MATH10282 Introduction to Statistics
Semester 2, 2019/2020
Example Sheet 2 - Solutions

1. Only method (iii) is likely to lead to a representative sample. All the other
methods are likely only to sample a restricted part of the population and lead
to bias.

2. (i)

(i)

(iii)

No, because passengers on a luxury cruise liner are not likely to be a
cross-section of the population. They will likely tend to be more affluent
individuals who can afford to spend more than average on a vacation.

No, because people earning different amounts may be less likely to answer.
For example, the rich may not want to answer for privacy or security
reasons, while the poor may be embarrassed to answer. Unless we can
guarantee that all surveys are returned and answered honestly the sample
may not be representative. Also it may be harder to locate wealthy
individuals, or poor individuals who are not employed, in which case the
questionnaires were less likely to reach those people.

No. Here the wording of the question (describing the practice as ‘unfair’)
may bias the responses. A more neutral wording should be used.

3. The population is comprised of the values {2,3,6,8,11}, all equally likely.

(iii)

The population mean is given by

1
S(24+3+6+8+11) = 350 6.

First note that X is equally 1ikely to take value 2,3,6,8 or 11. Thus,

W=

prx 2+3+6+8+11) 6
234
prx 22—1—32—1—62—1—82—1—11) =,
Hence,
234 234 — 1 4
Var(X1) = E(X?) - E(X1)? = B 2180 g

5 5 5

The possible (ordered) samples of size two that can be drawn with re-
placement are as follows:

(2,2
(3.2
(6,2
(8 2

)



The corresponding sample means are:

20 25 40 50 6.5
25 3.0 45 55 170
40 45 6.0 7.0 85
5.0 55 70 80 95
6.5 70 85 9.5 11.0

The sampling distribution of X is thus as follows:

z 20 2.5 3.0 4.0 4.5 5.0 5.5 6.0 6.5

P(X =z) 1/25 2/25 1/25 2/25 2/25 2/25 2/25 1/25 2/25
70 80 85 95 110

P(X =z) 4/25 1/25 2/25 2/25 1/25
We can compute the expectation and variance of X using the following:

E(X)= > zP(X=1)=6
TE€Ry

E(X?)= ) ZP(X=z) =414
TE€Rg

Var(X) =E(X?) ~E(X)? =414 -36 =54

These calculations can be checked by hand using a calculator, or more
quickly using R:

> xbar <- c¢( 2, 2.5, 3, 4, 4.5, 5, 5.5, 6,
6.5, 7, 8, 8.5, 9.5, 11)
> prob <- (1/25)*c(1,2,1,2,2,2,2,1,2,4,1,2,2,1)
> sum(xbar*prob)
[1] 6
> sum(xbar~2 * prob) - 672
[1] 5.4

Theorem 1.4 states that if Xi,..., X, are iid., then E(X) = p and
Var(X) = 02/n. Under sampling with replacement, X1,..., X,, are i.i.d.,
and so the above calculations agree with this general theory.

4. The 10 possible samples of size two drawn without replacement are:
(2,3) (2,6) (2,8) (2,11) (3,6) (3,8) (3,11) (6,8) (6,11) (8,11)

Note that now, for example, the selection (2,3) and (3,2) are considered the
same. The corresponding sample means are: 2.5, 4.0, 5.0, 6.5, 4.5, 5.5, 7.0,
7.0, 8.5, 9.5 so that the sampling distribution of X is:

I 25 40 45 50 55 65 7.0 85 9.5
P(X=z) 1/10 1/10 1/10 1/10 1/10 1/10 2/10 1/10 1/10

2



5.

We can compute the expectation and variance of X under sampling without
replacement as follows

E(X)= > zP(X=1)=6
ZC€Ry%
E(X?) = ) #°P(X =z)=40.05
T€R%

Var(X) = E(X?) — E(X)? = 40.5 — 36 = 4.05.

These calculations can be checked quickly using R:

> xbar <- c¢(2.5,4,4.5,5,5.5,6.5,7,8.5,9.5)
> probs <- (1/10) * c(1,1,1,1,1,1,2,1,1)

> sum(xbar*probs)

[1] 6

> sum(xbar”2*probs) - 672

[1] 4.05

The variance is smaller when sampling without replacement is used (4.05
rather than 5.4).

[The (non-examinable) theory in lectures stated that under sampling without

replacement E(X) = p and Var(X) = %2% Here the f.p.c. is =2 = 3=2 =
2

0.75, and fp.c. x & = 0.75 x 5.4 = 4.05, which is the same as the value

of Var(X) calculated above. Thus the example calculations agree with the
general theory:.]

(i) The population is {3,7,9,11,15}. The population mean is = (1/5)(3+
749+ 11+ 15) =9. Observe that

D wf = (9+49 + 81 + 121 + 225) = 485,

7=1
and so 02 = 4 3210 0?2 — 42 = 485/5 — 81 = 97 — 81 = 16.
(ii) The set of possible samples of size three that can be drawn without
replacement is:
(3,79  (3,7,11) (3,7,15) (3,9,11) (3,9,15) (3,11,15)
(79,11) (7,9,15) (7,11,15)
(9,11,15)

Each of the above samples has probability 1/10 of being selected. The
corresponding sample means are:



(iii)

19/3 21/3 25/3 23/3 27/3 29/3
27/3 31/3 33/3
35/3

Thus the mean of the sampling distribution of X is

oy 19421425423 4+27+29+27+31+33+35

E(X .
(%) 3 x 10 )

This agrees with the theory, which states that E(X) = u. To calculate
the variance of the sampling distribution note that

EX}EQ)__1924_2124-2524-2324-2724—2924-2724—3124—3324—352
B 32 x 10
7530

and so
Var(X) = E(X?) — (EX)? ~ 83.667 — 81 = 2.667

The sample medians Q(O.E)) corresponding to the above samples are:

To7 7 9 9 11
9 9 11
11

Each of these occurs with probability 1/10. The mean of this sampling
distribution is

A T+ T+T7T+94+9+11+94+9+ 11411

B(O(0.5)) 0 9.

To compute the variance, note

TP+ TP+ T+ 92+ 92+ 1127+ 92 + 92 + 117 4 112

B(Q(0.5)) =

834
= — =834
10 ’

and so
Var(Q(0.5)) = E([Q(0.5)]%) — (EQ(0.5))? = 83.4 — 81 = 2.4.

In this scenario, both sampling distributions have a mean equal to the
population mean p = 9.0. The sampling variance of the sample means is
slightly higher than that for the sample medians.



6. Since X7,..., Xjo are assumed to be a random sample from U[0, 1], they are
identically and independently distributed. Hence we may use Theorem 1.4
with n = 10 to show that

E(X)=p= /OO zfx(z)dx

— 00

Var(X) = 02/10 = Var(X1)/10.

Note from MATH10141 Probability I that the p.d.f. of a U[0, 1] random vari-
able is

1 itz eo]
fxle) = {O otherwise
and so
M=/_Ooxfx(x)dx:/_oomfx(x)d:c+/o a:fX(x)da:+/l zfx(x)dx

0 1 0o
:/ xdem+/a:><1da:+/ z x 0dx
o 0 1
1 271
:/ xdmz[w} =1/2.
0 2 0

To find the variance, note that
00 1 2311
E(X?) = / 2 fx (v)dr = / oidr = {3] =1/3
—00 0 0
and so 02 = Var(X;) = E(X?) - E(X;)?2=1/3 - (1/2)? = 1/(12). Hence
1

X)=0?/10= —.
Var(X) =0°/10 120

7. If Xi1,..., X6 ~ Po(\) then
P(X1 =21, Xo =29, X3 =23, Xy =24, X5 = 25, X6 = T¢)

6
= H P(X; = z;) by independence
=1

A )\Z Iie—6A

6 @i
= H 0 6 1 -
= T [T 2!

Note that (:Ub x2,23,T4,T5, IEG) - (97 13? 67 87 107 13) and so 22'621 r; = 59.
For A = 10, we have
P(X1 =9, Xo =13, X3=6, X4 =8, X5 =10, X¢ = 13)
10596—6><10

- = -7
= 9ii3rgialiorigl 207X 107




For A = 12, we have

P(X; =9, Xo =13, X3 =6, X, =8, X5 = 10, Xg = 13)
1259676><12

= 9I1316!8110! 13!

=1.704 x 107 7.

These can be evaluated quickly in R via

> prod( dpois(x=c(9,13,6,8,10,13),lambda=10) )
[1] 5.907332e-07

> prod( dpois(x=c(9,13,6,8,10,13),lambda=12) )
[1] 1.70432e-07

The value A = 10 makes the joint probability of the observed data larger.



