QUESTION 1
Suppose X1, Xs, ..., X, is a random sample from the Exp (A) distribution. Consider the
following estimators for = 1/X: 6, = (1/n) X" | X; and 62 = (1/(n+ 1)) >0, X,.
(i) Find the biases of 6 and 6s.
(i) Find the variances of #; and fs.
(ili) Find the mean squared errors of 6; and 6,.
)

(iv) Which of the two estimators (6, or ) is better and why?



SOLUTIONS TO QUESTION 1

Suppose Xi, Xo, ..., X, is a random sample from the Exp (\) distribution. Consider the
following estimators for = 1/X: 6, = (1/n) X" | X; and 62 = (1/(n+ 1)) >0, X,.

(i) The bias of 6; is
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The bias of 5; is
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(ii) The variance of 0; is

Var (97) = Var <7]1' i Xi)
i=1

The variance of 65 is

Var (9;) = Var (n j_ ] Zn:Xz)
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(iii) The mean squared error of 8 is
2
MSE (6,) = —.
) =3

The mean squared error of 6y is

_ n6? o \>
MSE(HQ)_(n+1)2+<n+1> Cn4+1

(iv) In terms of bias, 0, is unbiased and 6, is biased (however, 0, is asymptotically unbiased).
So, one would prefer #, if bias is the important issue.

In terms of mean squared error, @; has better efficiency (however, both estimators are
consistent). So, one would prefer 6, if efficiency is the important issue.



QUESTION 2

Suppose X1, Xs,..., X, are independent and identically distributed random variables
with the common probability mass function (pmf):

pla) = 6(1— 6)

forx=1,2,...and 0 < 0 < 1.

(i) Write down the likelihood function of 6.

(ii) Find the maximum likelihood estimator (mle) of 6.

)

)
(iii) Find the mle of ¢ = 1/6.
(iv) Determine the bias, variance and the mean squared error of the mle of 1.
)

(v) Is the mle of ¢ unbiased? Is it consistent?



SOLUTIONS TO QUESTION 2

Suppose X1, Xs,..., X, are independent and identically distributed random variables
with the common probability mass function (pmf):

pla) = 6(1— 6)

for x = 1,2,... and 0 < 8 < 1. This pmf corresponds to the geometric distribution, so

E(X;)=1/0 and Var(X;) = (1 —0)/6°.

(i) The likelihood function of € is

L) = f[l{eu — 0% =01 — )2 K,

(ii) The log likelihood function of 6 is

log L(#) = nlog 0 + (

SX, - n) log(1 — 0).

=1

The first and second derivatives of this with respect to 6 are

dlog L(0)
df
and

@ log L(6)
d6?

n
X Xi—n

1-0

E_Z?:lXi_n

1—0)2

respectively. Note that dlog L(#)/df = 0if 6 = n/ i, X; and that d*log L(6)/d6* < 0
for all 0 < 6 < 1. So, it follows that § =n/> " ; X; is the mle of 6.

(iii) By the invariance principle, the mle of ¢ = 1/0 is ¢ = (1/n) ¥, X;.

(iv) The bias of ¢ is
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The variance of v is

Var (¢) =

The mean squared error of v is

MSE (¢)

(v) The mle of ¢ is unbiased and consistent.




QUESTION 3
Let X and Y be uncorrelated random variables. Suppose that X has mean 26 and
variance 4. Suppose that Y has mean 6 and variance 2. The parameter # is unknown.
(i) Compute the bias and mean squared error for each of the following estimators of 0:
0= (1/4)X +(1/2)Y and 0 = X — Y.
(ii) Which of the two estimators (A, or 6,) is better and why?

(iii) Verify that the estimator 0, = (¢/2)X +(1—¢)Y is unbiased. Find the value of ¢ which
minimizes Var (6,).



SOLUTIONS TO QUESTION 3

Let X and Y be uncorrelated random variables. Suppose that X has mean 26 and
variance 4. Suppose that Y has mean 6 and variance 2. The parameter # is unknown.

(i) The biases and mean squared errors of 0; = (1/4)X + (1/2)Y and 6, = X — Y are:

Bias (51) =

BiCLS(éQ) = E(ég)—e
= E(X-Y)-#6
= E(X)—E(Y)-90
= 20-0-10

and

MSE () = Var (0s)

(ii) Both 51 and 0, are unbiased. The MSE of 6, is smaller than the MSE of 6,. So, we
prefer 6.



(iii) The bias of 6, is
E(6) -6 = E<§X+(1—c)Y> "y
= SEX)+(1-o)BY) -0

= 220+ (1-c)—0

so 6. is unbiased.

The variance of 6. is

Var (50) = Var (;X + (1 — c)Y)

2

= %Var(X) + (1 —¢)*Var(y)
2
= i+ 2(1 —¢)?
= A +2(1-0c)>
Let g(c) = ¢® +2(1 — ¢)?>. Them glgc) =6c—4=0ifc=2/3. Also g'(c) = 6 > 0. So,

¢ = 2/3 minimizes the variance of 6..



QUESTION 4

Consider the linear regression model with zero intercept:

Y =pBXi+e
fori =1,2,...,n, where ey, es,...,e, are independent and identical normal random variables
with zero mean and variance ¢? assumed known. Moreover, suppose X;, Xs,..., X, are

known constants.

(i) Write down the likelihood function of f.

(ii) Derive the maximum likelihood estimator of /.

)
)
(iii) Find the bias of the estimator in part (ii). Is the estimator unbiased?
(iv) Find the mean square error of the estimator in part (ii).

)

(v) Find the exact distribution of the estimator in part (ii).
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SOLUTIONS TO QUESTION 4

Consider the linear regression model with zero intercept:

Y =pBXi+e
fori =1,2,...,n, where ey, es,...,e, are independent and identical normal random variables
with zero mean and variance ¢? assumed known. Moreover, suppose X;, Xs,..., X, are

known constants.

(i) The likelihood function of f is

1 ¢ 1 (Y; — BX:)?
LB) = (2m)n/2gm P {_M} - (27)n/2gm P {_ 202 } '

(ii) The log likelihood function of f is
log L(B) = —g log(27) — nlogo — Z (Y; — BX;)?

The normal equation is:

DlogL(B) 1~ .o o
T—;;(Y; BX;) X; = 0.

Solving this equation gives

This is an mle since

(iii) The bias of 3 is

_ ﬂ 5
i X7
" XX,
i=1 7 ?
= =5 — ﬁ
i X7

so (3 is indeed unbiased.
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(iv) The variance of 3 is

L XY,
L, X2
r, XVar (V)
(Xr, X2)°
?:1Xi202

(X, X2)?

0.2

n 2°
i=1 Xz

Var,@ = Var

(v) The estimator is a linear combination of independent normal random variable, so it is

also normal with mean 5 and variance s~—.
1=1 %
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QUESTION 5
Suppose X; and X, are independent Uniform[—6, §] random variables. Let 0, = 3min (| X4], | X))
and 0y = 3max (X3, X3) denote possible estimators of 6.
(i) Derive the bias and mean squared error of 6;;
(i) Derive the bias and mean squared error of fy;
(iii) Which of the estimators (6; and 65) is better with respect to bias and why?
)

(iv) Which of the estimators (@I and 5;) is better with respect to mean squared error and
why?

13



SOLUTIONS TO QUESTION 5
(i) Let Z = min (|X4], |X32|). Then

Fz(z) = Prmin(|Xy],|Xs]) < 2]
= 1— Pr[min (|Xq],|X3|) > z]
= 1-Pr[|Xq| > 2 |Xy| > 7]
= 1—[Pr(lX]|>2)
= 1-[1-Pr(|X]|<2)

512
= 1-[1-]
(6 — 2)*
and
2(0 — =
fz(2) = ( 02 )
and
0220 —2) 2 [022 23 9
ﬂm:ﬁen:mlz‘soz
and

9222(0 — 2) 2 [623 4]’
2\ _ _ _
p(2)= [0 2] -] -
So, Bias @I) =0and MSE (é}) = 6?/2.
(i) Let Z = max (X1, X3). Then

Fz(z) = Primax(X;,Xs) < 7]
= PriX; <z X, <z

= [Pr(X <2)
|zt 2
N 26
and
z+0
12(2) = 5
and

0 240 23 22 o 6
E(Z :/ TR A
()= ] =5 & [692+49]_9 3
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and

6 +6 4 379 02
B(@)= [ ), 5
So, Bias (é;) =0and MSE (HAQ) = 20°.

(iii) Both estimators are equally good with respect to bias.

(iv) 6; has smaller MSE.
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QUESTION 6

Suppose X1, Xs,..., X, is a random sample from a distribution specified by the proba-

bility density function f(z) = alz* "1 0 < z < 1, where a > 0 is an unknown parameter.

(a) Write down the likelihood function of a.

n

1
(b) Show that the maximum likelihood estimator of a is @ = —— > log X;.
i=1

1
(c) Derive the expected value of @ in part (b). You may use the fact that / % log xdx =
0
—(a + 1)7? without proof.
1
(d) Derive the variance of @ in part (b). You may use the fact that / r*(log z)*dr =
0
2(a + 1)73 without proof.
(e) Show that a is an unbiased and a consistent estimator for a.

(f) Find the maximum likelihood estimator of Pr(X < 0.5), where X has the probability

density function f(z) = a 'z ', 0 < 2 < 1. Justify your answer.
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SOLUTIONS TO QUESTION 6

(a) The likelihood function is

(b) The log likelihood function is

log L (a) = —nloga + (a’l — 1) > log ;.

The derivative of log L with respect to a is

dlog L
Ogda( 9 __n QZlogxl

Setting this to zero and solving for a, we obtain

= —;Zlong

This is indeed an MLE since

d*log L (a) n g

~—

~

at a = a.

(c) The expected value is

E(@) = —ﬁZElog:c)

=1
1

1
= ——Z/ log zzY/* 'dz
na -

_10

(d) The variance is

n

Var (a Z r (log z;)
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on

(e) Bias (@) = 0 and MSE (a) — 0, so the estimator is unbiased and consistent.
(f) Note that

0.5

0.5
Pr(X < 0.5) = / e e = [ = 057,
0

0

which is a one-to-one function of a for a > 0. By the invariance principle, its maximum
likelihood estimator is 0.5™ (Xii108®:)
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QUESTION 7

Suppose X1, Xs,..., X, is a random sample from a distribution specified by the prob-
ability density function f(z) = i exp (—%'), —o0 < x < 00, where a > 0 is an unknown
parameter.

(a) Write down the likelihood function of a.
1 n

(b) Show that the maximum likelihood estimator of a is @ = — > | X;|.
iz

(c) Derive the expected value of @ in part (b).
(d) Derive the variance of @ in part (b).

(e) Show that @ is an unbiased and consistent estimator for a.
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SOLUTIONS TO QUESTION 7

Suppose X1, Xs,..., X, is a random sample from a distribution specified by the prob-

ability density function f(z) = i exp (—%'), —o0 < x < 00, where a > 0 is an unknown

parameter.

(a) The likelihood function of a is

oo (2] - 15

i=1

(b) The log likelihood function of a is
1 n
log L (a) = —nlog(2a) — = > | X; | .
a
The derivative of log L with respect to a is
dlog L (a)

n 1
= —— 4 — X; .
da a+a2;‘ |

Setting this to zero and solving for a, we obtain

This is a maximum likelihood estimator of a since

d*log L (a) n 2
- e P
da? _ a>  ad o
n 2 &
- Ph- 2y gy,
62[ na;’ ’]
n
= @[1—2]
< 0

(¢) The expected value of @ is

E@) =



(d) The variance of @ is

Var (a) = Var[| X; |]
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(e) The bias (a) = 0 and MSE (a) = %, so @ is an unbiased and a consistent estimator for
a.
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QUESTION 8

_ Suppose X; and X; are independent Exp(1/¢) and Uniform [0, ] random variables. Let
0 = aX; + bX, denote a class of estimators of 8, where a and b are constants.

(i) Determine the bias of 0;

(ii) Determine the variance of 0;

)

)
(iii) Determine the mean squared error of 0
(iv) Determine the condition involving a and b such that @ is unbiased for 6;
)

(v) Determine the value of a such that 8 is unbiased for # and has the smallest variance.
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SOLUTIONS TO QUESTION 8

Suppose X; and Xj are independent Exp(1/0) and Uniform [0, 6] random variables. Let
0 = aX; + bX, denote a class of estimators of 8, where a and b are constants.

(i) The bias of 0 is

Bias (5) = F @) —0
= aF(Xy)+bE(Xy) -0

a [t x 0 x
= 5/0 mexp(—g)dx+b/0 gdx—ﬁ

be(a

—+o00
= a@/o yexp(—y)da:—l—ng] — 6
0

+o0 2
= aQ/O yexp(—y)dx—l—blg—()}—@

012
b
= ——118.
<a—|—2 )

Var (5) = a*Var (X;) + b*Var (X3)
(1 p+oo T 1 /9 02
_ 2t 2 T 2 2 |1 2, U
= aﬂ/o xexp( 8>dx 9}+b [Q/Oxd:c 41
T [+oo 1723717 @2
= q? 92/0 y? exp (—y) dy—@z} + b {9 [2] - 94}

0
_ 2 2
oo {27

3 4
bQ
— 2 e 92'
(a + 12)

(iii) The mean squared error of 0 is

. b2 b 2
MSE(Q) = <a2+12>92+<a+2—1> 0?

b2 b 2
2
- 21
a+12+<a+2 )

(ii) The variance of 6 is

92

b2
= <2a2+3+ab—2a—b+1>92.

(iv) 6 is unbiased if a + b =1. In other words, b = 2(1 — a).
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(v) If 6 is unbiased then its variance is

3
We need to minimize this as a function of a. Let g(a) = a® + % The first order
derivative is ¢'(a) = 2a — @ Setting the derivative to zero, we obtain a = %. The
second order derivative is ¢ (a) = 242 > 0. So, g(a) = a?+ 129" attains its minimum
9 3 g 3

at a = i. Hence, the estimator with minimum variance is in + %XQ.
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QUESTION 9

Suppose X7, ..., X, are independent Uniform[0, #] random variables. Let 0, = w
and 0, = max (X7, ..., X,,) denote possible estimators of 6.

(i) Derive the bias and mean squared error of 0y;

(i) Derive the bias and mean squared error of s;

(iii) Which of the estimators (6; and 6,) is better with respect to bias and why?
)

(iv) Which of the estimators (6, and 65) is better with respect to mean squared error and
why?

25



SOLUTIONS TO QUESTION 9

, X,,) denote possible estimators of 6.

(i) The bias and mean squared error of 0, are

and

and

E(eﬁ)—e
iE(X1+---+Xn)—0

i[E(X1)+-~-+E(Xn)]—9

2[0+...+8]_9
n |2 2
0—0

0

Pr(Xlgz, 7Xn§2)
Pr(X; <z)---Pr(X, <z2)
27
6 6
2
nz"t
fz(2) = o

26

Suppose X7, ..., X, are independent Uniform[0, #] random variables. Let g, = 2AXattXn)

and 5;: max (X7, ...

n



So, the bias and mean squared error of 0, are
bias (62) = E(Z) -0

= ;L/Oez”dz—é

n [zt
B G”[n—l—llo_e

n 9n+1
- Q"[n—irl_
no

n+1
0

n+1

o] -0

and

MSE (6,) = Var(Z)+<— f )2

n+1
2 2 02
= FE(Z°)—-FE(Z
( ) ( )+(n—|—1)2
n26? 62

= B(2)- CES RN CEE

no% n*6? 62
— —_— n d —
0”/0Z Ty Tty

n [ on+2 0 n202 02
Q”[n—i-Z] B

o (n+1)2 + (n+1)2
nb? n?6? 62
nt2 (mt1E mrip
202
(n+1)(n+2)

(iii) 0, is better with respect to bias since bias 6; = 0 and bias 0 # 0.

(iv) By is better with respect to mean squared error since
202 6>
< 2
(n+1)(n+2) = 3n
6n < (n+1)(n+2)
6n <n?>+3n+2
0<n?—3n+2
0<(n—1)(n-2).

Tt o

Both 6; and 6, have equal mean squared errors when n = 1, 2.
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QUESTION 10
Let X1, Xs,..., X, be a random sample from the uniform [0, 0] distribution, where 6 is
unknown.

(i) Find the expected value and variance of the estimator § = 2X, where X = (1/n) X", X;.

(ii) Find the expected value of the estimator max(Xy, Xo,...,X,,), i.e. the largest obser-
vation.

(iii) Find the constant ¢ such that 0 = cmax(X;, Xy, ..., X,) is an unbiased estimator of
6. Also find the variance of 6.

(iv) Compare the mean square errors of 0 and § and comment.
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SOLUTIONS TO QUESTION 10

Let X1, Xs,..., X, be a random sample from the uniform [0, 0] distribution, where 6 is
unknown.

(i) The expected value of 8 is:
E(0) = 2E(X)
= 2EXi+Xo+---+X,)
= (2/n)n(0/2)
= 0.
The variance of 8 is:
Var (é) = 4Var (7)
= (4m*)Var (X1 + Xz + -+ X,,)
= (4/n2) n (02/12)
= 0%/(3n).
(ii)) Let M = max(X;, Xo,...,X,,). The cdf of M is

Fy(m) = Pr(Xy<m,Xo<m,..., X, <m)
= Pr(X; <m)Pr(Xy <m)---Pr(X, <m)
= (Pr(X, <m)”
= (m/0)"

and so its pdf is nm™~!/6". The expected value of M is

IN

E(M) = n/og m"dm/0" =nb/(n+1).

(iii) Take ¢ = (n+1)/n. Then
E(cM)=cEM)=((n+1)/n)nb/(n+1)=0.

So, 6 = (n + 1)M/n is an unbiased estimator of .

The variance of M is
0
E (MQ) —n2*0%/(n+1)* = n/ m" M dm /0" — n?0*/(n +1)* = nb?/ ((n +2)(n+ 1>2> '
0

So, the mean squared error of § is (n + 1)2Var(M)/n? = 62/(n(n + 2)).

(iv) The mean square error of 0 is 62/(3n).
The mean squared error of 6 is 8%/ (n(n + 2)).

The estimator # has the smaller mean squared error. So, it should be preferred.
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