
proposition.

Proposition A.4. Suppose v is simple with atoms at the distinct points t,,
ty,...€8S,ie.v=7),0,. Then v, v if and only if there are bounded rect-
angles S; 1 S with W0S; n S) = 0 such that if t,, ..., t,, are the atoms of v
which are contained in S; then for n large, v, has precisely l atoms t, ,...,t,
in §; and they can be ordered so that t, ; > t, ,asn— o0,i=1,...,1

Vague convergence induces a topology on M, and we let .# be the o-
algebra generated by the open sets of this topology. The space (M, .#) is
Polish, i.e. there exists some metric on M which generates the topology
of M and which makes M complete. A point process N can be defined as
a random element in (M, .#) and convergence in distribution of point
processes is just ordinary convergence of random elements in a metric
space, as set forth, e.g. in Billingsley’s (1968) monograph. Thus by definition
N, % N if E(h(N,)) = E(h(N)) for all continuous bounded functions
h: M — R'. As noted above, this definition of convergence can be shown
to be equivalent to the more elementary definition given on p. 309.

An important result then is that N, -5 N implies convergence in distri-
bution of a wide class of functions of N,. Let h be a function from (M, .#)
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to some metric space R (e.g. R may be M itself) and let D, be the set of dis-
continuity points of h, i.e. v € D, if there is a sequence {v,} such that v, > v
but h(v,) 4 h(v). Then, if P{N € D,} = 0 (ks then said to be a.s. N-continuous)
and N, 5 N it follows that h(N,) % h(N).

This can be used to give an alternative easy proof of Theorem A.3. In
fact, if ve M is simple and v' = h(v) is such that if v has an atom at (s, )
then v' has an atom at (s, T~ !(¢)), then it is immediate from Proposition A.4
that h is continuous, and hence Theorem A.3(i) follows. A further example
of the usefulness of the general theory is given in connection with record
times in Section 5.8.

As a final note, it is apparent that the concept of a point process may
be generalized to include measures N for which N(B) is not necessarily
integer valued. This generalization leads to a natural setting for point
processes within the framework of the theory of random measures—a
viewpoint developed in detail by Kallenberg (1976).
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See Cox process
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